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In QCD with two flavors of masslessquarks, the chiral phase transition is plausibly in the
sameuniversalityclassasthe classicalfour-componentHeisenbergantiferromagnet.Therefore,
renormalizationgrouptechniquesdevelopedin thestudyof phasetransitionscan beapplied to
calculatethe critical exponentswhich characterizethe scalingbehaviourof universal quantities
nearthe critical point. This approachto the QCD phase transition hasimplicationsboth for
lattice gaugetheoryand for heavyion collisions. Futurelatticesimulationswith longercorrela-
tion lengthswill beableto measurethevariousexponentsandtheequationof statefor theorder
parameteras a function of temperatureand quark masswhich we describe.In a heavy ion
collision, theconsequenceof a long correlationlengthwouldbe largefluctuationsin the number
ratioof neutralto chargedpions.Unfortunately,we show that this phenomenonwill not occurif
theplasmastayscloseto equilibrium asit cools.If thetransition is far out of equilibrium andcan
be modelledas a quench,it is possible that largevolumesof the plasmawith the pion field
oscillatingcoherentlywill develop,with dramaticphenomenologicalconsequences.

1. Introduction

The QCD phasetransition is of interestfrom severaldifferent points of view.
First, therecan be no doubt that it occurredin the early universe.Second,it is
reasonableto hopethat in a heavyion collision of sufficientlyhigh energy,a small
region of the high temperaturephaseis createdwhich then cools through the
phase transition. Third, lattice gauge theory is well suited to calculating the
equilibrium propertiesof QCD at hightemperatures.From all theseperspectives,
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it is important to learn as much as can be learnedanalytically about the phase

transition, relying as much as possible only on fundamentalsymmetries and
universalityargumentsandaslittle aspossibleon specificassumptionsandmodels.

In a previouspaper [1], one of us (F.W.) emphasizedthat in the chiral limit
where thereare two speciesof quarkswith zero currentalgebramass,the order
parameterfor the chiral phasetransitionhasthe samesymmetryas themagnetiza-
tion of a four-componentHeisenbergmagnet,which has a secondorder phase
transition. In this case,and indeedfor any numberof quark speciesexcept zero,
thereis no order parameterfor a confinement/deconfinementphasetransition.
Thus in the m~= md= 0 limit the universal characteristicsof the QCD phase
transition (i.e. thosecharacteristicsdeterminedby the modeswhich developlong
correlation lengthsat the phasetransition) are the sameas thoseof the N = 4
Heisenbergmagnet.

In this paperwe further explorethe consequencesof this approachto the QCD

phasetransition. In the following section,we review the scenariodescribedin ref.
[1], andestablisha dictionarybetweenQCD andthe magneticsystem.In order to

makethe presentpaperself-contained,we also includein thissectionmany of the
resultsfrom ref. [1]. In sect.3, we discussthe behaviourof the pion and sigma
massesat the transition.In sect. 4, we discussthe p andA1 mesons.In sect.5, we
considerhow the strangequark affects the phasetransition. In sect. 6, we go
beyond the static critical phenomenaof the earlier sections and discussthe
dynamicsof the appropriateuniversalityclass.In sect. 7, we discussthe implica-
tions of all this for cosmologyandlattice gaugetheory, andfor heavyion collisions
under the assumptionthat the plasma remains close to thermal equilibrium
through the phasetransition. In sect. 8, we considerwhat phenomenawe can
expectin heavyion collisions if the systemgetsfar out of thermalequilibrium and

can be modelled as a quench.Finally, in the last section we summarizeand
conclude.

2. QCD and the 0(4) magnet

As discussedin ref. [1], the physicsof the QCD phasetransitionis qualitatively

differentin the casesof zero, one,two, or threeor more flavorsof quarks. In this
sectionwe considerQCD with two speciesof quarks. (An analysissimilar to the
onewhich follows leadsto theconclusionthat for threeor moreflavors of massless
quarks,thechiralphasetransitionis first order.Seeref. [1] for details.)If thereare
two flavors of masslessquarks, the lagrangianis symmetric underglobal chiral
transformationsin the group SU(2)L X SU(2)R X U(1)L+R of independentspecial
unitary transformationsof the left- and right-handedquark fields, and a vector
U(1) transformationwhich correspondsto baryonnumbersymmetry. (The axial
U(l) whichwould make the symmetrygroup into U(2) x U(2) is a symmetryof the
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classicaltheory, but not of the quantumtheory [2].) This chiral symmetry breaks
spontaneouslydown to SU(2)L+Rx U(1)~~~at low temperatures;and it is re-
stored at sufficiently high temperatures.The order parameterfor this phase
transitionis the expectationvalueof the quarkbilinear,

(2.1)

which breaksthe symmetrywhen it acquiresa non-zerovaluebelow somecritical
temperature7~.

In order to describea secondorder transitionquantitatively, we must find a
tractablemodel in the sameuniversalityclass.For the chiralorderparameter(2.1)
the relevantsymmetriesare independentunitary transformationsof the left- and
right-handedquarkfields, underwhich

4’-~UtKV. (2.2)

Thesetransformationsgeneratea U(2)L X U(2)R symmetry, which is not quite
what is needed,since it includesthe axial baryonnumbersymmetry which is not
presentin QCD. This problemis solved[11by restricting9’ to multiples of unitary
matriceswith positive determinant,insteadof generalcomplexmatrices.Matrices
9’ in this restrictedclassremain in this restrictedclassunderthe transformation
(2.2) only if U and V haveequalphases.Hence,the axial U(1) hasindeedbeen
removed.The 2 x 2 matrices4’ canconvenientlybe parametrizedusingfour real
parameters(a-, ~r) and the Paulimatricesas

4’=ci+iirr. (2.3)

In fact the order parametercanbewritten as a four-componentvector4 (a-, ir)
andthe transformations(2.2) aresimply 0(4) rotations in internalspace.Hence,
the order parameterappropriatefor the chiral phasetransitionin QCD with two

flavorsof masslessquarkshasthe symmetriesof the standard0(4) invariant N = 4
Heisenbergmagnet.For smallernumbersof components,this sort of model is a
much-studiedmodel for the critical behaviourof magnets,with the orderparame-
ter representingthe magnetizationof a ferromagnetor the staggeredmagnetiza-

tion of an antiferromagnet.
If the phasetransition is secondorder, then it will correspondto an infrared

fixed point of therenormalizationgroup.We wish to describethoseaspectsof the
critical behaviourwhich areuniversal,that is, thoseaspectswhich aredetermined
by the scalingbehaviourof operatorsnearthe infraredfixed point of the renormal-
ization group. Hence, it is sufficient to retain those degreesof freedomwhich
developlarge correlationlengthsat the critical point. Theseare just longwave-
length fluctuationsof the order parameter,which is small in magnitudenearthe
critical point and therefore fluctuatesat little cost in energy. Thus the most
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plausiblestartingpoint for analyzingthe critical behaviourof a secondorder phase
transition in QCD is the Landau—Ginzburgfree energy

F= fd3x[~a’4~~ + 12~a~ + ~A(~’~a)2]. (2.4)

Here ~2 is the temperature-dependentrenormalized(mass)2,which is negative
below and positive abovethe critical point, while A is the strengthof the quartic
couplingsandis supposedto be smoothat the transition. We neglecttermswith
higherpowersof 4, since 4, I is small nearthe transition.The symmetrybreaking
patternwe want is 9’ a 1 (equivalently, (a-) ~ 0; (ir) = 0) below the transition
which is indeedwhat we find at the minimumof the potential for positiveA. This
model hasbeenstudiedin depthfor arbitraryN andspatialdimensiond, andthe
existenceof an infraredstable fixed point of the renormalizationgrouphasbeen
established[31. Hence, it is a model for a secondorder QCD chiral phase

transitionfor two masslessquarks.
Whenthe free energy(2.4) is written in termsof a- and ir it looksmuch like the

original model of Gell-Mann andLevy [4] with two changes:thereareno nucleon
fields andonly three(spatial)dimensions.Thesetwo changesreflect an important

distinction [5]. We are only proposing(2.4) as appropriatenear the secondorder
phasetransition point. This is becauseit is only there that we can appeal to
universality — the long-wavelengthbehaviourof the ci and ir fields is determined
by theinfraredfixed pointof the renormalizationgroup,andmicroscopicconsider-
ations are irrelevant to it. In euclideanfield theory at finite temperature,the
integral over w of zero temperaturefield theory is replaced by a sum over
Matsubarafrequenciesw,, givenby 2ni-rT for bosonsand (2n + 1)~Tfor fermions
with n an integer. Hence, one is left with a euclideantheory in three spatial
dimensionswith masslessfields from the n = 0 terms in the boson sums and
massivefields from the rest of the bosonsumsand the fermion sums.Hence, to
discussthe masslessmodesof interestat the critical point, (2.4) is sufficient. This
meansthat we do notneedto worry whetherto introducenucleonfields as in ref.
[4], or constituentquarkfields as,for example,in ref. [6].

