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It is shown that if a consumer’s preference ordering is strictly convex and is representable by 
means of a concave, twice continuously differentiable utility function, then the partial derivative 
of a demanded commodity with respect to its price is bounded from above in a neighborhood of 
a price vector at which the demand fails to be differentiable. In the case of two commodities, if 
the demand does not possess finite derivatives with respect to prices at a certain point, then the 
partial ‘derivative’ of a commodity with respect to its price is equal to minus infinity. The same 
result holds for n commodities under ‘almost every’ choice of coordinates in the commodity 
space. If preferences are weakly convex but the same representation assumption holds, demand 
may not be single-valued but own-price difference quotients are still bounded from above. 

1. Introduction and statement of results 

One of the less obvious phenomena in the theory of consumers’ behavior 
(some even call it a paradox) is the occurrence of Giffen goods, i.e., 
commodities of which more is demanded as their prices go up. No known 
simple assumption concerning the preferences (of the consumer) rules out this 

behavior. It was discovered recently [Jordan (1982)] that if the consumer’s 
preference ordering 2 is representable by means of a c~ncaue utility function 
(but 2 is not necessarily strictly convex), then the demand correspondence, 
while possibly not lower semi-continuous, nonetheless cannot have ‘jumps’ in 

the wrong direction: if p and p* are sufficiently close price systems, x and x* 
are in the sets demanded by p and p*, respectively, and if for each 
commodity j, xjlxT if pj>pT and xji XT if pj<pj*, then xi is close to XT at 
least for some commodity j (for which pj#pr). Of course, this condition is 
trivially satisfied if demand is single-valued and continuous. In the present 
paper we show that, under somewhat stronger assumptions, an upper bound 
can be placed on the own-price difference quotient, so that infinite Giffen 
effects are not possible. In particular, this shows that the representation of 
preferences by a concave utility function also has implications for continuous 
single-valued demand functions. 

*We would like to thank T. Kim for noticing some errors in an earlier version of this paper. 
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Let us assume that 2 is a strictly convex, complete, continuous and 
transitive preference relation defined on an open, convex subset X of R” - 

the commodity space. Let p” be a price vector such that the maximal element 
(with respect to 2) in th e u ge se is contained in the interior of X. Then b d t t 
there exists a certain open ball B containing p” such that the demand 
function f: B-R” is well defined and continuous. 

It is well known [Debreu (1972), Katzner (1968)] that f(p) is not 
necessarily differentiable, even if 2 is representable by means of a twice 
continuously differentiable utility function u (defined on X). It was shown in 
Debreu (1972) that f is differentiable at p if, and only if, the indifference 
hypersurface {y: y- f(p)} has positive Gaussian curvature at x = f(p). It is 
well known [Fenchel (1956), Kannai (1981)] that if the Gaussian curvature 
of the indifference surface does not vanish at any point then the utility 
function u can be chosen to be concave (and not just quasi-concave), at least 
in compact subsets of X. Thus, the difference between concaviliable and non- 
concavifiable preference orderings is manifest only near points with vanishing 
Gaussian curvature of the indifference surfaces; this difference should be 
reflected in the behavior of the demand functions near points where 
differentiability is lost. 

Since 2 is strictly convex, the Gaussian curvature does not vanish on a 
dense open subset of every indifference hypersurface. [This follows, see 
Shaforth (1981), without invoking the rather deep characterization of surfaces 
with vanishing curvature as developable surfaces [Hicks (1965)l.l The 
continuity of the inverse demand function implies that prices p”, at which the 
demand is not differentiable, are limit points of the set of prices p where f is 
continously differentiable. This approximation is the basis for the results in 
section 2, below. Theorem 2.1 states that if the demand function fails to be 
differentiable at a positive price vector p”, the limsup of own-price derivat- 
ives at nearby prices is bounded above. In the two-commodity case, the 
limsup is -co. More generally, this result is obtained whenever the vector 
representing the ‘commodity’ is not perpendicular to a principal direction of 
the indifference surface (through the demand at p”) for which the principal 
curvature vanishes. Example 2.5 indicates that the directional hypothesis is 
necessary, and that the two-commodity result does not otherwise extend to 
the n-commodity case. 

In section 3 we allow the preference relation to be weakly convex, and also 
weaken the smoothness requirement slightly to the assumption that the 
utility function u is differentiable and its derivative, Du, is Lipschitz- 
continuous. In this case, the above mentioned approximation is no longer 
valid, but Theorem 3.1 states that the Giffen effect remains bounded. An 
example in section 3 shows that the Lipschitz continuity of Du is essential to 
the result. 

