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The Weinberg-Salam theory of electromagnetic and weak interactions admits classical
configurations in which a pair of magnetic monopoles is bound by a flux string of the z0
field. They give rise to Regge trajectories of excitations with a mass scale in the TeV
range.

1. Introduction

Much of the interest that has been aroused recently in the monopoles, strings and
other special solutions of gauge field equations seems to be directed at the general
existence and structure of solutions in arbitrary model systems, rather than at the
nature of solutions in specific models which are more relevant to the actual physical
problems. This is understandable because, first of all, the very possibility and beauty
of such solutions is so fascinating, with implications which probably will extend be-
yond our current concerns, and also because there are still a great deal of uncertain-
ties in pinning down the right theories.

The existence of string-like objects in an Abelian Higgs model has been pointed
out by Nielsen and Olesen [1] as a simplified model for hadronic strings. This anal-
ogy can be carried a bit closer by attaching monopoles to the ends of a string (2],
but the problem of constructing non-Abelian strings, especially those representing
baryons, has not been satisfactorily resolved yet. In other words, it is not yet clear
whether the Nielsen-Olesen type picture is the correct picture for hadronic strings.

As for monopoles, 't Hooft [3] and Polyakov [4] have shown the existence of
finite-energy solutions in an-SO(3) Higgs model. However, the more relevant model
for electromagnetic and weak interactions is the SU(2) X U(1) model of Weinberg
[5] and Salam [6]. We would like to assert in this paper that the Weinberg-Salam
theory admits classical solutions which look very much like the Nielsen-Olesen ha-
dronic string with a pair of monopoles attached to its ends. The energy scales are

* Work supported in part by the NSF: contract no. PHY74-08833.
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506 Y, Nambu [ String-like configurations

vastly different, however. Both the mass of the monopole and the tension of the
string are estimated to be in the TeV range.

The qualitative arguments for the existence of such solutions are as follows. Con-
sider a monopole solution of the Wu-Yang type [7], in which the isospin direction is
locked with the radial vector. A Higgs field is necessary to smooth out the singularity
at the origin and make the energy finite. In the model of ’t Hooft and Polyakov the
Higgs field is an isovector

¢ =f()x'Ir, (M

where f(r) ~ const asymptotically, and £(0) = 0 so that ¢’ is well defined every-
where.

In an SU(2) X U(1) model where the Higgs field is an isospinor ¢* (¢ = 1,2), the
corresponding solution would be (in polar coordinates)

¢~(cos%0 )’ @

1
sin 3¢ &'

for r # 0, but this still leaves an ill-defined phase along the negative z axis (6 = ).
Therefore ¢ would have to vanish for & = 7. That means that one cannot have a sim-
ple monopole, but it must be accompanied by a string. Suppose now we go far away
from the origin along the negative z direction: Since there is a U(1) gauge field, and
the effect of the monopole may be ignored, ¢ is essentially of the form

0
= = 2 2
) (f(p)e"v’)’ p=A/x+yt. (3

Thus one is dealing with a semi-infinite Nielsen-Olesen string made up of a flux of a
combination of gauge fields. Such a system is unstable, but we can obtain a stable
system if we terminate the string by putting another monopole of opposite sign and
spin the system. The emerging picture is exactly that of the string model of mesons.

The long-range fields associated with the system behave as follows. Far away
from the system, we have a linear combination (the real electromagnetic field) of
U(1) and SU(2) gauge fields created by the pair of magnetic poles. Along the string,
however, the two components behave differently. The U(1) part has a return flux
through the string, whereas the SU(2) part does not. Thus the poles are genuine
SU(2) monopoles. Because of this situation we expect such a system to be essential-
ly stable if the two poles are kept sufficiently far apart; the poles will maintain their
integrity since each has a topological quantum number.