We have motivated a very definite hypothesisfor the nature of the phase
transition for QCD with two speciesof masslessquarks,namely that it is in the

universality classof the N = 4 Heisenbergmagnet.This hypothesishas numerous
consequences,which are the subject of the rest of this paper. To keep the
discussionself-contained,in the remainderof this sectionwe review the predic-
tions for the static critical exponentsdescribedin ref. [1].

2.1. CRITICAL EXPONENTS

First,we definethe reducedtemperaturet = (T— I~)/I~.The exponentsa, f3,
i~ and ii describethe singularbehaviourof the theorywith strictly zeroquark
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massesas t —* 0. For the specific heatone finds

C(T) It I + lesssingular. (2.5)

The behaviourof the order parameterdefinesf3:

~ fort<0. (2.6)

~j andv describethe behaviourof thecorrelationlength ~, where

Ga~(X) (4,(x)~4,(0)~)—

A
8ai1exp( — I x I/i) at largedistances. (2.7)

A is independentof I x I, but maydependon t. The correlationlength exponentv
is definedby

~-~ItI~. (2.8)

Above T~,where the correlationlengthsareequalin the sigmaandpion channels,
the susceptibilityexponenty is definedby

fd
3x Ga,

3(x) t~’. (29)

We will discussthe behaviourof the susceptibility below the transition in the
following section.The exponenti~is definedthroughthe behaviourof the Fourier
transformof the correlationfunction:

~ (2.10)

The last exponent, ~ is related to the behaviour of the systemin a small
magneticfield H which explicitly breaksthe 0(4) symmetry.Let us first show that,
in a QCD context,H is proportionalto a commonquarkmassm~= md mq.This
commonmasstermmaybe representedby a 2 x 2 matrix ~ givenby mq timesthe
identity matrix. We arenow allowedto constructthe free energyfrom invariants
involving both~ and 4’. The lowest dimensionterm linear in ~ is just tr 4’~ =

mqo,which in magnetlanguageis simply the coupling of the magnetizationto an
externalfield H a mq. In the presenceof anexternalfield, the order parameteris
not zero at T~.In fact,

(2.11)
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The six critical exponentsdefinedaboveare relatedby four scalingrelations[3].
Theseare

a = 2— di.’,

/3 = ~v(d —2 + si),

y = (2—

d+2—sj
6= . (2.12)

d— 2+

We thereforeneedvalues for ~ and v for the four-componentmagnetin d = 3.
Thesewereobtainedin theremarkablework of Baker,Meiron andNickel [7], who
carried the perturbationtheory to seven-looporder, and used information about
the behaviourof asymptotically largeorders, and conformal mapping and Padé
approximanttechniquesto obtain

11 = 003 ±001,

ii = 073 ±0.02. (2.13)

Using (2.12), the remaining exponentsare a = —0.19±0.06, /3 = 0.38±001,
y = L44 ±0.04 and 6 = 4.82±0.05. Since a is negativethere is a cusp in the
specific heatat I~,ratherthana divergence.

3. The equation of stateandthe pion and sigma masses

The expressionswhich define /3, y and 6 are actuallyspecialcasesof a more

generalrelationshipbetweenthe magnetizationand the magneticfield calledthe
critical equationof state.The equationof statehasbeencalculatedto order ~2 by
Brézin, WallaceandWilson [81.Their resultis reproducedin AppendixA. In this
section,we will usethe equationof stateto determinethe behaviourof the pion
andsigmamassesnearthe critical point.

First, we mustdefinewhat we meanby the “mass” of the pion andsigma. We
could chooseeither to define the massas an inversecorrelationlength or as an
inversesusceptibility.We choosethe latter,which is conventionalin thecondensed
matterliterature.Specifically,we define

rn;2 = Jd3xG~, (3.1)
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and

rn~26~~= fd3x ~ (3.2)

where4,~= a- and 4,~= ~ = 1, 2, 3. At any given t and H, (2.7) implies that
whetherone definesthe massas the inversecorrelationlength or as the inverse
susceptibilityis academic.However,sinceA in (2.7) dependson t and H, the two
different choicesleadto different scalingbehavioursfor massesas functions of t

of H. We shallseethatwith the conventionalchoice(3.1) and(3.2), themassescan
be extractedconvenientlyfrom the equationof state. It is worth noting that the

masseswe havedefinedare related only to the behaviourof spatial correlation
functions in the static (equilibrium) theory. They carry no dynamical information.
Also, we will only be ableto makeuniversalstatementsabouthow the massesscale
at the transition.Normalizingthe magnitudesof the masses(i.e. relating them to
the zero temperaturemasses)will require usingsomespecific model, and hence
will notbe universal.

The equationof stategives the magnetizationas a function of t and H. For the
rest of this paper,we will write the order parameteras M, for magnetization,
keepingin mind that M = (a-) = (I 4,1). In order to definethe equationof state,
we first define a shifted field ê = a-— (a-) = a- — M. Then the equationof state is
simply the relation

(e) = 0. (3.3)

This relation hasbeen expandedto order ~2 by Brézin, Wallace andWilson [8].
The result canbe expressedconvenientlyin termsof thevariablesy H/Ma and
x=t/M~ as

y=f(x) (3.4)

where the function f(x) was calculatedto order E2 in ref. [8], and is given in
Appendix A. The units in which H and M are measuredare chosenso that
f(0) = 1 correspondsto t = 0 and f( — 1) = 0 correspondsto the t <0, H = 0
coexistencecurve.Knowing f(x), we can calculatethe valueof the orderparame-
ter M for a given H and t using(3.4). The behaviourof the order parameteris
illustrated in fig. 1. Thisfigure andthe otheronesin thissectionshouldbeviewed
as illustrations of qualitative behaviourrather than quantitative predictionsbe-
causethey are basedon setting � = 1 in the 0(e2) expressionfor f(x). Thevalues
for the critical exponentsthemselveswhich we quotedin the previoussectionare
quantitativepredictions,completewith error estimates,becausetheyarebasedon
the much moreelaborateanalysisof Bakeret al. [7].
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Order Parameter

—0.2 —0.]. 0:2

Fig. 1. The order parameterM asa function of reducedtemperaturet (T — 7~)/I~for magnetic
fields H = 0, 0.002, 0.005, and0.02. Like 1, both M and H are dimensionless.Theyareobtainedfrom
their dimensionfulcounterpartsby dividing by non-universaldimensionfulconstantsdefinedin sucha
way that for t <0 and H = 0 the order parameteris given by M = (— t)’~, and for t = 0 it satisfies

M= H’
18.

From the equationof state,we can deducethe behaviourof mi,. and rn~at
non-zero(but small) t and H. The massesaregiven by

m~=~j-~ (3.5)

and

H
~ (3.6)

Thefirst relationfollows directly from the definition(3.1), andthe secondfollows
from (3.2) andfrom assumingthat MIIH, so that a small change6H I H gives a
small change6M I M with 6M/6H = M/H. Using the equationof state,we can
rewrite (3.5) and(3.6) as

m~,.=M8’f(x) (3.7)

and

m~=M~1(6f(x)- ~f’(x)). (38)
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Hence, as suggestedin ref. [9], 6 can be determinedby measuringthe ratio

m~/m~at t = 0. In general,from f(x) we canfind the pion andsigmamassesfor
any t and H.

