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It is shown that the t ree  approximation currently utilized in connection with phenomenological chiral 
Lagrangians corresponds to a semiclass ical  approximation applied to the S-matr ix in quantum field theory. 
Some invariance propert ies  of the S-matrix are derived in this framework. 

R e c e n t l y  the  me thod  of e f f e c t i v e  L a g r a n g i a n s  
has  been  wide ly  u s e d  in f o r m u l a t i n g  the  d y n a m i c a l  
con t en t s  of c h i r a l  s y m m e t r y  [1]. One w r i t e s  
down in th i s  a p p r o a c h  a n o n - l i n e a r  L a g r a n g i a n  
i n v a r i a n t  u n d e r  the c h i r a l  SU(2) X SU(2) (or 
SU(3) x SU(3)) g roup ,  in which  the  pion f i e ld  (or 
i t s  SU(3) ex ten t ion)  t r a n s f o r m i n g  n o n - l i n e a r l y  
unde r  the  g roup  p l a y s  a c r u c i a l  r o l e  [2]. I t  i s  
c h a r a c t e r i s t i c  of such  a L a g r a n g i a n  that  the  i n -  
v a r i a n c e  does  not  apply  to the  f r e e  and the  i n t e r -  
ac t ion  p a r t  s e p a r a t e l y ;  t h e s e  two wi l l  m i x  unde r  
the  g roup  t r a n s f o r m a t i o n .  Thus  the  a s y m p t o t i c  
o n e - p a r t i c l e  s t a t e s  de f ined  by ( a p p r o p r i a t e l y  
r e n o r m a l i z e d )  f r e e  f i e l s  do not  f o r m  a r e p r e s e n -  
ta t ion  of the  g roup ,  in s h a r p  c o n t r a s t  to the  o r -  
d ina ry  c a s e  in which  a s y m m e t r y  i m p l i e s  a m u l -  
t i p l e t  s t r u c t u r e  and a s s o c i a t e d  quan tum n u m b e r s  
fo r  o n e - p a r t i c l e  s t a t e s .  T h i s  s i tua t ion  may  be  
i n t e r p r e t e d  in t e r m s  of a " s p o n t a n e o u s  b r e a k -  
down" of c h i r a l  s y m m e t r y ;  each  t i m e  a c h i r a l  
t r a n s f o r m a t i o n  is  p e r f o r m e d ,  one has  to r e d e f i n e  
the  f r e e  and i n t e r a c t i o n  p a r t s ,  c o r r e s p o n d i n g  to 
a change  of the  v a c u u m  s t a t e  [3]. 

F o r  the  ac tua l  c o n s t r u c t i o n  of the  S - m a t r i x ,  
in c h i r a l  d y n a m i c s ,  one c a r r i e s  out a p e r t u r b a -  
t ion expans ion  with  r e s p e c t  to a coupl ing  p a r a m -  
e t e r  c h a r a c t e r i z i n g  the  d e g r e e  of n o n l i n e a r i t y ,  
c o l l e c t i n g  c o n s i s t e n t l y  a l l  t e r m s  that  c o n t r i b u t e  
to a s p e c i f i c  n - p a r t i c l e  p r o c e s s  in the  l o w e s t  
p o s s i b l e  o r d e r .  T h e  c o r r e s p o n d i n g  F e y n m a n  
d i a g r a m s  t u r n  out to be " t r e e  d i a g r a m s " ,  o r  
s i m p l y  c o n n e c t e d  d i a g r a m s  hav ing  no c l o s e d  
loops  [1]. Obv ious ly  i t  i s  an a p p r o x i m a t i o n  which  
does  not  t ake  into  accoun t  u n i t a r i t y  ( r e s c a t t e r i n g ) ,  
s e l f - e n e r g y  and o t h e r  h i g h e r  o r d e r  c o r r e c t i o n s  
to a g iven  p r o c e s s .  T h i s  may  be  r e a s o n a b l e  in 

* Supported in part by the U. S. Atomic Energy Com- 
mission.  

the  low e n e r g y  (soft  pion) l i m i t .  On the  o the r  
hand it i s  not  c l e a r  w h e t h e r  the  h ighly  s i n g u l a r  
L a g r a n g i a n  one u s e s  h e r e  i s  r e a l l y  mean ing fu l  
beyond  such  an a p p r o x i m a t i o n .  

