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It is shown that if a consumer’s preference ordering is strictly convex and is representable by
means of a concave, twice continuously differentiable utility function, then the partial derivative
of a demanded commodity with respect to its price is bounded from above in a neighborhood of
a price vector at which the demand fails to be differentiable. In the case of two commodities, if
the demand does not possess finite derivatives with respect to prices at a certain point, then the
partial ‘derivative’ of a commodity with respect to its price is equal to minus infinity. The same
result holds for n commodities under ‘almost every’ choice of coordinates in the commodity
space. If preferences are weakly convex but the same representation assumption holds, demand
may not be single-valued but own-price difference quotients are still bounded from above.

1. Introduction and statement of results

One of the less obvious phenomena in the theory of consumers’ behavior
(some even call it a paradox) is the occurrence of Giffen goods, ie.,
commodities of which more is demanded as their prices go up. No known
simple assumption concerning the preferences (of the consumer) rules out this
behavior. It was discovered recently [Jordan (1982)] that if the consumer’s
preference ordering > is representable by means of a concave utility function
(but > is not necessarily strictly convex), then the demand correspondence,
while possibly not lower semi-continuous, nonetheless cannot have ‘jumps’ in
the wrong direction: if p and p* are sufficiently close price systems, x and x*
are in the sets demanded by p and p* respectively, and if for each
commodity j, x;=x} if p;>p¥ and x;<x¥ if p;<p}, then x; is close to x} at
least for some commodity j (for which p;# p¥). Of course, this condition is
trivially satisfied if demand is single-valued and continuous. In the present
paper we show that, under somewhat stronger assumptions, an upper bound
can be placed on the own-price difference quotient, so that infinite Giffen
effects are not possible. In particular, this shows that the representation of
preferences by a concave utility function also has implications for continuous
single-valued demand functions.

*We would like to thank T. Kim for noticing some errors in an earlier version of this paper.
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Let us assume that > is a strictly convex, complete, continuous and
transitive preference relation defined on an open, convex subset X of R" —
the commodity space. Let p® be a price vector such that the maximal element
(with respect to =) in the budget set is contained in the interior of X. Then
there exists a certain open ball B containing p° such that the demand
function f:B—R" is well defined and continuous.

It is well known [Debreu (1972), Katzner (1968)] that f(p) is not
necessarily differentiable, even if > is representable by means of a twice
continuously differentiable utility function u (defined on X). It was shown in
Debreu (1972) that f is differentiable at p if, and only if, the indifference
hypersurface {y:y~ f(p)} has positive Gaussian curvature at x= f(p). It is
well known [Fenchel (1956), Kannai (1981)] that if the Gaussian curvature
of the indifference surface does not vanish at any point then the utility
function u can be chosen to be concave (and not just quasi-concave), at least
in compact subsets of X. Thus, the difference between concavifiable and non-
concavifiable preference orderings is manifest only near points with vanishing
Gaussian curvature of the indifference surfaces; this difference should be
reflected in the behavior of the demand functions near points where
differentiability is lost.

Since > is strictly convex, the Gaussian curvature does not vanish on a
dense open subset of every indifference hypersurface. [This follows, see
Shaforth (1981), without invoking the rather deep characterization of surfaces
with vanishing curvature as developable surfaces [Hicks (1965)].] The
continuity of the inverse demand function implies that prices p° at which the
demand is not differentiable, are limit points of the set of prices p where f is
continously differentiable. This approximation is the basis for the results in
section 2, below. Theorem 2.1 states that if the demand function fails to be
differentiable at a positive price vector p° the limsup of own-price derivat-
ives at nearby prices is bounded above. In the two-commodity case, the
limsup is —oo. More generally, this result is obtained whenever the vector
representing the ‘commodity’ is not perpendicular to a principal direction of
the indifference surface (through the demand at p° for which the principal
curvature vanishes. Example 2.5 indicates that the directional hypothesis is
necessary, and that the two-commodity result does not otherwise extend to
the n-commodity case.

In section 3 we allow the preference relation to be weakly convex, and also
weaken the smoothness requirement slightly to the assumption that the
utility function u is differentiable and its derivative, Du, is Lipschitz-
continuous. In this case, the above mentioned approximation is no longer
valid, but Theorem 3.1 states that the Giffen effect remains bounded. An
example in section 3 shows that the Lipschitz continuity of Du is essential to
the result.

Theorem 3.1 generalizes the n-commodity assertion in Theorem 2.1, using
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a very different method of proof. The proof of Theorem 2.1 is in the spirit of
classical demand theory, comparing the asymptotic income and substitution
effects [eq. (2.21), below] as the determinant of the usual bordered Hessian
approaches zero. The proof of Theorem 3.1 is more in the geometrical spirit
of convex analysis.

2. The strictly convex, C? case

Let > be a strictly convex, complete and transitive preference relation
defined on an open convex subset X of R", and let > be representable by a
concave, twice continously differentiable utility function u: X—R. We also
assume that ¥ has no maximum on X (i.e., that > is not satiated in X).