There aretwo interestinglimits whichwewill considerexplicitly. First, for t > 0
and H —p 0 which correspondsto x —* oo, we should find the full 0(4) symmetry,
andhenceshouldfind that thepion andsigmamassesare identical.For x —÷ ~, the
function f(x) from the appendixbehavesas f(x) = a~’.Here,the constantc and
the exponent y are given to 0(e) and 0(E2) respectivelyin (A.9) and (AdO).
Applying (3.7) and(3.8), we find that

m~=m~=ct~forx—,x, (3.9)

consistentwith the symmetry.
We can also considerthe limiting caseof approachingthe coexistencecurve.

This meanstaking t <0 and H —* 0, which implies x —~ — 1. In this limit, M tends
to a non-zeroconstant,and so from (3.6)we obtain rn~aH, a familiar result for
Goldstonebosons.The behaviourof the pion mass is illustrated in fig. 2a. The
result(3.6) may look peculiar to a particle physicistwho is morefamiliar with the
zero temperatureresult

m~=2rnq(qq) (3.10)

Before consideringthe sigmamass,we thereforepausehereto explainhow (3.10)
and (3.6) are related.We have seenthat rnq ‘~ H and that the order parameter

(qq) ‘~ (a-) ‘~ M. At zero temperature,f~.is definedin termsof the axial current
by the relation

(DI A~(0)I ir~(q))= ~ (3.11)

In the zero temperaturelinear sigmamodel,the axial currentis given by

A~(x)=o-(x)3,~”(x) _1ra(x)~a-(x), (3.12)

which meansthat f,
7. definedin (3.10)is simply

f,,.=(OIa-I0). (3.13)

This result suggeststhat we make the identification f~.M, which does indeed
make(3.6) and(3.10) equivalent.However, it is importantto rememberthat using
the linear sigmamodel at zero temperaturecannotbe justified by a universality
argumentin the way that using it near T = can. Hencethe argumentof this
paragraphis nat a derivationof (3.6) from the zero temperatureresult(3.10). (3.6)
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(Pion Mass) ~2

::~

0.02

—0.2 —0.]. 0:1 0:2 ~

(Sigma Mass)’2

Fig. 2. (a) m~and(b) ~ asfunctionsof t for H = 0, 0.002, 0.005, and 0.02. SinceM and H are in
dimensionlessscaledunits, so are mt,. and m~.For t = 0, m~ H~

8~~8and m~= 8m~.For H= 0
and t > 0 (and for largeenought for any H) ~ = m~ t7. For t <0 and H —~ 0, m~ H andthe

sigmamassdecreasesto zeroas shownin fig. 3.

is valid near T= T~while (3.10) is valid at T= 0. Also, m,~in (3.10) is a massin a
(3 + 1)-dimensionalLorentz invariant theory, while rn,,. in (3.6) is an inverse
susceptibilityin a three-dimensionaltheory. We havesimply shownthat a reader
familiar with one expressionshouldnot be surprisedby the other.
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The behaviourof the sigmamassat the coexistencecurve is trickier to obtain
than that of the pion mass.First, we note that in meanfield theory(� = 0) the
equationof stateis simply y =f(x) = 1 +x, and m~is easilyevaluatedusing(3.8).
For H —s 0 at fixed t <0 the result is

6 tIt3(&_1)
m~=(__~)H+ - (3.14)

Hence, in meanfield theory m~decreasewith H to a non-zerovalue at H = 0.
However, for d <4 whenfluctuationsare important, the result is quite different.
In words,fluctuationsof the masslesspionsproducenew infrared singularitiesin
the longitudinal susceptibility,or, equivalently,makethe sigmamassless.Now, let

us seehow this result canbe obtainedfrom the equationof state[10,111.In the
limit H—sO, f(x)’—’H while f’(x), as we will see, tends to zero more slowly.
Hence,the secondterm in (3.8) is dominantandgives

/3rn2

M8~—sf’(x) for x—~—1. (3.15)

The difficulty is that from the expression(A.11) for f(x) valid for x —s — 1, we
noticethat f’(x) containsdivergenttermslike e log(x + 1), ~2 log2(x + 1) and ~2

log(x + 1). Thesetermsdo not exponentiateto f’(x) (x + 1)”, contrary to the
claims of ref. [9]. After somealgebra[11], onefinds the result

(~~2) ‘ci+c

2y~2. (3.16)
Both terms on the right-handside of (3.16) must be kept becausethey differ in
their exponentsonly by order �. Also for this reason,theconstantsc1 andc2 given
in AppendixA are known only to order � eventhough f(x) is known to order �2.

Qualitatively,as H is loweredat fixed t <0, at first the c1 term dominatesand
rn~appearsto be decreasingtowarda non-zerovalue at H = 0 as in the meanfield
result. Then,the c2 term takesoverandonefinds that in fact thesigmamassgoes
to zero like rn~a ~ The behaviourof the sigmamesonmass is illustrated in
fig. 2b and 3. In future lattice simulations,as rnq is lowered toward zero, this
behaviourshould be observed.This result is an exampleof the power of the
renormalizationgrouptechniquesin obtaininguniversalresults.If wehadchosena
specific model, say that of Gocksch [61,or the Nambu—Jona-Lasiniomodel of
Hatsudaand Kunihiro [121,we would havebeen able to calculate non-universal
quantitiesfar from T~,but would basicallyhavebeenlimited to usingmeanfield
theory, as thoseauthorsdo. Then,we would havereachedtheincorrectconclusion
that the sigmahasa non-zeromassin thechiral limit below T~.Here,by restricting
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(Sigma Mass) ~2

0.4

0.3

0.2

0.1

— 0.005 0.01 0.015 0.02

Fig. 3. m~asa functionof H for t = —0.2. For largeH it behavesas if it will benon-zeroat H = 0, but
in fact for H —~0 it decreaseslike m~ H” where to lowestorder in e, p = =

ourselvesto calculatinguniversalquantities,we are limited to the regionnearthe
critical point, but we can be confident in our results regardlessof which specific
model is correctandcaninclude the effect of fluctuations.

4. p and A1 correlation functions

To this point, we havediscussedthe correlationfunctionsin the pion andsigma
channelsonly. It is certainly possibleto constructother spatial correlationfunc-
tions. The next-simplestare those associatedwith the p (Lorentzvector, isospin
vector) and A1 (Lorentz axial vector, isospinvector)mesons.In Gocksch’smodel
[61,thesehavecorrelationlengthsgiven simplyby 2rnQ(T)wherern0 = ‘irT + g(u)
is the massof the consituentquarksin his model. Since theseconsituentquarks
are fermions,they havea Matsubaramassof ‘irT. g is acoupling constant.In any
model, thereis boundto be a model-dependentcontributionto thesecorrelation
lengthswhich is smoothat T~.However, thepions andsigmaalsocontributeto the
p and A1 correlationlengthssinceoperatorswith the appropriatesymmetriescan
be constructedfrom the pion and sigmaoperators.In particular,

= �Yrr,T~V~n-Y (4.1)

and

(A1),, = UV
17l~a— nc,,V’ci. (4.2)
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Hence,the pions andsigmacan makea universalnon-analyticcontributionto the
p and A1 correlationlengthsat the critical point. In this section,we calculatethis
contributionfor t > 0 and H = 0.

Although wewill try to define all the quantitieswe use,for thoseinterestedin
further detailswe note that weare following the notationandconventionsof Amit
[3]. In the region t > 0 and H = 0 the symmetryis unbrokenandhencethereis no
distinctionbetweenthe a- and ‘ir operatorswhichwewill call çb~’andthe p and A1
operatorswhich we combineinto i9~ �~a4,y~4,aWe are interestedin the
scalingbehaviourof the correlationfunction (F(x)~9(O)) F(0~0~2).In general,by
F(m,~~,P)we mean the rn-point vertex function with n insertionsof 4,2 and p
insertionsof ~9. The scalingbehaviourof vertexfunctions involving a composite
operatorlike ~9 is determinedby ij, p and the anomalousdimensionof the

operator.Here we are fortunate becausethe operators~ are the “conserved”
currentsof the chiral symmetry,where in the three-dimensionaltheory this means

= 0. The Ward identitiesarising from chiral symmetry imply that the t9 are
not subject to renormalization[13], or, equivalently,that their anomalousdimen-
sionsarezero.