It  is  the p u r p o s e  of th is  no te  to point  out that  
the  above  p r o c e d u r e  may  be  c h a r a c t e r i z e d  as  a 
s e m i c l a s s i c a l  a p p r o x i m a t i o n  to the  S - m a t r i x ,  
which  is  an ana log  in quan tum f i e ld  t h e o r y  of the  
WKB a p p r o x i m a t i o n  to the  S c h r o d i n g e r  equat ion .  
T h i s  s t a t e m e n t  i s  e n t i r e l y  g e n e r a l ,  be ing  i n d e -  
penden t  of the  L a g r a n g i a n  chosen .  In the  fo l l ow-  
ing  we p r e s e n t  the  p roof ,  and d i s c u s s  i t s  i m p l i -  
c a t i ons .  

We  s t a r t  f r o m  the  S - m a t r i x  in i n t e r a c t i o n  r e -  
p r e s e n t a t i o n ,  e x p r e s s e d  a s  a t i m e - o r d e r e d  (T-)  
p r o d u c t  $ 

S = T exp[ ( i / /~c )  f L i n t ( @ )  d4x] . (1) 

I t s  con t r i bu t i on  to ind iv idua l  p r o c e s s e s  can be  
ob ta ined  by c o n v e r t i n g  it  to a n o r m a l  p roduc t ,  fo r  
which  t h e r e  i s  a c o m p a c t  f o r m u l a  [4] ? 

$ When Lin t contains derivat ives,  one should perform 
the differentiation after t ime-order ing.  
Eq. (10') could have been derived directly from 
Feynman's path integral formulation, or from the 
matr ix representation 

<<,, I uj ~"> - e x p [ ( i / 2 ~ c )  f ( ~ '  - ~ " ) K ( ~ '  - ~") d4xl 

Applying this to eq. (2), we get 

S((b) - U exp [(i///c) Lint(q~)] 

= f (  951 U] ~} D[d)] exp[ (i/~/c)Lint(~) ] 

which is an exact result .  Approximating the functional 
integral by a stationary "pat H' determined from the 
classical  Euler  equation for ~), we ar r ive  at the for -  
mulas (9') and (10'). However, their  relation to the 
t ree approximation would have been obscure. 
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T exp [( i / /~c)  f Lint(4)) d4x] = 

= : U exp [(i/hc) f Lint(¢b) d4x]: =- :S : ,  

U =- exp [½t/c f j ~  A(X-X') ~ 5  d4xd4x '] .(2) 

H e r e  we h a v e  c h o s e n  fo r  s i m p l i c i t y  a n e u t r a l  
s c a l a r  f i e ld  $(x);  A(X-X') i s  the  c o r r e s p o n d i n g  
f r e e  F e y n m a n  p r o p a g a t o r  (1 / /~c ) (T(~(x ) ,  ~(x ' ) ) )  o $. 
T h e  func t iona l  d i f f e r e n t i a t i o n  i s  c a r r i e d  out 
r e g a r d i n g  a l l  $(x) wi th  d i f f e r e n t  x as  i f  they w e r e  
i ndependen t  c - n u m b e r s ;  i . e . ,  not  sub jec t  to a 
f r e e  f i e ld  equa t ion .  T h i s  f o r m u l a  can  be  r e a d i l y  
g e n e r a l i z e d  to a l l  t ypes  of f ie ld .  F o r  a c o m p l e x  
f i e ld  ~c~, we r e p l a c e  U with  

5 d4 ~ d4~, ] . e x p [ h c  f f  & Aot3(x-x') ~ 

When Ca is  a F e r m i  f i e ld ,  we m a k e  the f u r t h e r  
s t ipu la t ion  that  Ca (x), 5/5¢c~ (x), e tc . ,  at  d i f -  
f e r e n t  po in t s  a l l  a n t i c o m m u t e .  In o r d e r  to bui l t  
up the  o p e r a t i o n  with U s tep  by s tep ,  we may  
supply a f i c t i t i o u s  p a r a m e t e r  77 in f ron t  of 
A(x-x'), which wi l l  v a r y  f r o m  0 to 1. D i f f e r e n -  
t i a t ing  with  r e s p e c t  to 7, we obta in  

~7 : %  : : (3) 

- : ( ½ ] ~ c f f  5 5 d4x,)S~?: . 6-'6-~) A(x-x') ~ d4x 

Now le t  us w r i t e  

: S :  = : e x p [ - ( i / / ~ c ) O ( ~ ) ] :  . (4) 