Theorem 3.1 generalizes the n-commodity assertion in Theorem 2.1, using 
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a very different method of proof. The proof of Theorem 2.1 is in the spirit of 
classical demand theory, comparing the asymptotic income and substitution 
effects [eq. (2.21) below] as the determinant of the usual bordered Hessian 
approaches zero. The proof of Theorem 3.1 is more in the geometrical spirit 
of convex analysis. 

2. The strictly convex, C* case 

Let 2 be a strictly convex, complete and transitive preference relation 
defined on an open convex subset X of R”, and let 2 be representable by a 
concave, twice continously differentiable utility function u: X+R. We also 
assume that u has no maximum on X (i.e., that 2 is not satiated in X). 

Let OE R” and I E R be given, and define the (possibly empty-valued) 
demand correspondence f: R”+X by f(p) = {x0 EX: x0 maximizes 2 in the 
set {x: p(x -0) 5 I}}. The budget constraint p(x -0) 5 I includes as special 
cases the budget constraints used in partial (o=O) and general (I =0) 
equilibrium theory. Let B= {pi R”: f(p) # ~$1. It follows that B is an open 
subset of R”\(O), and that f is a continuous (single-valued) function on B. 
We shall restrict our attention in the present section to prices in B. 

Theorem 2.1. If the demand function is not dij$erentiable at a strictly positive 
price vector p” E B, then 

limsup%(p)< +co, 
P+P’ aPi 

lliln, _ _ (2.1) 

where in (2.1) the limit is taken over those p at which f is differentiable. 

If n = 2, then (2.1) can be strengthened to 

lim %(p)= -co, 
P+P’ aPi 

i=l,2. (2.2) 

Using finite differences, we have the following one-sided Lipschitz 
conditions: 

There exists a K < co and a neighborhood of p”, such that if (pl,. . . , Pi,. . . , p,) 
and (pl ,..., pi+h ,..., p,) are both in this neighborhood, then 

fi(P 1,. . .y Pi + hp. . .T PJ - J(PI,. . .> Pi,. . .T PJ 5 Kh, 1 liln. _ _ (2.3) 

If n= 2, then (2.3) can be strengthened to: For every K > 0 there exists a . , 
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neighborhood of p” such that if (p1,p2) and (p1,p2) + he’ are both in this 
neighborhood, where ei denotes the ith unit vector, then 

f;:(p+W-h(p)5 -Kh, i= 1,2. (2.4) 

At the end of this section we will illustrate the distinction between (2.1) 
and (2.2) with an example (Example 2.5) of a smooth, concave utility 
function with positive partial derivatives in an open subset of R3 with 8L/8pi 
oscillating near a price p” where the demand is not differentiable [thus (2.2) 
and (2.4) do not hold for n>2]. Nevertheless, (2.2) holds ‘almost always’ for 
general n, in the following sense. 

Define a package a of commodities to be a vector (a,, . . . , a,) such that one 
may buy commodities in the proportions (x,,. . .,x,)=(la,,. . . ,lu,). (The 
term originates from ‘option packages’ offered by car dealers; note that the 
components a, are not restricted to be non-negative.) The price of a unit of 
the package will be pa=plul + ... +~,,a,. (Thus, the usual commodities are 
packages for which u=e’ - the ith unit vector.) Let us assume, to simplify the 
notation, that a is a unit vector, and let a’,. . .,a”-’ be an orthonormal 
system in R” such that (a, a’) =0 for 15 is n - 1. Then the inner products pa’ 
denote the prices of the packages a’, l<i_<n-1, and we can study how the _ _ 
demand fa for the package a varies when we keep pa’ fixed for 15 i 5 n - 1 
and let only pa vary. 

Theorem 2.2. If the demand function is not d@erentiuble at a price vector 
p” E B and the vector a is not perpendicular to any principal direction [of the 
indifference surface through x(p’)] f or which the principal curvature vanishes, 
then 

lim g(p)= -00, 
P-+PO Pll 

(2.5) 

where the limit is taken over those p for which x = f (p) is diflerentiuble. 

Remark. The formula (2.2) follows from Theorem 2.2 as a special case, as 
the positivity of the partial derivatives of u at x(p”) (which follows from the 
strict positivity of p”) rules out the possibility that ei is perpendicular to the 
indifference curve. 

Proof of Theorem 2.1. We start by pointing out that at the demanded point 
f(p), the budget constraint reads 
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and the gradient of u is proportional to the price vector. Denoting the 
proportionality factor by A = &, . . . , p,), we can write 

1 Siln. _ _ (2.7) 

(Here and in the sequel we use subscripts to denote partial derivatives; 
thus, ui=&/axi, uij=a2u/axiaxj, etc.) By assumption, the gradient of u 
never vanishes on X. Hence 1 #O, and the fact that f(p) is maximal in 
{x: p(x -0) 5 I) implies that 1>0. The strict positivity of p” implies that 
ui(x) >O, 1 SiSn for all x near x(p”). 