The rest of the paper is devoted to the mathematical details.
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2. General formalism for dealing with monopoles and strings

In this section we review a mathematical formalism developed elsewhere [8] *,
which makes transparent the handling of classical solutions of a gauge field in the
presence of a non-vanishing Higgs field. We denote the latter by ¢%, (= 1,2, ...) or
simply ¢; it corresponds to 2 minimum of the total energy of the system. Usuaily
this means that both the potential and kinetic energies are separately minimal:

V(¢)=mln 3 Dﬂ¢=0 ’ (4)

where D,, denotes a covariant derivative. These two conditions are compatible with
each other since the second equation states that the ¢’s at two neighboring points
are related by an infinitesimal action of a gauge group, under which V(¢) is invari-
ant. Thus an arbitrary path joining two points in space is mapped into a path in the
space of ¢’s with V(¢) = min. In particular, a closed loop must be mapped into a
closed loop since ¢ must be one-valued. This puts a stringent condition on the ad-
missible distribution of the gauge fields. In fact from eq. (4) follows

[Du,Dv]¢ xF,¢=0 for all (uv) , (%)

where F,,, acts on ¢ as a transformation matrix. Eq. (5) means det F, we = 0 forall
(uv), since by assumption ¢ # 0. Thus the gauge field can have a non-vanishing com-
ponent in a medium (with ¢ # 0) only if the corresponding generator of the gauge
group has a zero eigenvalue in the representation ¢. One may call this the statement
of a generalized Meissner effect. In the real Meissner effect, the group is U(1), ¢ is a
complex one-component field, and hence F,,, = 0. A similar situation holds for an
SU(2) gauge field with an isospinor ¢,: all the components F, uvi ,i=1,2,3, must van-
ish because no generators have zero eigenvalues on ¢.

On the other hand, an isovector ¢ allows one of the generators to vanish, so that
the corresponding component of F, mf survives the Meissner effect. This phenomenon
also occurs in general if there are more than one commuting generator (i.e., if the
group is not simple, or if its rank is >2), because we can make a linear combination
of such commuting generators annihilate a ¢.

The above conditions, however, are not sufficient in general for satisfying egs. (4)
and (5) everywhere. There may be points (monopoles) or lines (strings) on which the
gauge potential is singular and the distribution of ¢ ill defined. So the true solution
must necessarily make ¢ vanish at the singularities and violate these equations in
their neighborhood. But the topological properties of the mapping x — ¢(x) around
the singularities are not affected by such deviations.

As was said above, eq. (4) or (5) puts a severe restriction on the gauge potentials

* The line of reasoning that follows is often found implicitly stated in the literature, but it has
not been properly emphasized in our opinion. See in particular, ref. {9].
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A, In fact, we can solve eq. (5) for A4,,. For example, for the case of isovector ¢
and 4, eq. (4) reads

O — g4y X =0 (6)

from which follows first
¢ - ¢ =const, @)

so we will conveniently choose ¢ to be a unit vector. Then the solution to eq. (5) is
(8.9]

gAu =¢xau¢+a;¢¢ s ®
where a, is arbitrary, and

Fyy=0yA,— 0,4, +gA, XA,

- ;.l;(am X3, + fund) ©)

Juy =0y a, — Opay

Fup E¢'F;w =—(¢- aud’ Xau‘b"’fuv) .

1
4
The gauge field equations

DyFyu=jp, (10)

where the source j, comes from fields other than ¢ and A, are equivalent to a U(1)
equation

ayFyv=jv: jv=¢'jv (11)

because Fp,//¢, Dyd=0.

3. String-monopole solution in a SU(2) X U(1) model

We apply the method of sect. 2 to the Weinberg-Salam model. In this case ¢ is an
isodoublet, for which we write

D o=, —ijer’-Af—i3g'4,99=0. (12)
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Again ¢ may be normalized to unity:
(@t9) =20 gteg=1. (13)
Furthermore, there are a series of Fierz identities

20 (trie) = (979)?,
4? @t o)1 0, 0) = 0T 0)01 9, 9), (14)

@t ri0)910, 6) — (6T)@TT10, ) = i(pTrig)a, (pTr*d) ek | etc.