I t  i s  not  d i f f i cu l t  to s e e  that  O(~b) c o r r e s p o n d s  to 
a c o l l e c t i o n  of a l l  c o n n e c t e d  F e y n m a n  d i a g r a m s ;  
th i s  wi l l  in fac t  b e c o m e  c l e a r  be low.  Subs t i tu t ing  
in eq. (3), we may  d rop  the  n o r m a l  p roduc t  s y m -  
bol and m a n i p u l a t e  S as  a m e r e  c - n u m b e r  func -  
t iona l .  We get  thus  

~@ i .  5 0  5 0  4 eq + ~1 f f  a(x-x') d4x + - -  5 ~ - x )  ~ d x (5 )  

520  
- ½~ic f f  5~b(x) 5q~(x'x) A(x-x') d4x d4x ' = 0 , 

The dimensional convention adopted here is such that 
the field equations are  "c lass ica l"  (i.e., use wave 
numbers ra ther  than momenta), with the free La-  
grangian given by 

-½(~(pDt.t~b+K2~b2 ) for a scalar ,  and 

- ( ~ y p ~  ~ +g~h)  for a spinor, where 

xg t = (Xl,X2,x3,x 4 = ict) , g = mc/E . 

with the  i n i t i a l  cond i t ion  

O = / L i n t ( ~ )  d4x -= -Y-int fo r  ~ = 0 . (6) 

If O is  expanded  in a p o w e r  s e r i e s  in 77, the 
s e c o n d  t e r m  in eq. (5) m e a n s  the  c o n t r a c t i o n  of 
two d i s c o n n e c t e d  d i a g r a m s  by m e a n s  of a p r o p a -  
g a t o r  to f o r m  a s i n g l e  c o n n e c t e d  d i a g r a m ,  w h e r e -  
a s  the  th i rd  t e r m  c o r r e s p o n d s  to a c o n t r a c t i o n  
wi th in  a c o n n e c t e d  d i a g r a m ,  c r e a t i n g  an i n t e r n a l  
loop.  If we drop  this  t h i rd  t e r m ,  which  is  n m l t i -  
p l i ed  by f ie ,  eq. (5) t akes  the f o r m  of a c l a s s i c a l  
" H a m i l t o n - J a c o b i  equa t ion"  (wr i t ing  O c for  O) 

c~O c 
a~ + ,Y(~(x)) = 0 , 

= ½i f f~(x)A(.-x')~(x' l  d4x d4x ' , 

~(x)  --- 5 O c / 6 ~ ( x )  . (7) 

w h e r e  ~(x) and ~l(x) a r e  canon ica l  c o n j u g a t e s ,  
and V p l ays  the  r o l e  of t i m e .  It i s  obv ious  that  
we g e n e r a t e  only t r e e  d i a g r a m s .  

T h e  " H a m i l t o n i a n "  con ta ins  only the  "k ine t i c  
e n e r g y "  dependen t  on ~(x), so  the  so lu t ion  can be 
i m m e d i a t e l y  ob ta ined  by i n t e g r a t i n g  the  equa t ions  
of mot ion  

d~(x) _ 0 d$(x)  _ i f&(x-x')g(x') d4x , 
dq  ' dq  

da(x) : qi JA(x-x')n(X') d4x ' + F(zr) . (8) 

F(n) i s  d e t e r m i n e d  f r o m  the  in i t i a l  condi t ion  

~(x) = 5 0 / 5 , ( x )  = -5  L i n t / h 0 ( x )  fo r  71 = 0 . 

Thus  

~(x) = - 5 L i n t ( ~ ) / 5 ~  , 

~(x) ~ 4)(x)-qi J A(X-X')Zr(X') d4x ' , (9) 

which  i s  an i n t r i n s i c  equa t ion  r e l a t i n g  (~ and 7r. 
The  H a m i l t o n - J a c o b i  func t iona l  O c is  now d e t e r -  
m in ing  f r o m  i n t e g r a t i o n  of the  r e l a t i o n  

5 O c ( $ , ~ )  : fn(x)hC)(x) d4x - g h q  

We f ind r e a d i l y  

O c = - L-int(~) + ~?~7(~) . (10) 

T h i s ,  t o g e t h e r  with eq. (9), g i v e s  the  so lu t ion  
O e when i t  i s  e x p r e s s e d  in t e r m s  of $(x) ,  and 
7/ put  equa l  to 1. Eqs .  (9) and (10) can be  b rough t  
to a m o r e  t r a n s p a r e n t  f o r m .  F r o m  eq. (9) f o l -  
lows 

~(x) = KC~(x) - ~b(x)) = - 5 L - in t /8~ (x )  , 
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o r  

6 E t o t ( ~ ) / 6 ~ ( x )  = K(b(x) ; 

K --- i n  -1 , L to t (~ )  -= /,int((~) + L-o(~) (9') 

E i n t ( ~  ) + ½ f ~  K ~  d4x, 

and eq. (10) b e c o m e s  (with 77 = 1) 

Oc(4), ~)  = - E in t (~ )  - Eo(~  - 4)) (10') 

= -  L- to t ( ; )  + / 4)Kg d4x - ½ / 4)K4) d 4 x .  