Consider now the two-commodity case. In order to investigate the local 
behavior of the demand in a neighborhood of p” =(py,p$ introduce new 
coordinates y,, y, near xy = f,(pO), x; = f2(p”), by 

Xl =xY-P;Yl +P?Y,, xz=x;+P:Yl+PiY2* (2.8) 

[Thus (x:,x:) becomes the new origin, y, is the coordinate in the direction 
tangent to the indifference curve through (x:,x$, and y, is the normal co- 
ordinate.] Then the Hessian matrix of the second derivatives of u with 
respect to the variables y,,y, is given by 

H= 

(2.9) 

(P!32ul 1 -2P~P%12 

+(P32u22, -P?Ph 1 +((P32 -(P;)2)u12 +P?P%zz 
= 

- P?P%l 1+ ((P?)’ 

-(P;)2)~12+P~P~~22~(P~)2~11+2P?P%412+(P;)2~22_ 

It is well-known [Debreu (1972), Katzner (1968)] that the functions fi are 
differentiable at p:, p: if and only if a’u/ay: #O at y, =y2 =O, as the value of 
a2u/ay:(0,0) is proportional to the curvature [at (x~,x~)] of the indifference 
curve through (x:,x$, and is equal by (2.9) to the usual bordered Hessian. 

The famous Fenchel conditions for concavitiability [Fenchel(1956), Katzner 
(1968)] imply that if d’u/ayf =0 then a’u/ay,ay, =O. This can easily be seen, 
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in our notation, by letting H operate as a quadratic form on an arbitrary 
vector (t1,t2). Then the concavity of u implies that 

(2.10) 

But if d’u/ay: =O, then if iY2u/ay,ay2 #O we can make the left-hand side of 
(2.10) positive by choosing t2= 1, sign(C,)=sign(a2u/ay1ay2) and )<i) large, a 
contradiction. [Using the determinant of H we could get a more quantitative 
result, see the proof of (2.1).] The two linear equations a2u/ay: =O, 
a%/ay,ay, =0 in t4Tl, t4y2, ~4;~ [here we set u,(xy, x3 = u:], can be written as 

(?Q2uL - ~Pm42 + (P324i2 = 0, 

(2.11) 

- PX4, + ((Pa2 -@Q2b4~2 + Pv342 = 0. 

Multiplying the first equation in (2.11) by p:, the second equation by py and 
subtracting, we get the equation 

P%9’ + (P:)2bL -d(m2 + (P;)2b4Y2 = 0. 

Hence 

p;lJyl -p31y2 = 0 (2.12) 

holds whenever the demand functions A are not differentiable. 
In the two-commodity case considered here, the budget constraint (2.6) 

reads 

(2.13) 

and the fact that the gradient (u,,u,) of u is proportional, at the demanded 
point, to the price vector (p1,p2) implies that 

P2%(fi, f2) --P1u,(f,, x2) =o. (2.14) 

Differentiating (2.13) and (2.14) with respect to p2 (using the chain rule) and 
denoting differentiation with respect to p2 by . , we get (after rearranging 
terms): 

(P2~11-P1~12)fi+(P2~12-P1~22).L= -qr 

PI_& + P2f2 = -f2. 

(2.15) 
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Using Cramer’s rule, we get from (2.15) that 

(2.16) 

If (pl,p2) tends to (py,p$, then the denominator, which is equal to a’u/ay: 
and is non-positive by concavity of u, tends to zero. By (2.12), the first term 
in the numerator also tends to zero, whereas plu, tends to the strictly 
positive value of p~ul(x~,x$. Hence j; tends to -co and (2.2) is proved (the 
proof for dfi/8p1 is similar). q 

Turning our attention to proving (2.1) for general n, we note first that (2.7) 
implies that the ratio A between the gradient of u and the price vector can be 
written in the form A=ui/pi for a certain i such that pi#O (such an index i 
exists by non-satiation). Hence A is a continuously differentiable function of 
the prices, at least if f is. Setting -1=p, we can rewrite (2.7) as 

&(f(P)) + PPi=O, 1 liln. - - (2.17) 

We will consider af,/ap, (the other djJdpi can be treated analogously). 
Differentiating each of the equations in (2.17) with respect to p. and denoting 
alap,, by . , we get (using the chain rule and api/apn=di,,) that 

and 

lliln-1, -- (2.18) 

(2.19) 

Differentiating the budget constraint (2.6) we obtain the additional equation 

jil Pjj;=%-fn. 