Let weR" and IeR be given, and define the (possibly empty-valued)
demand correspondence f:R"—X by f(p)={x%€ X:x° maximizes 2 in the
set {x:p(x —w)<I}}. The budget constraint p(x—w)<1I includes as special
cases the budget constraints used in partial (w=0) and general (I=0)
equilibrium theory. Let B={peR" f(p)# ¢}. It follows that B is an open
subset of R"\{0}, and that f is a continuous (single-valued) function on B.
We shall restrict our attention in the present section to prices in B.

Theorem 2.1. If the demand function is not differentiable at a strictly positive
price vector p°®e B, then

of.
imsup Li(py< +o0,  1<i<n, @.1)
p-p° OD;i

where in (2.1) the limit is taken over those p at which f is differentiable.

If n=2, then (2.1) can be strengthened to

. 0f;
lim = (p)= — oo, i=1,2. 2.2
lim, 23X (p) 22)

Using finite differences, we have the following one-sided Lipschitz
conditions:

There exists a K < oo and a neighborhood of p° such that if (py,...,ps...,P,)
and (p,,...,p;+h,...,p,) are both in this neighborhood, then

f;(p15-spl+h,-,pn)—f;(pla9pv"pn)§Kh7 lélén' (23)

If n=2, then (2.3) can be stren%thened to: For every K >0 there exists a
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neighborhood of p° such that if (p;,p,) and (p,,p,)+he' are both in this
neighborhood, where ¢ denotes the ith unit vector, then

fip+he’)— filp) £ —Kh, i=1,2. 24

At the end of this section we will illustrate the distinction between (2.1)
and (2.2) with an example (Example 2.5) of a smooth, concave utility
function with positive partial derivatives in an open subset of R* with df,/0p;
oscillating near a price p® where the demand is not differentiable [thus (2.2)
and (2.4) do not hold for n>2]. Nevertheless, (2.2) holds ‘almost always’ for
general n, in the following sense.

Define a package a of commodities to be a vector (ay,...,a,) such that one
may buy commodities in the proportions (xi,...,x,)=(4d;,...,4a,). (The
term originates from ‘option packages’ offered by car dealers; note that the
components g; are not restricted to be non-negative.) The price of a unit of
the package will be p,=p,a,+ - +p,a, (Thus, the usual commodities are
packages for which a=¢’ — the ith unit vector.) Let us assume, to simplify the
notation, that a is a unit vector, and let 4',...,a" ! be an orthonormal
system in R” such that (a,a)=0 for 1 £i<n—1. Then the inner products pa’
denote the prices of the packages a', 1<i<n—1, and we can study how the
demand f, for the package a varies when we keep pa' fixed for 1£i<n—1
and let only p, vary.

Theorem 2.2. If the demand function is not differentiable at a price vector
p’e B and the vector a is not perpendicular to any principal direction [of the
indifference surface through x(p°)] for which the principal curvature vanishes,
then

lim 0fa

3 (p)= — o0, (2.5)
p-p0 0P,

where the limit is taken over those p for which x = f(p) is differentiable.

Remark. The formula (2.2) follows from Theorem 2.2 as a special case, as
the positivity of the partial derivatives of u at x(p® (which follows from the
strict positivity of p°) rules out the possibility that e' is perpendicular to the
indifference curve.

Proof of Theorem 2.1. We start by pointing out that at the demanded point
f(p), the budget constraint reads

M=

) plfi—w)=1, (2.6)

i
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and the gradient of u is proportional to the price vector. Denoting the
proportionality factor by A=A(p,,...,p,), We can write

u(f(p)=2p, 1=Zisn (2.7)

(Here and in the sequel we use subscripts to denote partial derivatives;
thus, u;=0u/0x; wu;=0u/0x,0x; etc) By assumption, the gradient of u
never vanishes on X. Hence A#0, and the fact that f(p) is maximal in
{x:p(x—w)<I} implies that 1>0. The strict positivity of p°® implies that
u(x)>0, 1<i<n for all x near x(p°).

Consider now the two-commodity case. In order to investigate the local
behavior of the demand in a neighborhood of p®=(p?,p?), introduce new
coordinates y,, y, near x{ = f,(p®), x3= £,(p°), by

x;=x3~pIy +P%y2  xXa=x3+p%y, +Poy.. (2.8)

[Thus (x?,x3) becomes the new origin, y, is the coordinate in the direction
tangent to the indifference curve through (x%,x9), and y, is the normal co-
ordinate.] Then the Hessian matrix of the second derivatives of u with
respect to the variables y,, y, is given by

u  %u
dy?’ 0y, 0y,
u  *u

oo OvE

_(P(z))zlh 1T ZP?Pgul 2
+(p)u32, — P3P +((P)* — (P P)uy 5 + PIPJUs >

—pipduy; +((p))?