For H = 0, the vertexfunction p(0.0.2) is a function of the externalmomentum
k, the reducedtemperaturet, the renormalizationpoint K, and the 4,4 coupling

constantA. At the fixed point of the renormalizationgroup, A is a constantand
the vertexfunction satisfiesthe renormalizationgroupequation[31

a 1 a
— — —2 t— F~°’°’

2)(k,t, K) =B. (4.3)
dK V i3t

The right-handside of the equationis non-zerobecausealthough Ft0’°’2~is not
subjectto multiplicative renormalization,it is additively renormalized.However, B

doesnot dependon either k or t [3], and therefore doesnot contribute to the
non-analyticbehaviourat thecritical point. Therefore,in what follows wewill drop
B. As a consequenceof (4.3), the vertexfunction hasthe form

F(°’°’2)(k,t, K) =F(K1/°, k), (4.4)

where 0 = (1/i.’) — 2. By dimensionalanalysis,weknow that

F(°’°’2~(k,t, K) = b~~2F(0~0~2)(~, ~, ~). (4.5)

This meansthat (4.4) becomes

= b~12F(~(t)~O ~.). (4.6)
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To thispoint, b hasbeenarbitrary.Therefore,we canchooseit strategically.With
the choiceb = K(t/K

2)”, we find

(4.7)

wherethefunction g(x) satisfiesg(O) = constant.If, on the otherhand,we choose
b = k, the result is

k~2,~(kt), (4.8)

wherethe function ~(x) tends to a constantfor x —÷ ~. Eq. (4.7),which gives the

behaviourof J~(0.02) as a function of t for k = 0, and (4.8), which gives the
behaviour for t = 0 as a function of k, describethe non-analytic part of the
correlationfunction. As we mentionedearlier, therewill alsobe a model-depen-
dent but analyticmassterm for the p andA

1. Exceptnearthe critical point, this
smooth term is presumablylarger than the non-analyticterm whose effectswe
havecalculated.In orderto observe(4.7) and(4.8), future lattice simulationswill
haveto get close enoughto the critical point that the non-analytictermdominates
the analytic term.

5. The influenceof the strange quark

To thispoint in this paper,we havedescribeda world with two masslessquarks,
andhencewe haveimplicitly beentaking the strangequarkmassto be infinite. If
the strangequarkis massless,then PisarskiandWilczek showed[1] that the chiral
phasetransition is first order. Hence, as the strangequarkmassis reducedfrom

infinite to zero, at somepoint the phasetransitionmustchangefrom secondorder
to first order. This point is calleda tricritical point. There is tentativenumerical
evidence[14] that when the strangequark hasits physical mass, the transition is
secondorder.Hence,we devotemostof this paperto analyzingthe secondorder
phasetransition. However,in a lattice simulation,the strangequarkmasscouldbe

tunedtojust the right valueto reachthe tricritical point. In this section,we discuss
the critical exponentsthat would be observedin such a simulation.

Let usconsidertheeffect of addinga massivebut not infinitely massivestrange
quark to the two-flavor theory. This will not introduce any new fields which
becomemasslessat I~,and so the argumentsleadingto the free energy(2.4) are
still valid. The only effect of the strangequark, then, is to renormalizethe
couplings.Renormalizing IL

2 simply shifts I~,as doesrenormalizing A unless A
becomesnegative.In that case,onecanno longertruncatethe Landau—Ginzburg
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free energy at fourth order. After adding a sixth order term, the free energy
becomes

F=fd3x[~(V4,)2+ ~24,2+ ~A(4,2)
2+ ~K(4,2)3_Ha-]. (5.1)

While for positiveA, 4~2 increasecontinuouslyfrom zeroas IL2 goesthroughzero,
for negativeA, 4,2 jumps discontinuouslyfrom zero to I A I /(2K) when IL2 goes
through A2/(4K). Hence,the phasetransitionhasbecomefirst order.Thus at the
value of rn~where A = 0, the phasetransitionchangescontinuouslyfrom second
order to first order.

The singularitiesof thermodynamicfunctions near tricritical points, like the
singularitiesnear ordinary critical points, are universal. Hence, it is natural to
propose[11that QCD with two masslessflavors of quarksandwith T near T~and
rn

5 nearits tricritical valueis in the universalityclassof the 4,6 Landau—Ginzburg
model (5.1). This model hasbeenstudiedextensively[15]. Becausethe 4,6 interac-
tion is strictly renormalizablein threedimensions,this model is much simpler to
analyze than the 4,4 model of the ordinary critical point. No e expansionis
necessary,and the critical exponentsall take their meanfield values.There are
calculable logarithmic corrections to the scaling behaviour of thermodynamic
functions [15],but we will limit ourselveshere to determiningthe mean field
tricritical exponents.

In mean field theory, the correlationfunction in momentumspace is simply
G~,3(k)=6,~(k

2+IL2)~’.Since ~ this gives the exponentss~=0,y=1 and
= ~. To calculate a and J3, we minimize F for H = A = = 0, and find a =

and /3 = ~. To calculate 6, we minimize F for t = A = Vçb = 0 andfind 6 = 5.
The result for the specific heat exponenta is particularly interesting,since it

meansthat the specific heatdivergesat the tricritical point, unlike at the ordinary
critical point. This meansthatwhereasfor m~largeenoughthat the transitionis
secondorder the specific heatC(T) has a cusp but is finite at T = T~,as rn~is
loweredto the tricritical valueC(T~)shouldincreasesinceat the tricritical point it
diverges.This behaviourshouldbe seenin future lattice simulations.

Finally, at a tricritical point there is one more relevant operatorthan at a

critical point, since two physical quantities(t and rn~)must be tuned to reacha
tricritical point. Hence, a new exponent4,~,the crossoverexponent,is required.
For A � 0, tricritical behaviourwill be seenonly for It I > t ~, while for It I <t ~,

eitherordinary critical behaviouror first order behaviour(dependingon the sign
of A) results.t * dependson A accordingto

(5.2)

The mean field value of 4~is obtained by minimizing the free energy F for
H = = 0, and is 4~= ~. Thesemeanfield tricritical exponents,a = ~, /3 =
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y = 1, 6 = 5, ~j = 0, v = ~, and4~= ~ describetherealworld if rn,, is closeenough
to the tricritical value,andwill describefuture lattice simulationswith rn~chosen

appropriately.

6. Dynamic critical phenomena

To this point, we havediscussedthe static critical phenomenaappropriateto
the equilibrium propertiesof the QCD plasmanearits phasetransition. To discuss
dynamicalphenomena,we needequationsof motion. In zero temperaturescalar
field theory, Lorentz invariancerequiresthat theseequationshaveno first order
time derivatives.In the finite temperaturetheoryappropriatefor discussingcritical
behaviour,however, thereis no Lorentz invariance,and hencewe should expect
first order time derivatives. In analogywith the notion of static universality,one
finds that the dynamicsof the long-wavelengthmodesgroups theoriesinto dy-
namicuniversalityclassescontainingtheoriesdescribedby the sameequationsof
motion.To specifythe dynamicuniversalityclass,one needsto specifymorethan
the dimensionof spaceand the number of componentsof the order parameter.
Hence,thereareusuallyseveraldifferent dynamicuniversalityclasseswhichare all
in the samestaticuniversalityclass.In particular,it is necessaryto specifywhether
or not the orderparameteris conserved,andwhichotherquantitiesare conserved.
Thus a ferromagnetwill havevery different dynamicalbehaviourfrom an antifer-
romagnetwith thesamenumberof components,eventhoughthe staticuniversality
classis thesame.The ferromagnetwill havea much moredifficult time thermaliz-
inglong-wavelengthfluctuations,sincein the k —.s 0 limit theyarerigorouslystable.