In solving (2.18)42.20) for f”, we introduce the following notation. Let 

(2.20) 

and for every m x m matrix A let IA( denote the determinant of A and let 
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A(i . l,...,ip;J1,..., j,) denote the (m-p) x (m-p) minor of A obtained by striking 
out the rows i,,iZ,...,i, and the columns jr,..., jP, lIi,<i,<...<i,sm, - 
15 j,<j,<... < j,sm. In this notation, the usual implicit differentiation of 
demand [i.e., solving the linear system (2.18), (2.19), (2.20)] yields 

(2.21) 

As is well-known [Debreu (1972), Katzner (1968)] and easily seen from 
(2.21), af,/ap. exists and is finite if IB,,l #O. Note that by quasi-concavity 
alone we have [Bellman (1960, p. 78) where the corresponding inequalities 
are derived for bordered positive definite matrices] 

(-l)kl&(zO, lsksn. 

Hence the first term in the right-hand side of (2.21) cannot 
handle the second term, we invoke the determinant identity 

IB,(~+~;~)~‘=IH”~IB~-II-IH~-IIIB~~. 

(2.22) 

tend to + co. To 

(2.23) 

The identity (2.23) is a special case of formula (33) in Gantmacher (1959, 
p. 21); that formula expresses the minors of the inverse matrix in terms of the 
minors of the given matrix. Thus, if C = D- ’ are (m+ 1) x (m+ 1) matrices, 
then formula (33) in Gantmacher (1959, p. 21) reads in our notation (for the 
special case of the 2 x 2 minors obtained by striking out the first m- 1 rows 
and columns) 

IC(1,2 ,..., m-l; 1,2 ,..., m-l)l=ID(m,m+l; m,m+l)l/lDI. 

Applying this formula for D = B, and using the fact that cij=( - l)‘+jID(i; j)1/101, 
we obtain (2.23), at least if B, is invertible. But then the polynomial identity 
(2.23) (in the elements nil,. . .,unnrpl,. . ., p,) must hold with no restrictions. 
A transparent proof of the formula (33) in Gantmacher (1959, p. 21) is 
presented in Shafroth (198 1). 

We also need the following well-known estimate. 

Proposition 2.3. If M is a bound for the entries in H, (i.e., luijls M for 



L. Hurwicz et al., Smooth and concavifiable preference ordering generated demand 111 

lsi,jsn) and N is a boundfor I(~JJ-‘=(P:+...+~:)-~, k=l,...,n, p near 
p”, then 

(- l)klH,( s(- l)kM+%I, lsksn. (2.24) 

[Note that each of the sides of (2.24) is non-negative.] 

Proof of Proposition 2.3. For fixed k, let I, 2 A2 z... 2 &zO denote the 
eigenvalues (counted with multiplicities) of the positive semi-definite matrix 
-H,, and let 1: 2 Jj: z..+ 2 A:_ l denote the eigenvalues of -H, restricted to 
the subspace (of Rk) orthogonal to (pl,. . . , pk). Then the maximum-minimum 
property of eigenvalues [Courant and Hilbert (1953), Gantmacher (1959); see 
Courant and Hilbert (p. 33) for a simple geometric interpretation] implies that 

[compare also Fenchel (1956, p. Sol)]. But ( - H,I =A,. . . A,, and it is well- 
known [Fenchel (1956, p. 500)] that the determinant of the bordered matrix 
J-B,1 is equal to -A~...A$_,((pl12 [ corn p are also Debreu (1972); one way of 
obtaining this is by diagonalizing the k x k submatrix H, of Bk]. Moreover, 
I, 5 M (every eigenvalue is a weighted average of the matrix elements). 
Hence 

and (2.24) is proved. 
Estimating (-l)“IH,I and (-l)“-‘(H,P,( in (2.23) by means of (2.24), we 

obtain the bound 

IB,(n+1;n)(2~-2MNIB,_IIIB,l. (2.26) 

[As a matter of fact we could get (2.26) (comparing signs) without the 
factor 2.1 

We see from (2.21) that if IB,- i I remains bounded away from zero (as 
happens, e.g., if n=2) then fn must tend to - co as p approaches a non- 
differentiability point. If, however, both IB,_ iI and IB,(~+ 1; n)l tend to zero, 
and if IB,(n- l;n)/lB,( is unbounded from above (so that it tends to + cc on 
a certain sequence of prices) then by (2.26) ( -B,_ i I/IB,I)“~ tends to + co in 
the same speed, so that the second term in the right-hand side is dominated 
by the first, and (2.1) follows. 