Here K is the Klein-Gordon operator Z - K 2, SO 
L--to t is the total Lagrange functional. Eq. (10')is 
nothing but a Lagrange functional for the field 4), 
with 4) regarded as an external source field, and 
eq. (9') is the resulting Euler equation. When the 
latter is solved for 4) in terms of 4) with the 
boundary condition characterized by the Feynman 
kernel A, and in the final result we let K0 = 0, 
then we get a solution of the classical field equa- 
tion which approaches asymptotically the free 
field 4). Oc becomes a functional of 4) as the 
dummy (internal) field ~ has been eliminated ~ 

This proves our contention about the nature 
of the approximation involved. Eqs. (9') and (10'), 
or (9) and (I0), provide a concise formula for the 
construction of O c. When there is more than one 
field, we can simply add a respective source term 
to each field. The whole thing is treated as a 
quasi-c number theory, in the sense that for 
Fermi fields anticommutatively is to be respec- 
ted. We will now make use of the formalism to 
examine invariance properties of the S-matrix 
in our approximation. 

1) Suppose 

0c(4)c~,~) = - L int (~(~)  - ~  Eoc~(~a - 4)~) (11) 

i s  i n v a r i a n t  unde r  an i n f i n i t e s i m a l  change  d4)ol(X), 
d~o~(X) , (~ = 1, 2 , . . . ,  of the  f i e l d s .  T h i s  wi l l  be  
t r u e  of the  f r e e  and i n t e r a c t i o n  p a r t s  of L- a r e  
s e p a r a t e l y  i n v a r i a n t .  A f t e r  the  4)'s h a v e  been  
e l i m i n a t e d ,  Oc(4)(~) and the  S - m a t r i x  r e m a i n  i n -  
v a r i a n t  u n d e r  the  change  d4) .. 

2) I t  i s  p o s s i b l e  tha t  Oc(~ot , ~ )  i s  i n v a r i a n t  
u n d e r  a change  of the  4 )a ' s  a l one  due to a s p e c i a l  
f e a t u r e  of the  f r e e  L a n g r a n g i a n .  T h e  S - m a t r i x  
wi l l  aga in  be  i n v a r i a n t .  A no t ab l e  e x a m p l e  i s  the  
f a m i l i a r  gauge  i n v a r i a n c e  of the  S - m a t r i x  unde r  
d A p  (x) = ~# X(x) (without  m a k i n g  a p h a s e  t r a n s -  
f o r m a t i o n  on c h a r g e d  f i e lds ) .  T h i s  i s  b e c a u s e  

See footnote $ on page 626. 

L o(At~) depends  only on the  a n t i s y m m e t r i c  t e n s o r  
FUr*. 

T h e  c a s e  of a m a s s l e s s  sp in  - 0  f i e ld  does  not  
be long  to th is  c l a s s ,  a l though Lo(~)  i s  i n v a r i a n t  
unde r  a cons t an t  d i s p l a c e m e n t  d4)(x) = c. T h e  
r e a s o n  i s  that  the  K l e i n - G o r d o n  (or r a t h e r  the  
d ' A l e m b e r t i a n )  o p e r a t o r  a p p e a r i n g  in the  i n t e r -  
f e r e n c e  t e r m  in eq. (10') i s  s p u r i o u s ,  and cannot  
be  counted  on to k i l l  a cons tan t ,  a s  a c tua l l y  
has  a s i n g u l a r i t y  ~ /x  = i K - 1  a c c o r d i n g  to eq. (9). 