From this point of view, two-flavor QCD behavesas an antiferrornagnet. Its

order parameter,the expectationvalueof a scalaror pseudoscalarquarkbilinear,
is not a conservedquantity. (It is quantitiesof the form qy0q, not ~q, that are

conserved).This meansthat a model similar to model G of HalperinandHohen-
berg [16], is appropriate.Model G is formulated for a three-componentorder
parameter.We show below how to formulate it for the N = 4 order parameter
appropriatefor QCD. One main result of the theory concernsthe rateof critical
slowingdown nearthetransition.Just asthe correlationlength in spacedivergesat
the critical point, so doesthe correlationtime for dynamics.Its scalingproperty is
conventionallywritten in terms of a critical exponentz, such that the correlation
time scalesas ~, where ~ is the correlationlength.For the modelin question,we
showbelow that the exponentz governingcritical slowingdown is predictedto be
1,4_ 3
2 2~

Let usnow considerhow model G of ref. [16] mustbemodified to dealwith the
four-componentorder parameterof interest.As we discussedabove, it is impor-
tant to find the conservedquantities.First, there is the energy.However, it is

shown in ref. [17] that if a, the specific heat exponent,is negative then the
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dynamicsof the order parameteris not affectedby the presenceof a conserved
energy. However, the six generatorsof 0(4) rotations are associatedwith six
conservedquantitieswhich can bewritten asan antisymmetrictensor

= fd3XJa~. (6.1)

At the level of theunrenormalizedlagrangian,Ja/3 canbe expressedin termsof the

order parameteras

a
Ja~= ~apy8

4,a~4,13’ (6.2)

but this relation need not hold upon renormalization.(Note that since we are
interestedin the critical phenomena,by renormalizationwe meanrenormalization
towards the infrared.) In model G, the symmetry is 0(3), so there are three
conservedquantitiesinsteadof six. The threeconservedquantitiesare the magne-
tization, while the nonconservedorderparameteris the staggeredmagnetizationof
the antiferromagnet.The equationsof motion for j and 4, contain two types of
terms.There aredissipativetermswhich dampthe systemtowardthe equilibrium
configuration and so-called mode—modecoupling terms. The latter reflect the
Poissonbracketrelationsamongthe fields. In our case,theseare

[‘a, ~~‘I~af3y8~8 (6.3)

and

[Jai3’ ~yô16~yô6ay
86~&Jay+6a4~~y. (6.4)

The equationsof motion are

-f= _F~_+g[4,~,j,3y~~---_+0 (6.5)
Jf3y

and

afap 26F - 6F - .

=7V i---— +g[j~, 4,~J~—+g[ia~, JYaI~T+~ (6.6)

wherethe free energyF is givenby

F= fd3x(~a1~aaj~a+ ~~
24,a4,~ + ~A(4,a4,~)2 + ~Ja~J~ _Ha-). (6.7)
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0 and ~ areLangevinnoiseterms.The differencebetweenthedissipativetermsin
the two equationsof motion reflects the fact that j is conserved,and hencea
spatiallyconstantj cannotdissipate.Note that j appearsin the free energyonly as
~2 This is becauseany higher order terms like j

2çb2 or those involving Vi are
irrelevant.Becauseof the form of F, it turns out that the termin the equationof
motion (6.6) involving(6.4) is zero.The equationsof motion givenabovedetermine
the universaldynamicsof the long-wavelengthmodesof interestnearthe critical
point.

With equationsof motion in hand, Halperin et al. [16] go on to formulate
dynamic renormalizationgroup transformations.Theseare obtained by starting
with the theorydefinedwith an ultraviolet cut-off. A, integratingout modesin the
momentumshell betweenb - 1A and A and thenrescalingaccordingto

x —‘x’ = b~x,

4, —s4,’ = b2~’~”24,,

j —sj’ = bdj,

t—st’=b~t. (6.8)

After one suchtransformation,one obtainsa new free energyandnew equations
of motion. If oneworks in the � expansion,thesearerelated to the former F and
equationsof motion simply by a transformationof the parametersIL~ A, F, y, g,
and x. Repeatedapplication of the renormalizationgroup transformationthere-
fore leadsto recursionrelationsfor theseparameters.The nextstepis to find the
fixed pointof the transformation.Justas in thestaticcasethefixed pointcondition
fixes ‘i’, hereit fixed s~,c and z. Fortunately,to obtain c and z we only needthe
particularly simple recursion relations for x and g. Becausej only appears
quadraticallyin the free energy,the recursionrelationfor x is

~ b2c,y~, (6.9)

and this is valid to all orders in e. The terms in the equationsof motion
proportional to g are consequencesof the 0(4) symmetry, and as a result the
Wardidentitiesenforcethe recursionrelation

g—~b~”~g (6.10)

to all ordersin e. From (6.9) and(6.10) it is clear that at a fixed point onemust
havec = ~d and,as advertisedearlier, z = ~d.
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7. Implications on the lattice and in the real world

Finite temperaturelattice QCD simulationsare ideally suitedto testingmanyof
the predictionsmadein this paper.The staticcorrelationfunctionsof the three-di-

mensionaltheory arenaturalobjects to considerin finite temperature(euclidean)
simulations.Also, it is much easierto vary parameterslike the temperatureand
the bare quarkmass in a lattice simulation than in a real experiment.Hence, it
shouldbe possibleto measurethe static critical exponentsof sect.2, the equation
of stateand the scalingbehaviourof the pion and sigmamassesof sect 3, the
behaviourof the p and A

1 correlationfunctionsof sect.4, andthe static tricritical
exponentsof sect.5.

Presentsimulations[14,181providestrongevidencethat the QCD phasetransi-
tion is secondorder, and that the order parameteris 4’ [1]. However, thereare
several reasonswhy presentsimulations can not yet be used to test the more
detailedpredictionsof this paper.The fundamentalreasonis that in all simula-
tions to date,the barequarkmasshasbeenso largethat correlationlengthsdo not
getvery long at T~. For example,in thework of Bernardet al. [18], the correlation
length in thepionchannelat T,. is only about2.5 lattice lengths.Hence,in order to
studythe behaviournearerto the critical point andto measureuniversalproper-
ties, we must wait for simulationswith smaller quark masses.The fundamental
problemis that long correlationlengthsarenecessarilyaccompaniedby numerical

critical slowing down,andthis makessimulationschallenging.
Another hurdle to be overcomebefore lattice simulations can measurethe

critical propertiesof the QCD phasetransitionis that any lattice implementation
of fermion fields only exhibits the full chiral symmetryin the continuumlimit. If
Wilson fermions are used, there is no chiral symmetry at all on the lattice. If
Kogut—Susskindfermionsareused,four flavorsof fermionsare required,but there
is a continuousU(1) x U(1) chiral symmetry on the lattice. This should give a
phase transition in the universality class of the N = 2 magnet,and has been

discussedin ref. [19]. In order to study two flavors of fermions, one takesthe
squareroot of the fermion determinantin the lattice action. It is not at all clear
whatthis doesto the lattice chiral symmetries.Hence,for Kogut—Susskindas for
Wilson fermions, before we are able to test our predictions for the critical
phenomenawe needfiner latticesso that extrapolationto the continuumlimit can
be done.A necessarycondition for doing this is that the results for Kogut—Sus-
skind andWilson fermionsagreewhenso extrapolated.This conditionhasnot yet

beenmet [20].
Hence, while we cannottest our detailedpredictions againstcurrent lattice

simulations,we are confident that in the future with finer lattices and longer
correlationlengths,simulationswill beable to measurecritical exponents,correla-
tion functions,andthe equationof state,andverify our results.

Let usnow turn to real experiments,as opposedto thoseon the lattice. Here,
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we arenot free to dial the bare quark mass.Wewill seethat this is unfortunate,
particularlyin our discussionof heavyion collisions.First, however,let us dispose
of two other possiblearenasfor testingour results.The QCD phase transition
certainly occurredin the early universe. Indeed, much work has beendone on
possibleobservableeffectsof this transition, if it is first order. Unfortunately,we
haveseenthat for physicalvaluesof the quark masses,it is likely but not certain
that the transitionis secondorder.We canthink of no observableconsequencesof
a secondorder QCD phasetransitionin the earlyuniverse.In ref. [1], it wasnoted
that sincecertainantiferromagnetsincludingdysprosiumhaveorderparametersin
the N = 4 universality class [21], experimentson the phasetransition in these
materialswould help us understandthe QCD transition. Alas, in thesemagnets
there is a quartic operator like (~r~+ ‘ir~)(’ir~+ a-

2) which is allowed by the
microscopic hamiltonian of the magnets [221, but not by that of QCD. This
operatormakesthe symmetricHeisenbergfixed point infraredunstable,andeither
makes the phasetransitionfirst order or makesit secondorder but governedby
andanisotropicfixed point. Hence,neithercosmologynor dysprosiumaresuitable
arenasfor learningaboutthe QCD phasetransition.