These useful identities can be derived with the aid of the Dirac exchange operator.
It is not difficult to solve eq. (12) for the potentials. We find

gA + 84,0(0170) = —i(o1115,9) (15)
or, in view of eq. (14),

o AL LN AL S CAL) At O B (16)
which can be split into two equations

gA L = ~(o1r9)d, (sTr¥e)e®

gAh+ 84,0 = ~i(070,9), a7

with 4 and 4 referring respectively to the components perpendicular and parallel
to ¢t r'¢. We will therefore parametrize the general solution as *

gAl = —(@Tr70)a,(pTr*e)el*
gA = —£i(eT )05, 9) .
g'Ay°=~ni(¢Tm), E+n=1. (18)

Note the similarity between egs. (8) and (18); (¢*Tf¢) plays the role of the normal-
ized isovector field, and obviously satisfies D, (¢*‘r'¢) =0.

* Actually, we may add togA4 """ and g'A “0, terms proportional to an arbitrary potential (g
and still satisfy eq. (17). Here, we drop these “‘external” potentials.



510 Y. Nambu [ String-like configurations

From eq. (18) we compute the fields. After some algebra the result may be cast
in alternative forms related by the Fierz identities:

g'Fyvo = nfuv s

gFu) = =3, (81 170)0,(0Tr*¢) e  + £f,,(0770) ,

fp.v = —2i(ay ¢Tav¢ -0, ¢Tau ®),
or

gFw' = —(1 ~ O)fu(@'7'0) = —nfu (77, (19)
so that we have always ‘

gFw' +gFL (977'¢)=0. : (20)

This in turn means

lgFupl = |g,Fuvol »

gFi(otrig) + ' FL 0 =\/g? + g% F,,%2=0. (21

Here F,,” stands for the field associated with the neutral massive boson Z°, defined
in a covariant way. The electromagnetic field %, should then be identified with

gnu = [g'Fuvi(d’TTid’) - gFuvo] /(g2 + 3,2)_1/2
= [(g> +g')" gl Fu,° . (22)

Let us now assume for ¢ the form mentioned before,
cos %0
¢=(_, _). 23)
sin 0 &%

Because of the phase factor, ¢ has a line of singularity alongx =y =0, z <0, but
(¢T79) is regular except at the origin. This means that A} is always free of the line
singularity. In fact we find

@r'¢) =xr, gA’ = —"3xlr(r+2),

dmy r3. 24)

P ikl _
gAKL = eMxyr? fu=c¢

The last line shows that F #,,i and F, qu are precisely monopole fields, and therefore a
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solution of field equations except for the singularities. The line singularity is mani-
fest only in ¢, A,,° and A,,’i|. To grasp the physical significance of this fact, compute
the magnetic flux out of the origin, by using the Gauss theorem for F, ,_,,,0 and
F,/(#%7%9), and also compute the singular flux through the negative z axis by using
the Stokes theorem for 4,% and 4, The former computation yields

4rnfg’  and —4nn/g (25)
for U(1) and SU(2) parts respectively, and the latter computation yields

—4mnf/g’  and —4nglg. (26)
The former has missed the singular contributions, so the total flux out of the origin
should be the sum of the two, namely

zero for U(1) and —4n/g for SU(2) . @7

The emerging picture may then be stated as follows. The U(1) flux is sourceless, like
that of a solenoid. The flux 47n/g’ that spreads out to infinity is returned surreptiti-
ously through the string or tube along the negative z axis. The SU(2) flux, on the
other hand, forms a genuine monopole of the correct quantized value 47/g, part of
which spreads out and the rest goes through the string. There is one parameter
£ =1 — n which determines the division, and it so far remains arbitrary.

