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We clarify the origin of massless particles which come out when an internal symmetry breaks down preserving super- 
symmetry. A special feature is that even if original and f'mal symmetries are fixed, there exist many inequivalent non-linear 
realizations. We present the theorems which make clear the essential structure of the phenomena. The (non4inear) transfor- 
mation law for the massless particles is accurately defined and it is shown how to construct the supersymmetric nonqinear 
lagrangian. 

It is well known that if a global internal symmetry 
group G breaks down to a subgroup H, there come 
out massless scalars, the number of  which is equal to 
that  of  the broken generators, i.e., dim [G/H]. An in- 
teresting point is that the low energy theorem deter- 
mines the effective lagrangian for the massless scalars 
uniquely once the symmetry groups G and H are 
given. Systematic study o f  such non4inear realiza- 
tions o f  a symmetry was skillfully done by  Coleman 
et al. [1] about fifteen years ago. Recently supersym- 
metric theories have been studied from various view- 
points for application to current problems in particle 
physics. Of course in those models when an internal 
symmetry breaks down, there come out  massless 
scalars. The number o f such massless scalars, however, 
is not necessarily equal to,  but ,  in general, larger than 
dim [G/HI [2]. In other words, besides what is called 
Goldstone bosons there come out unexpected massless 
scalars (quasi Goldstone bosons). Furthermore some 
number of  massless fermions appear (quasi Goldstone 
fermions). These phenomena are understandable if  
one notices the following matter.  In a (N = 1) super- 
symmetric model,  a massless scalar is a component  o f  
a chiral superfield. Thus a Goldstone boson is a com- 
ponent o f  a chiral superfield (Goldstone superfield). 
Since a chiral superfield consists o f  two scalar bosons 
and one fermion, Goldstone superfields can be classi- 
fied into two types: (i) The P-type superfield; both  o f  
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the scalar components  are Goldstone bosons. (ii) The 
M-type superfield; only one o f  the scalar components  
is a Goldstone boson and another is a quasi Goldstone 
boson. Both types o f  superfields contain quasi Gold- 
stone fermions. Here if  all Goldstone superfields are 
of  the P-type, there appear only massless fermions in 
addition to what are called Goldstone bosons, while 
if all Goldstone superfields are of  the M-type, there 
appear other massless scalars besides the Goldstone 
bosons and quasi Goldstone fermions. There exist in- 
termediate cases where some of  the Goldstone super- 
fields are o f  the P-type and the rest o f  the M-type. An 
important  point is that even if  one fixes only a sym- 
metry breaking pattern (G ~ H), each number of  P- 
type and M-type superfields is not uniquely deter- 
mined, in general, and it depends fairly on the dyna- 
mics o f  the original system. 

In this letter we present an outline of  the structure 
o f  non-linear realization in supersymmetric theories. 
Details will be reported in a separate paper [3]. The 
number of  massless scalars (Goldstone and quasi 
Gotdstone bosons) is shown to be equal to the real 
dimension of  the coset space GC/Iq, where G c is a 
complexification o f  the group G and I2I is some com- 
plex group including H c (a complexification of  H). 
We present some theorems which determine the struc- 
ture o f  I2I in a complete form. At the end o f  this letter 
we show how to construct supersymmetric non-linear 
lagrangians. 
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First we investigate the origin o f  massless particles 
which come out when an internal symmetry group 
breaks down in supersymmetric theories. Let us con- 
sider an effective lagrangian ~eff(4¢ l )  constructed by 
chiral superfields 4v 4 * 1, where ~eff  is understood to 
be integrated out by other irrelevant fields. In general, 
~b A belong to a reducible representation p in a com- 
pact Lie group G which is a symmetry group o f  "~eff" 
Since we now consider the system in which a group G 
breaks down to its subgroup H preserving (N = 1) 
supersymmetry , the  minimal point ~b A o f  the effective 

potential  Vef f is a fixed point o f  H, 

p (H)-  4 0 = q~o • (1) 

An important  point is that ,  since q~4 is a complex 
field, we can extend the domain o f p  from G to G c in 
such a way that the extension may preserve irreduc- 
ibili ty o f  representations and be analytic for the coordi- 
nate variables of  G e [3]. We call it "analytic represen- 
ta t ion"  • 2. Of course it does not mean that G c is a 

symmetry group of./~ef f. 
In terms o f  the Lie algebra ~ = (AH} , a ,  eq. (1) is 

rewritten as 

P(caA~I)" q~0 = cap(A~l)'4~0 = 0 ,  for c a E FI. (2) 

The first equality holds even for an complex number 
% E C since we adopt "analytic representation".  
Hence q~0 A is a fixed point  o f  H e. Here we det'me I2I as 

I21 - { g ; g  E G c and p(g)'qb 0 = q~0}" (3) 

By definit ion 

12t D H c . (4) 

Let ~ be "representatives" o f  Gc/I2I. Since the 
operat ion p (~)on  ~0 is "effective",  the field variables 
~b A can be represented by  ~ and the rest, a, 

=~(~,o). (5) 

At the vacuum point ~ and o are chosen to be zero. 