A very careful analysis involving the set of zeroes of 1~~1 might yield (2.3). 
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We prefer to use the following seemingly simpler approach. For E>O 
suffkiently small, the utility function u,(x) given by 

u,(x) = u(x) - & t x; 
j=l 

(2.27) 

is strictly concave, and u,Jx) # 0 for x in a neighborhood of x0 = f(p’). Then 
f,,i(p)+f;(p) as E+O [where f,(p) is the demand of the consumer who is 
maximizing u,]. With H,,, and B,,, denoting the Hessians and the bordered 
Hessians of u,, respectively, we get from (2.21) the formula 

(2.218) 

Letting M and N now denote bounds on (~~1 and (C:=I pz)-l, respec- 
tively, in a sufficiently small (but fixed) neighborhood of p”, we can clearly 
choose A4 and N independently of E (for E>O sufticiently small). By (2.26) 
jj&(n+ 1;n)lljcll~,,,-,~~“~~~8,~,~)“~ (when [[A[[ denotes the absolute value 
of the determinant of the matrix A, and c is independent of E if E is 
sufficiently small). For E>O, JB,,J#O and f,,, is (classically) continuously 
differentiable. By (2.7) -,uE is bounded away from zero in a neighborhood of 
x0, say -,u~ > 1>0, independently of E. Similarly, IO,---f,,,l 5 e where e is a 
positive constant. Hence 

(2.28) 

Setting IIB,,,(n+ l,n)ll/J(~,,.Il=t and noting that I~,,,-11 and I&,.( have 
different signs, we deduce from (2.28) that 

L,.g -(l/c2)t2+etSe2c2/(41). 

Hence, for E>O, we conclude [by integrating (2.29)] that 

(2.29) 

if (ply.. . , P,) and (ply.. . ,~~-~,p~+h) are in a (fixed) neighborhood of p”, with 
a finite constant K independent of E. Letting E tend to zero, we obtain (2.3). 

Ifn=2then(B,,._,I=-pp:.Hence(2.26)yieldsinthiscasethatIIB,,.(n+l;n)ll~ 

c~~4n~~1’2~ and (2.28) implies 

(2.30) 
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Given any K >O, we can find a sufficiently small neighborhood V of p” and 
&o > 0 such that the right-hand side of (2.30) is less than -K for p E r/: and 
0 <E < so. Hence 

~,.,(P,,P,+~)-~,,,(P,,P,)~ -Kh 

for hp,), (pl,p2+h) in I! and O<E<E~. Taking the limit as .s+O, we obtain 
(2.4). 

Proof of Theorem 2.2. Note first that 

n-1 

p=p.a+ 1 (P&’ 
i=l 

so that by definition of f,, 

(2.31) 

(2.32) 

We also have to determine the effects of orthogonal changes of coordinates 
on the derivatives of demand functions. 

Thus, let 

xi= ~ bijyj, 
j=l 

(2.33) 

where (bij)~j=, is a real orthogonal matrix. Let p, q denote price vectors in 
xjy coordinates, respectively. 

It follows from (2.7) and (2.33) that 

$cizl bijg=iil bijAPt=hj 
J I 

so that the Lagrange multiplier is invariant, and denoting the demand 
function in the q, y coordinates by g(q), we obtain the formula 

(2.34) 

Substituting (2.34) in (2.32), we see that 
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(2.35) 

To use (2.35) we need to compute each agi/aq,,,. 

Let p be a price vector in B such that the Gaussian curvature of the 
indifference surface through x(p) does not vanish [at x(p)]. Choose the 
orthogonal system (b’, . . . , b”) so that b” is perpendicular to the indifference 
surface at x(p) (thus b” is proportional to Du and to p) and b’, . . . , b”- ’ are 
the principal directions of the indifference surface [compare Kannai (1981)]. 
Let b’=(b,, ,..., b,J, and assume without loss of generality that x(p) is the 
origin. Set rcj=c;= 1 bijoi, and CL= -1. In this coordinate system, the usual 
implicit differentiation formula takes the form (recall that 1 is invariant and 

that II~II = 11~11~ 

4 

: 

0 

a1 

0 

. . 

. . . 

0 

1,-l 
a,-, 
0 

%h ag; - . . . _ 
ah 86 

ag, ag, - . . . - 
aql 34, 
ap 1 ap 
G *_ aq, 

(2.36) 

where A l,...,An_l#O and by (quasi) concavity &CO, lsisn-1. (Thus 
here is the same as A: in the proof of Proposition 2.3.) Denote the value 
the determinant 

4 0 al 
. . 