Another way to put it would be to say that the spreading field is an electromag-
netic (since F,,,,Z = 0) field due to a magnetic charge

am(g? + g%V gg' = amle=Q, (28)

whereas the flux tube contains a mixture of both,

4n (‘ % £+ 5, 7))/ng +g'% = (4nfe)[~£sin20 + ncos?6]  for Fy, ,

—4n/\/g? + g = —(4nfe)sin O cos §  for F, 7, (29)

where 8 now stands for thé Weinberg angle.

To proceed further, we must resort to the dynamics of the original field theory.
Then the singularities will be smeared out, and the total energy will be minimized.
Since the flux of the Z field through the tube is fixed by quantization, this means
that the energy of the tube per unit length will be minimum if the electromagnetic
flux is zero, or in other words

£ =cos?8, 7 =sin%0 . (30)
The monopole will then carry a magnetic charge

Qo = (47/e) sin?6 . 31
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The system still has an infinite energy, and will not be stationary: the infinitely long
string will keep pulling the monopole with a constant force. But a quasi-stationary
finite energy system can be formed by spinning a pair of monopoles joined by a
string. A mathematical description of such a dumb bell system [10,11] (monopo-
lium) * is relatively simple only in the classical string picture. We will not discuss in
detail how to carry out the transition to such a picture except to remark that the
Higgs field ¢ for a pair of monopole and antimonopole placed at two fixed positions
on the z axis is given by [8]

1
cos ;0 )
b

. (32)
sin 3@ e

6(x) =(

cos®@=cos0;—cosf,+1

instead of eq. (23). Here 6,(0,) is the polar angle of point x as seen from the mono-
pole (antimonopole). The line singularity along the z axis now exists only between
the poles. Far away from the system, cos © ~ 1 in all directions, i.e., ¢ approaches
the standard constant solution, as it should.

4. Dynamics of a rotating dumb bell

We will skip any attempt to solve the field equations near the singularities because
exact solutions cannot be obtained. Assuming that such solutions exist, however, it
is easy to make estimates for the string tension and the monopole mass. The relevant
part of the Weinberg-Salam Lagrangian is

—L=3F ) + AFLOFL0 + 4D oN (Do) + 32 (010 — 1)2, (33)

where the energy is measured in units of (¢} = 246 GeV. This unit of energy will be
adopted from here on. The W-boson and Higgs boson masses are respectively

mw=%g, my=NX\. (34)
Consider first the flux tube between two poles. We approximate it by a cylinder of
radius p and length ! >>> p, within which ¢ = 0 and the fluxes given by egs. (25),
(26) are uniformly distributed. Minimizing the total energy with respect to p, we
find the tension 7 of the tube (string)

7=2AnY2[£2[g? + n2[g'?]Y/2 (35)

* This name is due to Maki [12], who has considered similar configurations in superfluid 3He.
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with
p=(8/N"2(Eg* + n?lg D14 .
Minimizing this further with respect to £, we recover the condition (30) and
70 = (2A7/e) sin 0 cos 6 = 7 cos O (my/mw) ,
po=((8/Ne) sin 8 cos 8)1/% = 2((mwmy)~! cos )1/2. (36)

To estimate the monopole mass M, we assume a hollow sphere of radius r inside
which all the fields are zero. Minimizing with respect to r gives

M= (8n/3e)(N2e)n*? r=Qn/x)"?, (37)
and for
n=sin?0, Mgy=(4n/3e)(sin 0)%/%(my/mw)'/?,
ro = ((mumy) ™! sin 8)1/2 (38)
The energy of a pair of monopoles separated by a distance / is then 2M — Q?/4nl,
but the second term may be ignored if the poles are well separated from each other.
With 74 and M, fixed by eqs. (36) and (38), the total energy and angular momen-
tum of a rotating dumb bell are computed to be
E~3niry, L~gnlPrg,  Irg/2Me=6%(1 - %), (39)
where § is the velocity of the poles. This amounts to a straight Regge trajectory
L ~apE?, ap=1/2n7, . (40)
We have shown here only asymptotic relations which are valid in the relativistic limit
$ = 1. In non-asymptotic cases, not only is the trajectory non-linear, but also the
magnetic charge (visible from the outside) becomes L dependent, because the pa-

rameter £ has to be chosen to minimize the total energy.
Let us now make rough numerical estimates. From egs. (36) and (38) we obtain