3) Next  le t  us  a s s u m e  tha t  L t o t ( ~ a )  as  a whole  
i s  i n v a r i a n t ,  but not  n e c e s s a r i l y  fo r  i t s  p a r t s  
L in  t and L o s e p a r a t e l y .  We  h a v e  then 

5 Etot(~a) = fd~a(x) 6 E t o t / 5 ~ ( x )  d4x = 0 . 

F r o m  the  E u l e r  equa t ion  fo r  ~ :  5 E t o t / 5 ~ a  (x) = 
= Ka(~a,(x) , i t  f o l l ows  that  

0/ 

As a r e s u l t ,  the  e n t i r e  Oc((b(~ ) i s  i n v a r i a n t .  Th i s ,  
h o w e v e r ,  i s  not  a s t a t e m e n t  about  the  s y m m e t r y  
of the  S - m a t r i x ,  a s  the  a s y m p t o t i c  f i e ld s  ~b~ a r e  
not  v a r i e d .  I t  i s  r a t h e r  a s t a t e m e n t  about  the  i n -  
d e p e n d e n c e  of the  S - m a t r i x  (as we l l  a s  i t s  of f -  
shell extrapolation Kc~ ~c~ ¢ 0) on a redefinition 
of the dummy fields, which is a symmetry ope- 
ration on Lto t. 

4) We can go even further, and subject the 
dummy field variables to an arbitrary substitu- 
tion which is not a symmetry operation: 

"~c~(x) = Fct('~'fi(x)) =~(x) + fct("~B(x)) , (12) 

where f contains only nonlinear terms in the 
fields. We claim that the S-matrix (on the mass 
shell) is again invariant under such a redefinition 
of the 4)'s. To be more precise, we get the same 
result if we start from 

O c(4)~, 4)~~ )=- Etot(F~ (~))- ~ ~o~ (~ - 4)~)(i 3) 

i n s t e a d  of eq. (11), p r o v i d e d  that  we c o n s t r u c t  
the  so lu t ion  a s  a p o w e r  s e r i e s  in the  f i e ld s .  It 
wi l l  su f f i ce  to show th i s  fo r  i n f i n i t e s i m a l  f .  

* We know from the Ward-Takahashi identity that gauge 
invariance in the present sense does not hold off the 
mass  shell of charged part icles in general, whereas 
the present  argument would seem to apply also off 
the mass  shell.  The latter,  however, is not true. In 
order  for the Maxwell equations to be consistent, 
their currents  have to be conserved. This would not 
be true if the external charged fields were arbi t rary .  
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C o m p a r i n g  eqs .  (11) and  (13), we  f ind 

Oc(~,  ~ ' )  _ Oc(®, ~)  = 

{'~f~("~')K d) = O ' c ( $ ) - O c ( $ )  = 3 ~  ~ ~ Ot 

when the respect ive Eu lerequat ions are sat is -  
f ied ( s t a t i o n a r y  v a l u e s  of ~ '  and  ~).  But t h e f c ~ ' s  
have  no m a s s  s h e l l  s i n g u l a r i t i e s  in a p e r t u r b a t i v e  
s o l u t i o n  b e c a u s e  they  a r e  n o n - l i n e a r .  Thus  the  
d i f f e r e n c e  v a n i s h e s  a s  Kc~ $c~ - '  0. (The cond i t i on  
on the  f ' s  may  be  f u r t h e r  r e l a x e d . )  

S u m m a r i z i n g ,  we found tha t  the  S - m a t r i x  in 
t he  " t r e e "  a p p r o x i m a t i o n  c o r r e s p o n d s  to  a s e m i -  
c l a s s i c a l  (WKB) a p p r o x i m a t i o n  a p p l i e d  to f i e ld  
t h e o r y ,  and  tha t  i n v a r i a n c e  p r o p e r t i e s  e x p e c t e d  
of t he  e x a c t  S - m a t r i x  a r e  a l s o  va l id  h e r e .  In 
p a r t i c u l a r ,  t he  i t e m  4) a b o v e  can be i n t e r p r e t e d  
a s  the  i r r e l e v a n c e  of the  c h o i c e  of t he  " i n t e r -  
po l a t i ng  f i e l d s "  ~ ,  a p r o p e r t y  i m p l i e d  by the  
L e h m a n n - S y m a n z i k - Z i m m e r m a n n  f o r m a l i s m  of 
q u a n t u m  f i e l d  t h e o r y  [5]. T h i s  p r o p e r t y  h a s  b e e n  
exp l i c i t l y  n o t e d  in c h i r a l  d y n a m i c s  [6] w h e r e  the  
de f in i t i on  of the  pion f i e l d  i s  not  un ique ,  a s  t h e r e  
i s  no obv ious  p r i n c i p l e  by w h i c h  to c h o o s e  a 
p a r t i c u l a r  n o n l i n e a r  t r a n s f o r m a t i o n .  
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