0 4-r a,-, 
al . . . an-1 2” 

by A. By an easy induction (or otherwise) one computes that 

” 

4 

of 

A=1 (2.37) 

The inverse of the first matrix (on the left) in (2.36) can be given explicitly as 
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1 
~ 

x 0 0 $iz 

1 0 0 --a,-1 

Ll A,- lllPllZ 

0 . . . 0 0 - idI 

-gi2 ... L -4-1 ll(Pl(2 - ll;l12 4 . . . i”I,lJ,14_ 

Applying this inverse to the right-hand side of (2.36), we get the formulas 

agi PL6i,m cri(nm-gm) 
-= 

ah 4 AllPI12 ' 

lSi,mSn-1, 

Setting 

&i aikn - 74 -= 
84. 41jP()2 ’ 

ag, %I-_g?n 

-=F’ ah 

lliln-1, -- (2.38) 

(2.39) 

and substituting in (2.35), we arrive at 

(2.40) 

Now let {p’}l,l be any sequence of points at which the demand f is 
differentiable such that pr+po. It suffices to show that from every such 

sequence one can choose a subsequence satisfying (2.5), so we can assume that 
the corresponding unit vectors b’(f), . . . , b”-‘(p’) also converge [the sequence 
b”(f) converges by definition]. Then the coefficients ci [equal by (2.39) to the 
inner product of a with b’(p’)] also converge to cp, 12 is n. Let us now 
assume that A.,(x(pO)) =0 for 15 i S k, A,(x(p’)) < 0 for i> k. By assumption 
cp #0 for 15 is k. Moreover, by the Fenchel conditions for concavity 
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[Fenchel (19X), Kannai (1981) and see the proof of (2.2)] ai(X(P”)) =O for 
15 is k. Also, P = -;1<0, and &(P’) ~0. Hence it follows from (2.40) that 

(V,laP,)(L+ - 00. 

Remark. The assumption in the n-commodity case of Theorem 2.1 that PO is 
strictly positive can be dropped by basing the proof of that Theorem on eq. 
(2.40). 

Example 2.4. In order to show that (2.2) does not hold even in the two 
dimensional case if the partial derivatives of u are not assumed to be positive 
[and that (2.5) does not hold if a is perpendicular to a principal flat 
direction] consider the strictly quasi-concave function u = x2 -x’: near the 
origin. Choose o = 0. Then the demand is given by 

fl(Pb Pz) = -4- 1’3(P1/P2)1’3> fi(P1YPZ) =1/P, +4- 1’3(P11P*)4’3. 

As p converges to p” =(O, l), afl/ap, tends to - co, but afz/ap2 is continuous 
at p”. 

If n>2 then af,/ap, can have oscillatory discontinuities (even if uj>O for 
all j), as we see in 

Example 2.5. Consider the quasi-linear utility 

u= -x~/12-x,x~/2-x:x:/2-x~+x,+x,+x3, (2.41) 

and set o=O, I =O. Differentiating (2.41), we see that near the origin, ui > 0 
for lsis3, uiisO for lsis2 (u~~=O), and 

u,,u,,-u:,=2x:+x:+o(x:)+o(xlx:) (2.42) 

near the origin. Hence the ordering represented by u is strictly convex near 
the origin, and the demand is differentiable except at prices p” for which 
fl(po) = fi(po) = 0 [e.g., p” = (1, 1, l)]. Solving for 8x,/ap,( = 8f2/8p2) we see 
that 

ax2 x:+x: 
apz=p2x:+x:+qx:)+qxlxq)~ 

(2.43) 

Hence (dx,/apz)(pr) +,~/2 if pr+po is such that x,(p’)zO [e.g., p’= 
(1- 1/3r3, 1, l)], whereas (ax,/apJ(p’)-+p if xl(p’)=O [e.g., p’=(l- l/2?, 
1-3/r, l)]. 

Without concavifiability one cannot hope even for (2.1), as shown by our 
next example: 
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x,-a-x: 

u= 1-q . 
(2.44) 

[The ordering induced by (2.44) is a very slight modification of the strictly con- 
vex, non-concavifiable ordering exhibited by Fenchel (1956).] Differentiating 
(2.44), we get 

u 4x: 
ai=I-x, 

-~ 
1 -x1’ 

2u 12x: 
ll- _- 

11-(1-x,)2 l-x, 

1 
u2 =l-_x13 

(2.45) 
8x: 1 

-(l_x,)2’ u12=(l-x,)2’ u22 - -0. 

Choosing x7 =O, a >O, xz > a, we see from (2.45) 
and that 

&1- 2u1u2u12+u:u22= - 
12x: 

(1 -xA3 

that ui >O, u2 >O, near x0, 

(2.46) 

[so that the ordering induced by u is indeed strictly convex, and the demand 
is not differentiable at prices p” for which f(p’) =x0]. Using (2.7), (2.45) and 
(2.46) in (2.16), we compute that 

af2 4X:X, 12x:x, u2 8x$ 16x: 
-= 
ap2 (l~~~3+(1-x1)s+(1-x1)2+(1-x1)~-(1-x1)~+(l-x1)2 1 
i[(~~~~3]=[(1I:~,2('-~)+o,il~]l[~~~~~3] 