— (D912 + ppSus,, (P9) 2y +2p0pSu, 5 + (P(z))zuzz_

It is well-known [Debreu (1972), Katzner (1968)] that the functions f, are
differentiable at pg, p§ if and only if 82u/dy?+0 at y, =y, =0, as the value of
0*u/8y}(0,0) is proportional to the curvature [at (x?,x3)] of the indifference
curve through (x9, x3), and is equal by (2.9) to the usual bordered Hessian.
The famous Fenchel conditions for concavifiability [Fenchel (1956), Katzner
(1968)] imply that if 8%u/dy? =0 then d%u/dy,dy,=0. This can easily be seen,
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in our notation, by letting H operate as a quadratic form on an arbitrary
vector (£,,&,). Then the concavity of u implies that

u 02u ,0%u
-— — —=<0. .
P 51 +2flizaylay2+fzay2_ (2.10)

But if 0%u/0y? =0, then if d%u/dy,dy,#0 we can make the left-hand side of
(2.10) positive by choosing &, =1, sign(£,)=sign (0*u/dy,dy,) and |él| large, a
contradiction. [Using the determinant of H we could get a more quantitative
result, see the proof of (2.1).] The two linear equations 0%u/dy?=0,
0%u/dy 0y, =0 in uf;, u3,, ud, [here we set u;(x3, x3)=u’], can be written as

(p9)2ul —2p3p3u3, +(pY)*u3, =0,
2.11)
—p3p3uls +((p)* — (PDH)u?, + pYp3us, =0.

Multiplying the first equation in (2.11) by pJ, the second equation by p¢ and
subtracting, we get the equation

p2((p2)* +(pD) )} — pU(PS)* +(p3)*)uf, =0.
Hence

p3ui —pius, =0 (2.12)
holds whenever the demand functions f; are not differentiable.

In the two-commodity case considered here, the budget constraint (2.6)
reads

pilfi—o)+p(f2—wy) =1, (2.13)

and the fact that the gradient (u,,u,) of u is proportional, at the demanded
point, to the price vector (p,, p;) implies that

paui(f1, f2) —prua( fi, 12) =0. (2.19)

Differentiating (2.13) and (2.14) with respect to p, (using the chain rule) and
denoting differentiation with respect to p, by -, we get (after rearranging
terms):

(Pauty; — Prty ) 1+ (Patty 2 — Pytns) fo = —uy,
(2.15)

pifi+ P2fa=—f>
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Using Cramer’s rule, we get from (2.15) that

_ — fa(pathy1 — D1ty 2) + D1ty
Pty —2p1patti2 + PiUss

2

(2.16)

If (p,, p,) tends to (p%,pY), then the denominator, which is equal to ¢%u/dy;
and is non-positive by concavity of u, tends to zero. By (2.12), the first term
in the numerator also tends to zero, whereas p,u, tends to the strictly
positive value of pSu,(x$,x3). Hence f, tends to —oo and (2.2) is proved (the
proof for df,/0p, is similar). [

Turning our attention to proving (2.1) for general n, we note first that (2.7)
implies that the ratio 1 between the gradient of u and the price vector can be
written in the form A=u,/p; for a certain i such that p;#0 (such an index i
exists by non-satiation). Hence / is a continuously differentiable function of
the prices, at least if f is. Setting — A=y, we can rewrite (2.7) as

u{f(p) +up;=0, 1=Zisn (2.17)
We will consider 0f,/dp, (the other 0f;/0p, can be treated analogously).

Differentiating each of the equations in (2.17) with respect to p, and denoting
d/0p, by -, we get (using the chain rule and dp,/0p,=9; ,) that

i

u;f;+pi=0, 1Zisn—1, (2.18)

i=1

and

M=

U [+ Pafl = — . (2.19)

1

]

i

Differentiating the budget constraint (2.6), we obtain the additional equation
3. pifi= 0= (2.20)
i

In solving (2.18)~(2.20) for f,, we introduce the following notation. Let

Uits--sUgps P
. . ulla'-"ulk
Bk= > Hk=

Ugrs---sUkks  Px

Uptsooos Upg
Pises Do 0

and for every m xm matrix 4 let |A| denote the determinant of 4 and let
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A(iy,...sip j15.-+, j,) denote the (m— p) x (m — p) minor of 4 obtained by striking
out the rows iy,i,,...,i, and the columns JveeosJp 1S <ip<--<i,<m,
1= j<j,< < j,€m. In this notation, the usual implicit differentiation of
demand [i.e., solving the linear system (2.18), (2.19), (2.20)] yields

— _.uan—ll_(wn——.ﬁl)'Bn(n'{- l,n)l
|B.|

Jn

[B.(n+1;n)|
B,

__ By
=—Hu IBn| —(w,— f) (2.21)

As is well-known [Debreu (1972), Katzner (1968)] and easily seen from
(2.21), 0f,/0p, exists and is finite if [B,,|#O. Note that by quasi-concavity
alone we have [Bellman (1960, p. 78) where the corresponding inequalities
are derived for bordered positive definite matrices]

(—1¥B|20, 1=k=n (2.22)

Hence the first term in the right-hand side of (2.21) cannot tend to + 0. To
handle the second term, we invoke the determinant identity

|B,(n+1;n)|>=|H,||B,_|—|H,-1||B.- (2.23)

The identity (2.23) is a special case of formula (33) in Gantmacher (1959,
p- 21); that formula expresses the minors of the inverse matrix in terms of the
minors of the given matrix. Thus, if C=D"! are (m+1) x (m+1) matrices,
then formula (33) in Gantmacher (1959, p. 21) reads in our notation (for the
special case of the 2 x 2 minors obtained by striking out the first m—1 rows
and columns)

|C(1,2,...,m—1; 1,2,...,m—1)|=|D(m,m+1; m,m+1)|/|D|.