Now, we turn to relativisticheavyion collisions.In Bjorken’s [23] pictureof such
a collision,a volume of hot plasmaformsandquickly reachesthermal equilibrium.
In the centerof massframe,the incident nuclei arebothLorentz contractedinto
pancakeshapes.They passthrougheachother, andleave behinda regionof hot
vacuum.In translation,this meansthat the baryonnumberof the incident nuclei
endsup in that part of the plasmaheadingapproximatelydown the beampipes,
andthe centralrapidity regionconsistsof plasmawith approximatelyzerobaryon
number. In the remainderof this paper,we will attempt to use what we have
learnedaboutthe critical phenomenaassociatedwith the chiral phasetransitionto
studythe behaviourof the plasmain the central rapidity regionas it expandsand
cools through T = T~and eventuallyhadronizesandbecomespions which fly off
and aredetected.

The defining characteristicof a secondorderphasetransitionis the divergence
of correlationlengths.How could this featurebeobservedhere?Largevolumesof
spacewith the order parametercorrelatedand pointing in a direction different
than the truevacuum(i.e. sigma)directionwill becomeregionsin which the order
parameteroscillates coherentlyabout the sigmadirection. After hadronization,
correlatedvolumeswill turn into regionsof spacewherethe ratio of the numberof
charged pions to neutral pions has some fixed value. Since, in the standard
scenarioof Bjorken [23], differentpositionsin theplasmaalong the beamdirection
becomedifferentlongitudinalmomenta(actually,different rapidities)astheplasma
expands,onewould hopethat a signalof a secondorder phasetransitionwould be
fluctuations in the ratio of chargedto neutral pions as a function of rapidity.
Coherentevolutionof a classicalpion field hasbeenconsideredbeforeby Anselm
and Ryskin [24] and by Blaizot and Krzywicki [25]. However, these authors
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consideredneitheran equilibrium secondorder phasetransitionas we do in this
section,nor aquenchaswe will in the next section.

A prerequisite for the fluctuations discussedabove to be observable is that the
correlationlength mustget long compared,say,to T~.To determine whether this
does indeed happen,we must leave our universality safety net behind, since
neitherT~nor the magnitudesof correlationlengthsareuniversal.Fromfig. 2a, it
is immediatelyobviousthatwe haveaproblem.The longestcorrelationlength is in
the pion channel,andthe pion massis increasingwith temperature.This suggests
that the pion massat Tc is larger than rn.,.(T = 0) = 135 MeV. This is consistent
with the fact that in many modelsthe pion massincreasesfrom its zero tempera-
turevalueas thetemperatureis increasedfrom zero.Thisresult hasbeenobtained
in chiralperturbationtheoryusingthe nonlinearsigmamodel [26] andalso for the
linear sigmamodel [27]. Hence,it seemsclear that the longestcorrelationlength at
1~will beshorterthan (135 MeVY ~. This is to be comparedto Tc itself, which for
the caseof two masslessquarksis around140 MeV [18]. Hence,eventhoughthe
quarkmassesare indeedsmall (‘-‘ 10 MeV), the magneticfield H proportionalto
mq is large enoughto preventany correlation lengthsfrom reachinginteresting
values.

There is an appropriatequantitative criterion to determinewhether a near
equilibriumsecondorder phasetransitionleadsto dramaticeffects. Onecompares
the energyin a correlationvolume just below T,. with the zero temperaturepion
mass to determinewhether or not the correlatedvolume can becomea large
number of pions. Using current lattice simulations[18], we can make a crude
attempt at this comparison.The sumof the energyand pressurein a correlation
volume is about ~ the zero temperaturep mass.Takenliterally, this meansthat
eachcorrelationvolume becomesonly one or two pions in the detector.As we
have mentioned,current simulations are subject to many caveats,and so this
estimateshouldnotbe takenliterally. Nevertheless,it seemsclear that thephysical
value of rnq is large enoughthat in an equilibrium phasetransitiona correlation

volume at T~doesnot evolve into a largenumberof correlatedzero temperature
pions.This is not encouraging.

We pausehere for an aside. The readermay be wonderingwhy, when the
seeminglysmall equal quarkmass rn~= rnd = rnq hassuchdeleteriouseffects,we
havecompletelyneglectedthe differencebetweenthe up anddown quarkmasses.

It wasnoted in ref. [1] that unequalquark massesallow termsof the type

zlF a (6rn)2(u2 — ‘ir~+ ‘i~-~ + ~ (7.1)

If oneis closeenoughto the critical point that this termmatters,onewill discover
an anisotropic fixed point rather than the symmetric. Heisenberg fixed point.
However,while the effect of a commonquarkmass,namely the massof the pion,
is comparableto T~,the effect of (7.1) is much smaller.For example, the QCD
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contributionto the difference in massbetweenthe chargedand neutral kaons is
about5 MeV [28]. Therefore,we neednotworry about (7.1) in real experiments
sinceit is much lessimportantthan the effectof the“magneticfield” proportional
to the commonup anddown quarkmass.Of course,(7.1) couldbe introducedand

studiedon the lattice.
It seemsclear that if thestandardscenariofor heavyion collisions in which the

QCD plasma cools through T~while staying close to thermal equilibrium is
correct, then no correlation lengths will get long enough for there to be any
dramaticobservableeffectsof the phasetransition. The chiral “transition”, like
the confinement/deconfinement“transition”, will be a smooth crossover.If we
were able to dial down the quark massesand hence the pion mass,phenomena
associatedwith a secondorder transitionwould becomemoreprominent.Alas, in

the realworld, unlike on a lattice, we haveno suchfreedom.

8. Non-equilibriumphenomenain relativistic heavyion collisions

We are not doneyet. The gloomyparagraphwith whichwe endedthe preceding
section beganwith a conditional sentence.In this sectionwe will considerthe
observableeffects in heavy ion collisions if the plasma doesnot stay close to
thermalequilibrium throughthe transition.There are tantalizing hints in cosmic
rayphysics that point in this direction. Among the zoo of high energycosmicray

eventsknown are a particularly peculiar class of eventscalled Centauros[29].
Theseareeventswith total energyof order 1000 TeV in which many(of order 100)
chargedhadronseach with energiesof several TeV and very few photonsor
electronsareseenin a cosmicray inducedshower.In the sampleof eventsin ref.
[29], therewere five Centauros,representingabout 1% of the eventsseenwith
energyof the appropriateorder of magnitude.Centaurosare peculiarbecauseso
manychargedpions areobservedwithout any of the gammasthat would indicate

the decay of neutral pions. This apparentviolation of isospin invariance is
puzzling,unlessonethinks of it in the languageof a secondorder phasetransition
in which theseeventscan be interpretedas the creationof a volume of QCD
plasmain which the 4, field hasfluctuatedthroughoutmostof the plasmain some
direction in the 771~’iT2 plane. This implies correlation throughoutmost of a
volume of plasmalargeenoughthat it becomesabout100 zero temperaturepions.
We convincedourselvesabovethat this could not happenif the plasmaremains
close to thermal equilibrium. Hence, theseCentauroeventsprovide a tantalizing
hint that it might bewise to considerthe effectsof goingfrom the symmetricphase
aboveT~to the orderedphaserapidly without maintainingthermal equilibrium.
This process,called quenching, has been much studied in condensedmatter
physics.

We notedin the previoussectionthat if the plasmastaysclose to equilibrium,
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one finds below I~that the energyin a correlationvolume is small comparedto
the zero temperaturepion mass.However, since the energydensityat tempera-
tureswell aboveTc is much higherthanthatbelow Tc, it is reasonableto hopethat
a quench,in which the energydensitydoesnot decreasein a quasi-equilibrium
fashionthrough T~,hasa betterchanceof producingcorrelatedvolumesof plasma
which evolve into many zero temperaturepions. In this sectionwe will begin to
analyze the observable effects if relativistic heavy ion collisions proceed via
quenching. In a real relativistic heavy ion collision, the phase transition will
probablyoccur by somethingin betweena slow equilibrium processand quench.
Only experimentscandeterminewhich descriptionis moreappropriate.