Hence 

so that 

lim afz=+a. 
p+po ap2 

3. The weakly convex, Cl-Lipschitzian case 

In this section we drop the requirement of strict convexity, so that demand 
may be set-valued. If f(p) is a set and x is a bundle in the relative interior 
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of f(p), we cannot approximate the behavior of demand near x by the 
derivatives of demand at prices near p, even when such derivatives exist. 
Nonetheless, under a smoothness assumption slightly weaker than the one 
used above, we can obtain an upper bound on the Giffen effect even in the 
set-valued case. It was shown in Jordan (1982) that if preferences can be 
represented by a concave utility function, then the demand for a commodity 
cannot ‘jump’ in the same direction as a change in its own price. We will 
show here that if the utility function is also C’, and its derivative is 
uniformly Lipschitzian on compact subsets of X, then the geometrical 
argument used in that paper can be strengthened to show that demand 
cannot have an infinite slope in the wrong direction. 

To motivate the result, consider the two-commodity case and two price 
vectors p” =(py, pi) and p =(py +S,p$ which differ only by an increase of 6 
in the price of commodity one. Let x0 of and x~f(p), with x1 >xy, so 
that commodity one is, for these two price vectors, a Giffen good. This situa- 
tion is depicted in fig. 1 which is drawn under the additional assumption that 
xy -ol >O. At the beginning of the proof of Theorem 3.1 below, we will derive 
as a simple consequence of concavity that (xi -x:)/6 5 [(A - ~‘)/S](X: - 0,)/1’, 
where A0 and I are the Lagrange multipliers: Du(x’) =l”po and Du(x)=Ap. 
The difference quotient (A- A’)/6 can be bounded above as follows. Map 
x onto the budget line p"(y -COO) = I and map x0 onto the budget line 
p(y-o) =I, as depicted in fig. 1. Denote the resulting commodity bundles x0 
and xb respectively. By revealed preference u(x”) Zu(x’) and u(x)~u(x~), so 
u(x~)-~(~~)>=u(x~)-~(x). Hence by concavity, Du(x”)(x”-xb) >=Du(x”)(x”-x). 
The vector (x0-xb) is simply p” multiplied by a scalar which is O(6), SO by 
the Lipschitz condition, the distance IIDu(xb)-Aopoll is also O(6). Similarly 
(Y-x) is p multiplied by a scalar which is O(6), and \\Du(x”)-Ap\l is O(6). 
This approximation can be applied to the above inequality to obtain an 
upper bound on the difference quotient (&A’)/& and thus on the Giffen 
effect (x1 -x$/S. In fact, since the Lipschitz condition is uniform on compact 
subsets of X, this upper bound is also. 

Theorem 3.1. Suppose that 2 is non-satiated on X and is representable by a 
utility function u:X+R which is concave and has a derivative which is 
uniformly Lipschitzian on compact subsets of X. That is, for each compact set 
K CX there is a constant c such that 

for all x’, XE K. Then for each compact set K CX there exists a constant k 
such that for each p”, p E R” with py #p, and py =pj for all j> 1, and each 

x0 E f (p’) n K, x E f(p) n K 

(XI -x:)/(~l -P:) <k/((lpOI] +/II). 
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p”(y-0) =I 

\ 
p(v-w)=l 

Fig. 1 

Remark. The term (Ip’II+IZI arises from the zero degree homogeneity of 
demand. Given (x,-x$ the price change (pl -py) can be made arbitrarily 
small by resealing p” and I. 

Proof: Let K be a compact subset of X, let POE R”, and let X’EK n_f(p’). 

Since u is non-satiated and f(p’) # 4, ((poll #O. Let 6 >O and define p= 
(P’:+&P%..., p,“). Let x E f(p) n K, and let &=x1 -xy. We need to construct 
k>O, independent of p”, p, x0, and x, such that 

48 < k/(llp”ll+ III). (*) 

If ES 0, (*) will hold with k = 1, so we will assume that E > 0. 

Since x0 and x are interior maxima, there exist 1’ > 0 and 1>0 with 
Du(x’) = A"po and Du(x)=Ip. Since u is concave, 

U(X) - u( x0) 5 I”po( x - x0), and 

u(xO)-u(x)SAp(xO-xx), so 

;lOpO( xo - x) 5 np( x0 - x). 

Since 1’>0, this inequality can be written 

(p”-p)(xo-x)~p(xo-x)[(~-lo)/lo], or 

hEsP(X’-X)[(n - tt”)/no]. 

Since u is concave and non-satiated, the budget constraint holds with 
equality, so 
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p(xO-x)=pxO-ppo-I=(p-pO)xO-p%-ppw 

(3.1) 

Hence 

The term (x7-q) is clearly bounded on K, so it remains to study the term 
(A- ;1O)/2O6. 