Applying this formula for D = B, and using the fact that c;;=(—1)"*/|D(; j)|/|D|,
we obtain (2.23), at least if B, is invertible. But then the polynomial identity
(2.23) (in the elements u,,,...,U,, P1,---,P,) Must hold with no restrictions.
A transparent proof of the formula (33) in Gantmacher (1959, p. 21) is
presented in Shafroth (1981).

We also need the following well-known estimate.

Proposition 2.3. If M is a bound for the entries in H, (ie., |u;|<M for
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1<i,j<n) and N is a bound for ||p|| 2=(p}+ -+pd)” ", k=1,...,n, p near
p°, then

(—D*H| (- )*MN|B,

,  1Zksn (2.24)
[Note that each of the sides of (2.24) is non-negative.]

Proof of Proposition 2.3. For fixed k, let 4, 24,=---=4,20 denote the
eigenvalues (counted with multiplicities) of the positive semi-definite matrix
—H,, and let A¥*=A%¥>---> ¥ | denote the eigenvalues of —H, restricted to
the subspace (of R¥) orthogonal to (p,,...,p,). Then the maximum-minimum
property of eigenvalues [Courant and Hilbert (1953), Gantmacher (1959); see
Courant and Hilbert (p. 33) for a simple geometric interpretation] implies that

A2

A2 A

v

Az

I

[\

* 2 (2.25)

[compare also Fenchel (1956, p. 501)]. But |—Hk|=il...,1k, and it is well-
known [Fenchel (1956, p. 500)] that the determinant of the bordered matrix
|—B,| is equal to —A¥... 4% ,||p||* [compare also Debreu (1972); one way of
obtaining this is by diagonalizing the k x k submatrix H, of B,]. Moreover,
A EM (every eigenvalue is a weighted average of the matrix elements).
Hence

(— DY H | =|—Hd=4da. . . 4 SAAF . 282 = —A|—Bilp|| >
=(—1¥By|- A|lpl| > (= 1)*MN|B]

and (2.24) is proved.
Estimating (—1)"|H,| and (—1)""!|H,_,| in (2.23) by means of (2.24), we
obtain the bound

|B,(n+1;n)|*< —2MN|B,_,||B,| (2.26)

[As a matter of fact we could get (2.26) (comparing signs) without the
factor 2.]

We see from (2.21) that if |B,_,| remains bounded away from zero (as
happens, e.g., if n=2) then f, must tend to —oo as p approaches a non-
differentiability point. If, however, both |B,_;| and |B,(n+ 1;n)| tend to zero,
and if |B(n—1;n)/|B,| is unbounded from above (so that it tends to + oo on
a certain sequence of prices) then by (2.26) (—B,_|/|B,|)"’* tends to + o in
the same speed, so that the second term in the right-hand side is dominated
by the first, and (2.1) follows.

A very careful analysis involving the set of zeroes of |B,,| might yield (2.3).
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We prefer to use the following seemingly simpler approach. For >0
sufficiently small, the utility function u,(x) given by

u(x)=u(x)—¢ _i x} (2.27)

is strictly concave, and u, (x)#0 for x in a neighborhood of x°= f(p°). Then
Je.dp)— f{p) as e—>0 [where f(p) is the demand of the consumer who is
maximizing u.]. With H,, and B, , denoting the Hessians and the bordered
Hessians of u,, respectively, we get from (2.21) the formula

|B£,,,(n+1;n)]
|B...|

B,,_
j;:,n= '—:uel |B, '1| _(wn—fa,n)

(2.21¢)

Letting M and N now denote bounds on |u,, ;| and (Y*_, p?) =%, respec-
tively, in a sufficiently small (but fixed) neighborhood of p° we can clearly
choose M and N independently of ¢ (for ¢>0 sufficiently small). By (2.26)
|| Be.wn+ 1;m)|| Sc|| B, n—1]|/%||B...||"/* (when ||A|| denotes the absolute value
of the determinant of the matrix 4, and ¢ is independent of ¢ if ¢ is
sufficiently small). For ¢>0, |B,,|#0 and f,, is (classically) continuously
differentiable. By (2.7) — p, is bounded away from zero in a neighborhood of
x°, say —p,>1>0, independently of ¢ Similarly, |w,— f, ,|<e where e is a
positive constant. Hence

(2.28)

B..-:|  |B. An+1,n)]
f:,néll &n—1 iy s .
|B...n| 1B...|

Setting ||B,,,(n+1,n)||/||B. .[|=t and noting that |B,,_,| and |B,..| have
different signs, we deduce from (2.28) that

JonS =)t +et < e2c2/(4). (2.29)
Hence, for £>0, we conclude [by integrating (2.29)] that

f;:,n(pls“"pn—lspn+h)_fz.»:,n(pl"“’pn)éKh

if (py,...,ps) and (py,...,p,—1,p,+h) are in a (fixed) neighborhood of p°, with
a finite constant K independent of ¢. Letting ¢ tend to zero, we obtain (2.3).