Let usbeginby describingmorecarefully what a quenchis, in the contextof a
Heisenbergmagnetin more than two dimensionswith no applied magneticfield.
The systemstartsat equilibrium at a temperaturewell above7~,fluctuatingamong
an ensembleof configurationswith short correlation lengths.One then imagines
turning the temperatureinstantaneouslyto zero. This meansthat the equilibrium
configurationis now an ordered statewith the field aligned throughoutspace.
However,this is not the configurationin which the systemfinds itself. It is in one

configurationfrom the ensembleappropriateto a high temperature.This configu-
ration then evolvesaccordingto the zero temperatureequationsof motion (i.e.
microcanonically,with no thermalfluctuations.)In a condensedmattersystem,the
appropriateequationsof motionare thoseof sect.6, andin particulartheyarenot
Lorentz invariant.What is found [30] is that the sizeof correlateddomainsgrows
with time in sucha way that after abrief initial period the correlationfunction has
the simplescalingform

C(r, t) (4,(r, t)çb(O, t)) =g(r/L(t)). (8.1)

ThecharacteristicdomainsizeL increaseswith time accordingto L(t) t”, where

the exponentp dependsonly on d, N, and the dynamicuniversality class.It is
important to note that the scalingbehaviour(8.1) is obtainedregardlessof the
initial configuration.Hence, it is not actuallynecessarythat the initial configura-
tion in a simulation(or in a heavyion collision) be selectedfrom a hightempera-
ture thermalensemble.Any disorderedinitial configurationevolvesto the critical

behaviour(8.1). This phenomenonis called self-organizedcriticality. It is also
crucial for us that the domain size is not related to an equilibrium correlation
length, andin particular that in an infinite systemit growswithout bound.

Let usnow considerhow the physicsof quenchingmay beapplied in relativistic
heavy ion collisions. If the collision is energeticenough to create a region of
plasma well above T = T~,the 4, field will indeed be fluctuating among an
ensembleof disorderedconfigurations.At the endof the process,onecertainlyhas
zero temperature.The questionis what happensto the 4, field in between.One
idealized possibility which hasbeenconsideredby many before us andwhich we
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consideredin the previous section is that the systemstays arbitrarily close to
thermalequilibrium. Anotheridealizationis that thermalfluctuationceasesinstan-
teously. In a real collision, the plasma is cooling, and so cannotbe exactly in
thermal equilibrium. If it cools fast enough,the configurationof the 4, field will
“lag”, andas in a quenchthe systemwill find itself in a configurationthat is more
disorderedthan the equilibrium configurationappropriatefor the currenttemper-
ature.However, it is clear that a real collision will not be an ideal quench,as
thermal fluctuation will not ceaseinstantaneously.Thus, a real collision fits in
neither idealizedcategory,but is somewherein between.To the secondidealiza-
tion, the quench,we now turn.

There areseveraldifferencesbetweena quenchin the systemof interestto us
andin the condensedmattersystemwe describedabove.First, at zerotemperature
we must havea Lorentz invariant field theory, with different equationsof motion
than thoseused in the condensedmattersystem.While the equationsof motion of
sect. 6 describethe Lorentz non-invariantdynamicsof the order parameternear
T= T~,they are inappropriatefor the T = 0 dynamicsof a quench.We proposeto
usethezero temperaturelinear sigmamodelwith only pion andsigmafields. Since
we will be consideringenergieswell below the rho and nucleonmasses,we need
not include thesedegreesof freedom.The sigmacould also be left out, if it were
not for the fact that the appropriateinitial conditions are a disorderedstate in
which the pion andsigmafields areequivalentup to the effect of thebare quark
masses.The seconddifference is that unlike in the magnet, the plasma in a
relativistic heavy ion collision is expanding.This meansthat the descriptionin
terms of configurationsof the field 4, will not be appropriateforever. At some

time, the energy density drops low enough to have individual pions flying off
towardsthe detectors.The third differenceis that unlike in the condensedmatter
systemsconsideredin ref. [30], we must include the effects of the bare quark
masses.As we sawbefore, thesecorrespondto a significant magneticfield. We
proposethat quenchingof a four-componentHeisenbergmodel with the three
modificationswe havementionedbe consideredan idealizedmodel for a heavyion
collision.

It is fortunatethat the scenariowe havejust outlined,with the exceptionof the
significant magneticfield, is exactlythe scenarioconsideredby Turok andSpergel
[31] as a cosmological model for large scale structureformation in the early
universe. They study the evolution of an 0(N) sigma model in an expanding
universe.They find an exactscalingsolution for the nonlinearsigmamodel in the
largeN limit, anddo numericalsimulationsfor the linear sigmamodel for N = 4
and N = 10. The main reasonwe canapplytheir resultswhile we cannotusethose
of ref. [30] is thatTurok andSpergelusethe Lorentz invariantequationsof motion
appropriatefor our problem.They find that the sizeof correlateddomains,L(t),
grows at the speedof light! We are currently [32] extendingtheir simulationsto
include the effects of a magnetic field, and to vary the expansionrate. The
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magneticfield will qualitatively changethe scenario.Insteadof having correlated
domainswith the 4, field pointing in arbitrary directionson the three-sphere,at
late timesthe 4, field will be oscillatingaboutthe sigmadirection. However,there
will still be domainsin which the oscillations are in different directions.If in a
heavy ion collision the size of thesedomainsgrowswith the speedof light as it
does in our simulations[32], the phenomenologicalconsequencesfor heavy ion
collisionsare dramatic.Of coursethedescriptionwe areusingwill only bevalid for
a short time. (Bjorken [23] estimatesthat a hydrodynamicdescriptionwill be valid
for about 10 fm/c.) Since the plasmawill be expandingslowerthan the speedof
light, evenin this short time domainswhich expandat the speedof light will grow
to encompasslarge fractionsof the total volume. We thereforeproposethat if
heavyion collisionscanbemodelledasa quench,this will be detectedby observing

clustersof pions in which all the pions in a region of rapidity are correlatedin
internalspace.In someclusters,therewill be only chargedpions; in others,only
neutralones;and in all, chargedand neutralpions will occur in some fixed ratio.

We can estimatethe probability distribution of the ratio R of the numberof
neutralpions to the total numberof pions in a correlatedregion. Let us assume
that the 4, field in the region is initially equally likely to be pointing in any
directionon the three-sphere.Thisassumptionmaynotbe strictly truebecausethe
magneticfield selectsa preferred sigma direction even at high temperatures.
However,we maketheassumptionin orderto get a simple analyticalresult.Where

4, startswill determinein which direction it endsup oscillating aboutthe sigma
direction.We defineangleson the three-sphereaccordingto

(ci, ‘iT3, irk, ‘iT2) = (cos 0, sin 0 cos 4,, sin 0 sin 4, cos i~, sin 0, sin 4, sin ~).

(8.2)

Thenthe ratio R is given by

n o sin20 cos24,
R~ = - 2 2 - 2 =cos24,. (8.3)

fl
17.o + n1,.+,,.— sin 0(cos4, + sin 4,)

Under the assumptionthat all initial values on the three-sphereare equally

probable,the probabilitydistribution .~(R)is determinedby

R 1 2ir ~f ~(R) dR= —J d~1fdO sin20j~°
5V 1dçb sin 4, (8.4)

R
1 ‘iT 0 0 arccos~~

and turnsout to be simply

.9~(R)= ~R~
72. (8.5)

Equivalently, the probability that R <R
1 is given by fI~.If heavyion collisions

are describedby a quench,thereshouldbe largeregionsof the collision volume
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containingclustersof pions in which R is constant,and the values R takesin
different suchregionsshouldbe distributedaccordingto (8.5).