We will temporarily restrict attention to values of 6 satisfying a certain 
upper bound. Of course, the extension to large values of 6 will be direct. Let 
c,=max{~y,--~0~~: ~EK}, and choose 0~ y <dist (K, Xc), where Xc denotes 
R”\X. Let O<c,<l. Then if 6<c,l(p’((, p”p=((po((2+~p~~(Ipo(2-6(p~l>= 

ll~~11~-~)I~~ll >(I --2)ll~0112. Therefore (~cJP~P)(~P~~~ <WU -c2)( P’[( <c1c21 I 
(1 -c2). Hence, if c2 is small enough so that c2/(1 -c2) <y/c,, and 6<c211poII, 

then (~c,/P~P)((P~(( <Y. Al so, if 6 <c2((po((, ((P((’ = /p”(12 + 26pY+ ii2 Z((P~((~ + 
26)(p”ll +d2 <IIp”I12(1 +2c2 +cz)= l(p”l12(1 +c~)~. Therefore /pII <llp”ll(l +c,), so 

(&,/p”p)IIpII <c,c,(l +c2)/(1 -c2). Hence, if c2 is small enough so that 
c,(l +c2)/(1 -c2) <y/c,, and 6 <c2JJpoJI, then (~c,/p~p)lJpJJ <y. Hence, we can 
fix O<c, < 1, independent of p’, so that if 6 <c2((poII, then (6c,/p”p)l~po~~ <y 

and (wP~P)((P~~<Y. 
Assume, temporarily, that 6 <c,)lp’\\. D e me xs=x+[6(x1 -wJp’p]p and f 

xb = x0 - [6(x: -o,)/p”p]po (see fig. 1). Since 6 < c211poll, x0, xb~ X. Also, pox’= 

pox + 6(x, - WJ = pox + (p -p”)(x - CO) = p’o + I, so by revealed preference, 
u(x”) 1 u(x’). Similarly, pxb =pw + I and u(x) 2 u(xb). Therefore 

Thus [6(x, - w,)/p”p]Du(x”)p 5 [6(x: - o,)/p”p]Du(xb)pO, so 

(x1 -o,)Du(x”)p~(x~-ol)Du(xb)pO, or 

(3.2) 

If xy---r=O, then (3.1) implies that (*) holds with k=l, so we will assume 
that xy - wr > 0. The proof in the opposite case is symmetric. By the uniform 
Lipschitz condition on Du over the compact set {y E R":lly -XII s;r for some 
x E K), there is some c3 > 0 such that 
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That is, 

II~u(x”)-~Pll<C~~CE+(X~--W1)IIIPIJIP”P, 

p&+~“Po~) <cd(x’: -%)lIPOlllPOP. 

Together with (3.2), these inequalities imply that 

C~+~~~--01~1C~-~~~C~+~~~--01~I/P”Pl~~P~~2 

~~~~-~,~c~“+~,~~~~-~,~lPoPl~~Po~~2. 

Since E > 0, this implies 

so 

To bound the 

~“llpolI >cg, so 
term let Occ,cmin{llDu(y)ll:y~K). Then IIDu(x”)(I = 

+W%(l +c*)*/(l -c2)3%IlIIPoII. (3.3) 
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Let c, =c,{ .}. Then (3.3) and (3.1) imply 

W) <C7/j(P0(I? (3.4) 

under the restriction that 6 <c,IIp”II. 
If 6 ~c,I(p~jj, then since &<I+, E/B < c5/c211poII. Combining this inequality 

with (3.4) yields 

(3.5) 

To incorporate 111 in the denominator, note that there is some cs >O such 
that if q E R” and r > csllqll, then {y E K: q(y - CO) = I} = 4. Therefore 

(((P’([+ (I()-‘2U +c,)((~~l()-‘, so by (3.5) 

s/d <kMIIPOII + ($3 

where k=(l +c,)max {c7,c5/c2}. Since the constants cr,. . . ,c8, which com- 
pose k, depend only on K, this completes the proof. 0 

The Lipschitz condition on DU is essential to the result. It is possible to 
construct a two-commodity concave C’ utility function which violates the 
Lipschitz condition and the conclusion of the Theorem. Fig. 2 illustrates the 
preference relation and demand correspondence of such an example. The 
endowment of both commodities is zero, and the price of the second 
commodity, y, is normalized to unity, so the bud et constraint is: px + ~50. 
For P<O, the demand is f(p)=(l-&, p( J” -p-l)), and at p=O, the 
demand is the set {(x,y): x5 1, y=O}. Thus the Giffen effect is unbounded at 
the price vector (0,l). (The example can be rotated and translated so that 
prices, demands, and marginal utilities are positive.) The detailed construc- 
tion of this example, which is rather lengthy, is contained in an earlier 
version of this paper [Hurwicz et al. (1986)]. 

Fig. 2 
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