Ifn=2then|B, ,_,|= —p}. Hence(2.26) yields in this case that || B, ,(n+ 1;n)|| <
¢||B,..||**% and (2.28) implies

Ip? ec
L S 2.
Jur S g T B (230
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Given any K >0, we can find a sufficiently small neighborhood V of p° and
€,>0 such that the right-hand side of (2.30) is less than —K for peV, and
0<e<eg, Hence

fo2(pisp2+h)— fi 2P, P2) S —Kh

for (py, pa), (p1, p2+Hh) in ¥, and 0<e<e,. Taking the limit as e—0, we obtain
(2.4).

Proof of Theorem 2.2. Note first that

n—1

p=p.a+ '; (pa’)a’ (2.31)

so that by definition of f,,

0fa_ o  Oh_ & ( ~ 0p; 5fk) u
= = =S . 2.32
6pa kZ:l e apa kZl ak jzl 6pa ap} Js kz= 1 % ap, ap} ( )

We also have to determine the effects of orthogonal changes of coordinates
on the derivatives of demand functions.
Thus, let

xi= ¥, by (2.33)
~

where (b;)7";-, is a real orthogonal matrix. Let p,q denote price vectors in
x4y coordinates, respectively.
It follows from (2.7) and (2.33) that

M:

ou Ju
= b Api=A
ay] &= ljax =} Ly pl q_]

so that the Lagrange multiplier is invariant, and denoting the demand
function in the g, y coordinates by g(q), we obtain the formula

0

U &, i < " 5gi)
iV op,. p. —5i
zzl 5P, :=zl ki mzl m 5(],,,

8pj

_ Y bub B (2.34)

ki% jm
i,m=1 561,,,

Substituting (2.34) in (2.32), we see that
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ofy_ 2 (Z bkiak>(i b,.,,,a,)a—gi- (2.35)

Op,  im=1 \k=1 i 0qm

Jj=1

To use (2.35) we need to compute each dg,/0q,.

Let p be a price vector in B such that the Gaussian curvature of the
indifference surface through x(p) does not vanish [at x(p)]. Choose the
orthogonal system (b,...,b" so that b" is perpendicular to the indifference
surface at x(p) (thus b" is proportional to Du and to p) and b%,...,b" "1 are
the principal directions of the indifference surface [compare Kannai (1981)].
Let b'=(b,;...,b,), and assume without loss of generality that x(p) is the
origin. Set n;=)"_, b;w;, and p= —4. In this coordinate system, the usual
implicit differentiation formula takes the form (recall that A is invariant and

that ||p]| = [la])

- L [ g,
/11 0 0y 0 aql 6qn
0 A 2., 0 o8, og.
Up eee Oyeq  An Ipll | 941 T oq,
L I KT
__aql 5(1,,_
—u 0
= Cro—p |, (2.36)
Ty1—81 - Tp—&n

where 4,,...,4,_,%#0 and by (quasi) concavity 4;<0, 1<i<n—1. (Thus 4,
here is the same as A¥ in the proof of Proposition 2.3)) Denote the value of
the determinant

A 0 oy
0 A‘n~l -9
Oy eve Op_q  Ag

by 4. By an easy induction (or otherwise) one computes that

A=)y 0= Y o2 [] 4, (2.37)
i=1

j#i,n

The inverse of the first matrix (on the left) in (2.36) can be given explicitly as
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1 ' —a,
— 0 0
Ay A]lpll®
1 0y
0 0 —
An—1 A |[pI[>
1
0 ... 0 0 —
Ip]l?
—ay . 1 —A4
Al T Allel TRl A Al ]

Applying this inverse to the right-hand side of (2.36), we get the formulas

agi /"5i,m ai(nm_gm) 1<im<n—1

04m A AP
0g;  4{8x—Tn) .
081 _ Y& , 1<ign—1, (2.38)
oq,  Adlel?
6g Ton—8m
=" . 1§m§n
oqm  ol®
Setting
S buae=c; (2.39)
k=1

and substituting in (2.35), we arrive at

O _ i -'2—‘5:21 ¥ ST Bn) | 3 oo~ B (2.40)
N R S : :

+
e Ml Te=e el

Now let {p},-, be any sequence of points at which the demand f is
differentiable such that p’—p° It suffices to show that from every such
sequence one can choose a subsequence satisfying (2.5), so we can assume that
the corresponding unit vectors b(p),...,b" (p") also converge [the sequence
b"(p") converges by definition]. Then the coefficients ¢; [equal by (2.39) to the
inner product of a with bi(p’)] also converge to ¢?, 1<i<n. Let us now
assume that A(x(p®)=0 for 1<igk, A(x(p®) <0 for i>k. By assumption
c?+0 for 1<i<k Moreover, by the Fenchel conditions for concavity
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[Fenchel (1956), Kannai (1981) and see the proof of (2.2)] a/(x(p®)=0 for
1Li<k. Also, uy=—2<0, and A(p")<0. Hence it follows from (2.40) that
(afa/apa)(pr)_) — 0.