(1/ep)¥/? = (217) /2 = /27 ((mys /mw) cos 6)1/2
= 1.1 TeV X ((my/mw) cos §)1/2 ,

Moy = (4n/3e)(sin 8)%/% (my /mw)!/?
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= 3.4 TeV X (sin 6)%2(my/my)'/? . (41)

Unless my/my is unusually small, we are dealing with multi-TeV phenomena. For
example, with sin20 = 3, my/my = 1, eq. (41) gives (1/ap)/2 =1 TeV, M= 0.9 TeV.
On the other hand, the dimensions of the string and monopoles are of the order

of (1/myymy)'/2, which would be in the (100 GeV)™! range. So our strings and
poles are very fat in comparison with their mass scale. This is due to the smallness of
the coupling constants. The object would not look like a rod unless / >> p, which
translates into

L>>17X137sin?0 cos 6 . 42)

The right-hand side of the above relation is 70 for sin20 = % Thus by the time the
object takes on a well-defined linear shape, it really behaves like a classical relativis-
tic system.

How stable and well defined will such an object be once it is formed? Because
the coupling constants are small, we expect that the decay widths as well as the
quantum corrections to the classical solutions will be small. The system can decay
by emitting y’s, W’s and Z’s, pairs of leptons and quarks, or by breaking up. The last
process becomes more difficult for higher L because of energetics and angular mo-
mentum barrier, but it also means that production of such a state would be more
difficult. !

As an example, we estimate the radiative energy loss of rotating magnetic poles in
classical electrodynamics. The process is the familiar synchrotron radiation. The ra-
diated power is given by

P~ §(Q¥4am)y* 12 = § X137(1o/Mo)? sin*0
>~ (my/my) TeV? for  sin?6= % . (43)

Pis related to the radiative width T" by " = P/E, and the measure of stability T/E
takes the simple form

I/E=P/E*~1/L . (44)

For the range of L we are considering, the system is indeed rather stable.

5. Discussion

The arguments and calculations presented here are certainly not rigorous, but the
existence of massive string-like solutions in the framework of Weinberg-Salam theory
seems very plausible. As already remarked, the smallness of the coupling constant
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makes the mass scale uncomfortably large, but at the same time it keeps the quan-
tum effects small, once a well defined string-like state is formed. For this to be the
case, the angular momentum has to be large, L = 100, and the energy £ = 10 TeV.
It is a simple consequence of the fact that the size of a monopole is ~137 times its
own Compton wave length.

A pertinent question would be the production mechanism and the magnitude of
cross section. In principle, a 10 TeV object may be produced in a proton-proton col-
lision with projectile energy of 105 TeV and impact parameter of 10~ my!. At
such an impact parameter, the electromagnetic interaction between point-like quarks
would be ':1% X 10% my =~ 10% my, which is of the order of the mass to be produc-
ed.

In addition to the rotating states, there must also exist longitudinal vibrations
[10,11] of the monopoles. We did not discuss these states before because of the the-
oretical uncertainties when the poles overlap. They are probably very unstable and
ill-defined. However, the production of a spin-1 rate through one-photon annihila-
tion of an electron and a positron, for example, is forbidden because in the c.m.s.
the e~ —e* pair converts into a purely electric field, whereas the monopole pair con-
verts into a purely magnetic field.

As a final remark we emphasize the extreme similarity between the present re-
sults and the string model of mesons. If we scale down the masses by 1000, we ob-
tain almost exact analogs of the mesons except for an absence of quarks and asso-
ciated quantum numbers. It remains to be seen whether this is more than an analogy.
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