4-1 ~Aar e either elementary or composite chiral superfields. 
,2 For example, the contragradient representation (pT)-i 

is used as an extension of the complex conjugate repre- 
sentation p *. 

,a  We use script letters ~t, ~etc .  for Lie algebras correspond- 
ing to the Lie groups represented by capital Latin letters 
G, H etc. 

The effective potential  Vef f is given by  

Vef f = Fo~ga#(~, o)£ '# ,  (a,/3 = ~, a ) ,  (6) 

where the metric ga~(~, a) is non-singular at the va- 
cuum point and the F-component  Fa  o f  a chiral super- 
field ~ or cr is represented by the superpotential  If  as 

p a  = _ ( g - 1 ) a ~  6 W/6dpO. (7) 

Since W is a G-invariant analytic function o f  4/1 , it is 
actually GC-invariant thanks to analytic extension o f  
P. Therefore Wis independent o f  the variable ~, which 
leads to the following equation straightforwardly 

F~ = 0 .  (8) 

Since the supersymmetry is unbroken 

F olo=0 = 0 ,  (9) 

thus 

F o = (const)o + (higher power o f  ~ and o ) .  (10) 

From eqs. (6) and (10) one observes that there is no 
mass term of  ~ ,4 ,  only interaction terms can appear. 
If the supersymmetry is broken,  

Folo= 0 : g 0 ,  (11) 

and the quasi Goldstone bosons get masses. We have 
the following theorem. 

Theorem 1. Let ~ be representatives o f  GC/I2I, then 
all ~ correspond to massless particles and the number 
of  quasi Goldstone bosons NQ is given by * s 

N a = dim[GC/Iq] - dim [G/HI.  (12) 

As to the group I2I, we present the following theorem. 

Theorem 2. (l~I-structure theorem). Let p be an 
"analytic representation" and 

/ ~  =(X;  X E ~  c and p ( X ) ¢  0 = 0 } ,  (13) 
^ 

t h e n / ~ i s  a direct sum of/~e~ e and a nilpotent ideal ~ ,  

2 = / ~  c ~ ~ . (14) 

And all the eigen values o f" res t r i c t ion"  o f  ~t c. 
adjoint representation on ~ vanishes. Thus the 

,4 Private communication by T. Kugo (see ref. [4]). 
,s  The symbol "dim" counts real dimension of a manifold. 
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group I2I is a semi-direct product  of  H c and R, 

I7t = H c X R .  (15) 

The proof  o f  this theorem will be given in a separate 
paper [3], where we will also exhibit all possible can- 

didates f o r / ~  when G and H are classical groups. One 
comment is in order: On account o f  the "physical" 

condit ion o n / ~ o f  eq. (13), this theorem provides a 
more detailed structure than Levi's theorem does [5]. 
Here we give the following corollary o f  theorem 1. 

Corollary 3 

NQ = dim [G/H] - dim R .  (16) 

Next we develop non4inear realization in supersym- 
metric theories. Once we fix the structure R for a 
given G/H, non-linear realization can be made by in- 
troducing the quasi Goldstone bosons, the number of  
which is just equal to dim G/H - dim R according to 
corollary 3. The case of  R = {1} requires all the 
Goldstone superfields to be of  the M type (the number 
of  which is just dim G/H), which we call "maximal 
realization". On the other hand "minimal realization" 
demands the possible maximal R, where we need the 
minimal number o f  M-type superfields. Also we call 
those between the above extreme cases "intermediate 
realization". Especially the minimal realization in 
which only P-type superfields are introduced (i.e. 
dim R -- dim G/H) is called "pure realization". For 
the case of  G and H being classical groups, a pure rea- 
lization can be made only when [3] 

G/H = U(N) /U(n l )  X U(n2) X ... X U(na) 

n i = N  , (17a) 

= O(N) /O(m)  X U(n l )  X U(n2) X ... X U(na) 

Goldstone superfields, which can be done basically in 
the usual method [1]. Every group element gC C G c 
can be decomposed uniquely into a product of  the 
form ,6 

g C = k ' f t ,  (18) 

with 

kEGC/(-I ,  f t E ~ I .  (19) 

Thus, for any element g E G one can write 

g" k = k'(g, k)  . l~(g, k) , (20) 

where k'(g, k)  and/~(g, k) are functions of  the indi- 
cated variables which are determined by the structure 
of  the group. Then we define the transformation law 
of  goldstone superfields ~ as ,7 

gc-G t 
~.______+ ~ = g~/~- l (g ,  ~) (21) 

One can easily see that the above formula defines cor- 
rectly the operation of  G on ~. It must be remarked 
here that the complex conjugate o f  chiral superfields 

does not appear in the r.h.s, o f e q .  (21), i.e., ~ and 
~* do not mix under the above transformation +s 
The transformed field ~' remains to be a chiral super- 
field. 