As one applicationof (8.5), we note that the probability that the neutralpion
fraction R is less than 0.01 is 0.1! This is a graphic illustration of how different

(8.5) is from what one would expect if individual pions were independently
randomlydistributedis isospinspace.It alsomakesCentauroeventsin which less

than 1% of the outgoingparticlesfrom a heavyion collision areneutralpionsseem
much lesssurprisingthanthey first appeared.The analysisof the Centaurodatais
difficult for severalreasons.Most importantof theseis the limitation imposedby
small statistics.Also, if a Centauroeventoccurs too high abovethe detector,so
many secondaryphotonswill be producedthat the eventwill not be recognizedas
a Centauro.Third, in a Centauroeventall of the particlesfrom the collision strike
a small region of the detectorand it is impossibleto isolate the central rapidity
region. This, combinedwith the fact that the detectorsdo notdistinguishbetween
charged pions and charged baryons, has several unfortunateconsequences.It
meansthat eventsin which thereare two or morecorrelatedclustersof pions are
not detectedas Centauros.Only thosewith a singleclusterareso identified.Also,
the oppositetype of event in which R is close to 1, will not have a dramatic
signaturesince therewill alwaysbe chargedbaryonspresentfrom the two initial
nuclei. For all thesereasons,we feel it is impossible to extract a meaningful
probabilitydistribution .~“(R)from the cosmicray data.

When relativistic heavy ion collisions occur at high enough energiesin a
laboratory facility, all of the difficulties of the cosmic ray experimentswill be
rapidly overcome.Thatwill be thetime to look for correlatedclustersof pions,and

to look for a distribution like (8.5), and hence to determine whether these
collisions proceedby a processcloseto the idealized quenchwe haveconsidered
here.

9. Conclusions

The future of the study of the QCD phasetransition on the lattice looks
promising. As simulationsimprove, theywill begin to investigate the plethoraof
static critical phenomenawe discussedin the first sectionsof this paper.Critical
exponents,the equation of state, the critical behaviourof the pion and sigma
susceptibilities,p and A

1 correlationfunctions,andtricritical exponentsareall out
therewaiting to be measured.

Becauseheavyion collisions aredynamical processes,thereare morepossible
scenariosand the situation is not clear cut. We haveconsideredtwo idealized
models. If the cooling plasma stays arbitrarily close to thermal equilibrium, our

conclusions are disappointing.Becausethe pion is so heavy comparedto 7~,
correlation lengthswill not becomeparticularly long. On the other hand, in the
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other idealized model we considered,in which thermal fluctuationsare rapidly
quenchedandthe cooling plasmais in a sensemaximally out of thermalequilib-
rium, dramaticphenomenaarepossible.Correlatedvolumeswill form, and their
sizewill not be determinedby any equilibrium correlationlength.Indeedtheymay
grow at the speedof light until hadronizationoccurs.This will havethe conse-

quencethat clustersof largenumbersof pions will be detectedin which the ratio
of neutralto chargedpionswill be constant.This ratio will be differentin different
clusters,andwill follow a probabilitydistribution which is skewedtowardshaving
few neutralpions.We eagerlyawait theverdict of experimentasto whichscenario
is moreappropriate.

We aregrateful for thefruitful discussionswe hadwith Bert Halperin.We both
also acknowledgethe hospitalityof Harvard University, where part of this work
wascompleted.

AppendixA.

In this appendix,we reproducethe equationof stateto order ~2 [p], andgive
variousotherresultsusedin sect. 3.

The equationof state is found by doingand � expansionof the relation

(ö) = 0, (A.1)

where ê = a- — M. The resulting expansioncan be expressedin terms of the
variablesy H/Ma and x t/M

1/’3, where

1 6 (N+5)(7—N)
— = 2 + � + 4 ~2 + O(�~) (A.2)/3 N+8 (N+8)3

and

N2+ 14N+ 60
2 �2+O(�3). (A.3)

2(N+ 8)

We are interestedin � = 1 and N = 4. We chooseto measurefields in units such
that y= 1 at t=0, and x= —1 at the coexistencecurve (H=0, t<0). The
equationof stateis

y=f(x). (A.4)
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The function f(x) is givenby

f(x)=1+x

+2(N+8)(1+ 2(N+8)1+6ll291n3

+(N—1) ln(x+1)})

x(3(x+3) ln(x+3) + (N— 1)(x+ 1) ln(x+ 1)

+6x 1n2—9(x+1)1n3)

~(2(;+8) )
2(~(iO_N)(x+ 1)

x [1n2(x + 3) — ln23] + 36[1n2(x + 3) — (x + 1) ln23 +x ln221

—541n 2[ln(x+3)+x ln2—(x+1) ln3]

+3(N— 1) ln~(x+ 1) ln(x+ 1)

212+ 17N—4N2

+ N+8 [(x+3)ln(x+3)+2xln2—3(x+1)1n3]

+(N— 1)(x+ 1) ln(x+ 1) ln(x+3) — ~N(N— 1)(x+ 1) ln2(x+ 1)

N-i
+N

8(l
9N+92)(x+l) ln(x+1)

-2(N-1)[(x+6)Ii(p) -6(x+1)I~(~)}

-6(N- i)[12(p) - (x+ 1)1
2(flI

+ 4(N— 1)[13(p) — (x + 1)I3(~)I)+ O(�~), (A.5)

where

x+3

~ 4(x+1) (A.6)

and

pdulnu oodulnu

Il(P)U(lU)(Vi_u/P_1)_jU(lU)~

dI~1
2(p)

I3Ca) ~Ii(P) +
2I2(p). (A.7)
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The behaviourof Ij(p) nearthe coexistencecurve is given by

I
1(p) ~(ln24p + 2 ln p), p ~. (A.8)

The leadingtermsof f(x) for largex are

3 ln~y
f(x) + 2(N+ 8) � + 0(�2))x~, x ~, (A.9)

where

N+2 (N+2)(N
2+22N+52)

= i + � + ~2 + 0(�~). (A.iO)
2(N+8) 4(N+8)3

Of course,this result for y and the results for /3 and 6 in (A.2) and (A.3) are

consistentwith the scaling relations(2.12). We saw in sect. 3 that the behaviour
(A.9) determines the sigma and pion masses for H = 0 and t> 0.

In sect. 3, in order to determine rn~nearthe coexistencecurve,we neededthe
behaviour of f’(x) for x -.~ —1. In this region, f(x) is given by [ii]

N—i 3(1+31n4)
f(x)—.(x+1) i+�

2(N+8)ln +i)+ 2(N+8)

(N— 10)(N—1)
ln

2(x+i)
8(N+8)2

N—i 60
+ N+27+181n2—91n3— ln(x+1)+O(e3).

4(N+8)2 N+8

(A.1i)

Next one inverts (A.ii) to obtain x + 1 in terms of y =f(x),

(x + 1) = c
1y + E2y’~”

2+ O(y2_O~), (A.i2)

differentiatesthe result with respectto x, andobtains

f3rn2 1

M8~ f’(x) = c
1 + c2y~ for x —1, (A.i3)
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with

9 � 25N2+142N+76
c
1= 1— (N+8)1n2—9ln3+

N+8 2(N+8) 9(N+8)

+O(�2) (A.i4)

and

C2 = C2(1 —

= ~~[i_~�(i_ (N±8)2[9(N+8)1n3+22N+h161)j+0(E).

(A.15)

As H is lowered to zero at fixed t <0, rn~ at first tends toward a constant, and
then goes to zeroaccordingto rn~a H~”

2whenthe c
2 term takes over from the c1

term. For N = 4, this occurs when

H ~2 2/e 2

M
8 <(—) [~(i + 0.96�)] ~ 0.4 for � = 1. (A.16)

Of course, the numerical value for c = 1 should not be taken too seriously. The
qualititative result is clear nevertheless.

We end this appendix by describing how the figures in sect. 3 were obtained.
When evaluated at � = 1, the expression (A.5) for f(x) has several problems. First,
at large x it does not grow as x~’.Rather, it increases like x ln2x. Also, for
x —~ — 1, f(x) given by (A.5) does not satisfy (A.12). In fact, for x ~ —0.95,
f(x) <0 which is unphysical. Both of these problemsarisebecausewe aresetting
� = 1 in an expansion of f(x) to order �2 which is valid for � —.s 0. In order to
illustrate the correct qualitative behaviour, we constructed a function f(x) which

smoothly interpolates between (A.9) at large x, (A.i2) near x = — 1, and (A.5) in
between. Using this function f(x), we obtained fig. 1 by solving H/Ma =f(t/M1/’3)
for M at various values of t and H. Wethen calculatedtheresults for rn~ and rn~
shown in fig. 2 and 3 using(3.6) and (3.8). Becauseof the limitations imposedby
working at e = 1, all threefiguresshouldbeviewed as illustrationsof qualitative
behaviour.
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