Remark. The assumption in the n-commodity case of Theorem 2.1 that p° is
strictly positive can be dropped by basing the proof of that Theorem on eq.
(2.40).

Example 2.4. In order to show that (2.2) does not hold even in the two
dimensional case if the partial derivatives of u are not assumed to be positive
[and that (2.5) does not hold if a is perpendicular to a principal flat
direction] consider the strictly quasi-concave function u=x,—x} near the
origin. Choose w=0. Then the demand is given by

filp,pr)=—47 1/3(17&/172)1/3, fpr,pa)=1/pr+4~ 1/3(P1/P2)4/3-

As p converges to p°=(0, 1), df,/0p, tends to — oo, but 8f,/dp, is continuous
at p°.

If n>2 then df/dp; can have oscillatory discontinuities (even if u;>0 for
all j), as we see in

Example 2.5. Consider the quasi-linear utility
u=—xH12—x,x3/2—x3x3/2—x3+x, +x, +x3, (2.41)

and set w=0, I=0. Differentiating (2.41), we see that near the origin, u; >0
for 1<i<3, u;<0for 1<i<2 (u3,=0), and

Uy s — Uiy =2x2 4+ x34+0(x3) +0(x,x32) (2.42)

near the origin. Hence the ordering represented by u is strictly convex near
the origin, and the demand is differentiable except at prices p® for which

[0 =12(p°) =0 [e.g., p°=(1,1,1)]. Solving for dx,/0p,(=0f,/0p,) we see
that

5x2_ x%+x%
s 2T+ xE+0(x3) +0(x,x3)

(2.43)

Hence (0x,/0p,)(p")—»p/2 if p—p® is such that x,(p)=0 [eg, p =
(1—-1/3r3,1,1)], whereas (9x,/0p,)p)—u if x,(p)=0 [eg, p =(1—1/2r
1-3/r, D].

Without concavifiability one cannot hope even for (2.1), as shown by our
next example:
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Example 2.6. Let

w3
u=u‘ (2.44)
1—x,

[The ordering induced by (2.44) is a very slight modification of the strictly con-
vex, non-concavifiable ordering exhibited by Fenchel (1956).] Differentiating
(2.44), we get

u 4x3 1
u = — , Uy = s
"1—x, 1-x, 2T 1 —x,
(2.45)
A 2u _12xf 8x3 - 1 o =0
S e R N (e

Choosing x?=0, a>0, x3>a, we see from (2.45) that u; >0, u,>0, near x°,
and that

12x2

2 2 _
”2“11—2“1“2“12+“1“22—‘(1 )
— X4

(2.46)
[so that the ordering induced by u is indeed strictly convex, and the demand
is not differentiable at prices p° for which f(p®) =x°]. Using (2.7), (2.45) and
(2.46) in (2.16), we compute that

of, |: —X,u dxix,  12xix, u? 8x3u 16x§ :|
== + + + - +
op, (1—x1)3 (1“3‘1)3 (1—x1)2 (l_xl)z (1_x1)2 (l_xl)z
—12x3 Au X, —12x?
= — 0(x? — L
/ [(1—x1)3] [(1—x1>2 ( 1—x1>+ xf’i%?]/ [(1 —xm]
Hence
002 _ jun12x3 + (ux 2))/12x3
E— uo/12x7 + (Aux? —0(x7))/12x1
so that
0
lim 92— 4 co.
p-p° 0D,

3. The weakly convex, C!-Lipschitzian case

In this section we drop the requirement of strict convexity, so that demand
may be set-valued. If f(p) is a set and x is a bundle in the relative interior
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of f(p), we cannot approximate the behavior of demand near x by the
derivatives of demand at prices near p, even when such derivatives exist.
Nonetheless, under a smoothness assumption slightly weaker than the one
used above, we can obtain an upper bound on the Giffen effect even in the
set-valued case. It was shown in Jordan (1982) that if preferences can be
represented by a concave utility function, then the demand for a commodity
cannot ‘jump’ in the same direction as a change in its own price. We will
show here that if the utility function is also C!, and its derivative is
uniformly Lipschitzian on compact subsets of X, then the geometrical
argument used in that paper can be strengthened to show that demand
cannot have an infinite slope in the wrong direction.