Finally we explain how to construct G-invariant 
lagrangians. One observes from eq. (2 I)  that a "con- 
s tant"  group element g can be easily cancelled by 
taking the bilinear form ~?~ 

(22) 
However /~- l (g ,  ~) and ( /~ - l ) t  (g, ~*) cannot be easily 
cancelled because (/~-1)~ depends on the chiral super- 
field ~* which is different from ~ in /~-1 .  The follow- 
ing three are the only possible recipes of  lagrangians: 

(i) A-type: This works only when there exists such 
an analytic representation P0 of  G c that the restric- 

= Sp (2N)/Sp (2 m) X U(n 1 ) X U(n 2) X... X U(n a) 

n i = N -  m . (17c) 

Now we show the transformation properties for 

+6 Strictly speaking, eq. (18) holds in some neighborhood 
of the identity of G c. 

,7 To be precise, this equation should be written by intro- 
ducing some unitary representation # of the group G and 
its "analytic representation of G c as 

p (~") = p ~ ) o ( O p  (/~ - ~ )  . 

*s Of course, "complex conjugate (*)" and "hermite conju- 
gate ( t)"  are defined only after taking some representa- 
tion of the group. 
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tion to the subgroup I2I contains a trivial representa- 
tion. Let ea'S be bases of the representation space 
where #0(/2/) is trivial, 

po ((4)ea = e a . (23) 

Observing that 

po(~')ea = po(g)po(~)Po(t~-l )ea = po(g)po(~)ea, (24) 

we obtain a candidate for the lagrangian, 

[f(e~aPO(~* ~)eb)] D ' (25) 

where f is  an arbitrary function and [ ] D means taking 
the D-component of  a superfield. 

(ii) B-type: This is a generalization of  Zumino's 
one [2] and works in every case. We introduce projec- 
tions Bi(i = I, 2, ...) which satisfy the following condi- 
tions 

(a) 772 = Vi (no sum for i ) ,  (26a) 

(b) r/i are diagonalizable , (26b) 

(c) p(IgI)rli = rliP(kl)rli (no sum for i ) ,  (26c) 

where p is a representation of  G c. Then we get the 
following candidate for the lagrangian 

~ .  C i [In det~i [p (~t ~)] ]D , (27) 
l 

where the ci's are constant parameters and det~i de- 
notes a determinant defined in the subspace which is 
projected out by f/i from the whole of  the representa- 
tion space. Note that 

In det~ [p (~t ~)] gC--G ln det~ [p (~'t ~')] 

= In det [r/p(~'t~')/?] 

= lndet [7?p((h 1) t )p(~t~)p (/~-l)r/] 

= In det [~p ((/~-l)t)r /p (~t ~)r/p (/~-1)r/] 

= in det [r/p (( /~-t) t  ) r/r/p (~t ~) r/r/p (/~-t)r~] 

= In detnp(~T~) + In detnp (/~ -1)  

+ in det ,  p ( ( /~ t ) - l ) ,  (28) 

where the suffix i is suppressed. 
(iii) C-type: A field dependent group element ,~-1 

in eq. (21) can be cancelled in the following term 
which is an extension of  the projection operators in 
usual non-supersymmetric theories: 

pi=-(~rli)[~];.l(rli~ t)  (no sum for i ) ,  (29) 

where [ ]~.1 means the inverse defined in the subspace 
projected out by r~ i. It is transformed under the group 
G as 

egC-G> p, = (~,r/)[~,t~,]~l(r/~,t) 

=g~/~-tr /[( /~-l) t~t~/z-1] lr/(/~ 1) t~tgt  

= g (~r/) (r//~- lr/) [(/~-l)t  ~t ~k~-I ] ~-l(r/(/~-l)?r/)(r/~?)gt 

= g(~r/) [h -1 ] r7 [(/~- 1)t ~ t ~j/~- 1] ~- 1 [(/~t ) -  1 ]r~ (f/~ t )gi" 

=gPg? , (30) 

where the suffix i is suppressed. Hence the following 
is a candidate for the lagrangian. 

~'(Tr(PiP]), Tr(Pie]Pk), ")]D , (31) 

where f is an arbitrary function of  multi-variables. 
Note that 

p2 =Pi,  TrPi = (const) ,  (32) 

thus we can set i ¢ ] ,  i ¢ ]  ¢ k, etc. for the arguments 
in eq. (31). 

Some comments are in order: (i) Three kinds of  
the invariants in eqs. (25), (27) and (31) are inequi- 
valent to each other, in general. (ii) In the B-type all 
the independent lagrangians are exhausted by taking 
the fundamental representation as/9 in eq. (27). (iii) 
The invariant in eq. (27) with the use of  general/9 is 
"equivalent" to that with the fundamental Of since 
the difference is expressed by that in eqs. (25) and 
(31). (iv) In pure realization, only the B-type recipe 
presents supersymmetric non-linear lagrangians. In 
other words, the arbitrariness of  the functions in eqs. 
(25) and (31) is originated by the introduction of 
quasi Goldstone bosons. 

We have summarized the non-linear realization in 
supersymmetric theories. Some examples and details 
are reported in a separate paper [3]. Also we present 
concrete expressions of  all the possible candidates 
for R for the case of  G and H being classical groups 
there [3]. 
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