To motivate the result, consider the two-commodity case and two price
vectors p®=(p%,p%) and p=(p?+34,pJ), which differ only by an increase of &
in the price of commodity one. Let x°e f(p°) and xe f(p), with x, >x9%, so
that commodity one is, for these two price vectors; a Giffen good. This situa-
tion is depicted in fig. 1 which is drawn under the additional assumption that
x?—w, >0. At the beginning of the proof of Theorem 3.1 below, we will derive
as a simple consequence of concavity that (x; —x9)/6 <[(A—4°)/6](x? — w,)/A°,
where A° and A are the Lagrange multipliers: Du(x®)=4%p® and Du(x)=Ap.
The difference quotient (1—A°%)/é can be bounded above as follows. Map
x onto the budget line p°(y—w)=I and map x° onto the budget line
p(y—w)=1, as depicted in fig. 1. Denote the resulting commodity bundles x*
and x® respectively. By revealed preference u(x%)=u(x) and u(x)=u(x?), so
u(x®) —u(x®) = u(x*) — u(x). Hence by concavity, Du(x")(x® — x) = Du(x*)(x* — x).
The vector (x°—x?) is simply p® multiplied by a scalar which is 0(5), so by
the Lipschitz condition, the distance |[Du(x?)—A%°|| is also 0(d). Similarly
(x"—x) is p multiplied by a scalar which is {5), and ||Du(x")—Ap|| is O(9).
This approximation can be applied to the above inequality to obtain an
upper bound on the difference quotient (A—A%/5, and thus on the Giffen
effect (x, —x9)/8. In fact, since the Lipschitz condition is uniform on compact
subsets of X, this upper bound is also.

Theorem 3.1. Suppose that 2 is non-satiated on X and is representable by a
utility function u:X—>R which is concave and has a derivative which is
uniformly Lipschitzian on compact subsets of X. That is, for each compact set
K <X there is a constant ¢ such that

[|Du(x") — Du(x)|| < cf|x' — x|| (*
for all x', xeK. Then for each compact set K< X there exists a constant k
such that for each p° peR" with pY+p, and p}=p; for all j>1, and each
x%e f(PY) N K, xe f(p) N K,

(e =0 (py — P <o) + 1.
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p’(y-w)=1

ply—w)=I
Fig. 1

Remark. The term ||p°||+}|I| arises from the zero degree homogeneity of
demand. Given (x; —x9), the price change (p, —p?) can be made arbitrarily
small by rescaling p° and I.

Proof. Let K be a compact subset of X, let p°cR", and let x°e K n f(p°).
Since u is non-satiated and f(p®)#¢, ||p°||#0. Let 6>0 and define p=
@S +6,p3,...,p°0. Let xe f(p)n K, and let e=x,—x2. We need to construct
k>0, independent of p°, p, x°, and x, such that

&/8 <k/(||p°||+|1))- *)

If <0, (*) will hold with k=1, so we will assume that ¢>0.
Since x® and x are interior maxima, there exist A°>0 and A>0 with
Du(x%) = A%p® and Du(x)=Ap. Since u is concave,

u(x) —u(x®) £ A%°%x—x%, and
w(x®) —u(x) <Ap(x°—x), so
2°p°(x° — x) < Ap(x° ~ x).

Since A°> 0, this inequality can be written
(P°—pPUx° ~x) < p(x° ~x)[(A—1%)/2°], or
e < p(x°® —x)[(1—2%)/A°].

Since u is concave and non-satiated, the budget constraint holds with
equality, so
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p(x° —x) =px° —po— I =(p—p°)x° — p’w—pow

=(p—p)x’—w)=8(x}—w,). (3.1)
Hence

e S 0(x} —w)[(A—2°)/2°], so
&/0 <(x? —w)[(A—A%)/2%3).

The term (x§ —w,) is clearly bounded on K, so it remains to study the term
(A — 29)/295.

We will temporarily restrict attention to values of ¢ satisfying a certain
upper bound. Of course, the extension to large values of § will be direct. Let
clzmaX{]yl—a)ll: ye K}, and choose 0<y<dist(K, X), where X° denotes
R™\X. Let O0<cy<1. Then if d<c,|lp%|, p°p=||p°||>+dp92|p°|* —d|p3|2
IP°lI> = 6|p°|| > (1 —c,)|[p°||>. Therefore (dc,/p°p)||p°|| <dci/(1—c)|ip?)| <cica/
(1 —c,). Hence, if ¢, is small enough so that c,/(1—c,)<y/c,, and §<c,|p"||,
then (d¢,/p°p)||p°|| <. Also, if S<c,|lp®|l, [Ipll*=IIp°lI>+26p%+ 62 <|Ip°||> +
20]|p°|| + 8% <|[p°|| (1 + 2¢, + c3) = |[p°]|*(1 + ¢,)*. Therefore ||p|| <||p°[|(1 +¢2), so
(6¢,/p°p)||pl| <cyca(1+¢)/(1—cy). Hence, if ¢, is small enough so that
cx(1+c)(1—cy)<yfcy, and d<c,||p®||, then (5¢,/p°p)||p|| <7. Hence, we can
fix 0<c,<1, independent of p° so that if §<c,|[p°||, then (dc,/p°p)||p°|| <7
and (d¢,/p°p)||p|| <7.

Assume, temporarily, that 6 <c,||p°||. Define x*=x+[(x; —,)/p°p]p and
xb=x—[8(x — w,)/p°pIp° (see fig. 1). Since & <c,||p°, x*, x*€ X. Also, p°x*=
PPx+8(x; —w)=p°x+(p—p°)x—w)=p°w+1, so by revealed preference,
u(x®) = u(x“). Similarly, px®=pw+ 1 and u(x)=u(x>). Therefore

Du(x)(x* —x) < t(x*) —u(x) S u(x®) — u(x") < Du(x")(x° — x°).
Thus [(x; — ,)/p°pIDu(x*)p £ [8(x} — ©,)/p°p1Du(x")p°, s0

(xy —o)Du(x")p = (x§— w;)Du(x")p°, or

[+ (x? — @,)1Du(x*)p < (x§ — ;) Du(x")p°. (3.2)
If x{—w, =0, then (3.1) implies that (*) holds with k=1, so we will assume
that x? —w, >0. The proof in the opposite case is symmetric. By the uniform
Lipschitz condition on Du over the compact set {yeR"||y—x||<y for some

x e K}, there is some ¢y >0 such that

|IDu(x*) — Ap|| <csllx— x| and |[Du(x") —A°p°|| <cs|x® —x*||.
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That is,

IDutx) — || < 380+ (x — )] [pll/p°P,

[[Du(x®) — 2°p°| < ¢38(x — 1)||p°|l/p°p-
Together with (3.2), these inequalities imply that

[e+(x? — )[4 — 300+ (x? — 1)1/p°p]|p|?

<(x} = @)[A° +¢38(x —,)/p°P1|p°||-

Since &> 0, this implies

2
s

[A—c30[e+(x?—,)1/p°p1||p||* <[A° + c38(x§ — ,)/p°p]||p°

50
Alpl? < 2°0p°l +(e38/p°P) (xS — )| + Lo+ (x? — @ )]||p|}}-
Since & <c,||p°||, we have |[p||*> <(1+c,)?||p°||* and p°p>(1—c,)||p|% so
Alp||* < A%|p°||2 + c30[e + 2(xF — 1) (1 + ;)2 (1 —c,).

Let <:5>max{|y1 —y‘l’l +2|y‘1)—w1
Since ||p°||2§ ||P||2 +25”P” +42,

:y,)°eK}.

Ap|I? < 2°C||p|| +20]|p|| + 621 + deses(1+c)* /(1 —cy), so .

2
’

(2= 22 <2°028/||pl| + 0*/|lp[|*1 + dcscs(1 +e2)* A1 —co)l|p

(A— 297228 <2/||p|| + 6/||p||> + c3c5(1 + 202 /(1 — ) 2°||p?|-

Since 8 <c,||p°

p||>(1—c)||p°, so

('1_/.L())/}~()(5 < {2+02/(1 —c3)+eses(1 +Cz)2/(1 —Cz)ZAOHPOH}/(l _cz)HPO”-

To bound the term 1/2°||p°
l°”p°” >cg, SO

, let 0<ce <min{||Du(y)||:ye K}. Then ||Du(x°)|| =

(A—29)/2%0 <{2/(1 —c3) + /(1 —c,)?

+eses(1+¢2)* (1 —c3)ce}/||PY|- (3.3)
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Let ¢,=c,{-}. Then (3.3) and (3.1) imply

(e/8) <c4/||p°

R (34)
under the restriction that & <c,||p°|.

If 62c¢,||p°||, then since e<cs, &/8<cs/c,||p°|| Combining this inequality
with (3.4) yields

&/6 <max {c;, cs/c2}/||p°)- (3.5)

To incorporate ]I | in the denominator, note that there is some cg>0 such
that if g€ R" and r>cg)|q||, then {ye K:q(y — w)=r} = ¢. Therefore

(POl + 1D~ 2@ +cg)|p°l) %, so by (3.5)

&/8 <k/(||p°||+1)),

where k=(1+cg)max {c,,cs/c,}. Since the constants c,,...,cg, which com-
pose k, depend only on K, this completes the proof. [J

The Lipschitz condition on Du is essential to the result. It is possible to
construct a two-commodity concave C! utility function which violates the
Lipschitz condition and the conclusion of the Theorem. Fig. 2 illustrates the
preference relation and demand correspondence of such an example. The
endowment of both commodities is zero, and the price of the second
commodity, y, is normalized to unity, so the budget constraint is: px+y=<0.
For p<0, the demand is f(p)=(1—./—~p, p(/—p—1)), and at p=0, the
demand is the set {(x,y): x<1,y=0}. Thus the Giffen effect is unbounded at
the price vector (0,1). (The example can be rotated and translated so that
prices, demands, and marginal utilities are positive.) The detailed construc-
tion of this example, which is rather lengthy, is contained in an earlier
version of this paper [Hurwicz et al. (1986)].

- (0,0)
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