Chapter 28

INCENTIVE ASPECTS OF DECENTRALIZATION*

LEONID HURWICZ

University of Minnesota, Minneapolis

1. Resource allocation as information processing

A resource-allocation mechanism is sometimes viewed as a gigantic information
processing system. Such a system utilizes the knowledge dispersed among eco-
nomic agents concerning their preferences, technologies, and endowments in
order to determine how resources should flow. Information is transmitted be-
tween economic units and processed by them through computations which result
in allocative decisions. Alternative mechanisms can then be compared in terms of
their efficiency in processing information adequate for optimal decisions. It is
from this point of view that Hayek (1945) stressed the merits of the competitive-
market mechanism. The informational aspects of resource-allocation mechanisms
were formalized and analyzed in a number of papers in the last twenty-five years
[Hurwicz (1960), Mount and Reiter (1974), Reiter (1974a, 1974b), Hurwicz (1972,
1977), Walker (1977), Osana (1978), Sato (1981), and Jordan (1982)].

From an informational point of view an economic mechanism may be thought
of as an exchange of messages. In line with the titonnement idea, an outcome is
determined when the exchange of messages is in a stationary position.

Denote by .#' the “language” of the messages to be used by agent i. Then the
process of exchanging messages may be represented by a system of difference
equations of the form

m‘;+1=f"(m},...,m;';e), t=0,1,..., ie{l,...,n}=N,

where n is the number of agents, ¢ represents the economic environment (prefer-
ences, endowments, technologies) and mie #' for all r=0,1,..., and all
ieN={1,...,n}!

*This research was partially supported by National Science Foundation Grant No. SES-8208378.
1£i is called agent i’s response function.
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A message n-tuple m = (m',..., m") is stationary if it satisfies the equation
system

m'=f'(m',...,m";e), i€EN. (1.1)

Denote by Z the space of conceivable resource allocations. Then, given the
stationary message n-tuple 7, the resulting allocation 7 is determined by the
outcome function h: A — Z, where? A = H1 X --- X #", 50 that

7= h(m).

The response functions f' are assumed to be defined for environments e which
are elements of a class E of a priori admissible environments. An adjustment
process for E is then defined as 7 = (MAL,..., A" fL,..., f" h).

Note that the ith equation of the system (1.1) may be interpreted as defining a
correspondence p': E = .# such that

mepi(e), m=(ml,...,m"),
if
m'e fi(m!,...,m"e).

In turn, we also have the correspondence p: E = .#, defined by

mep(e) ifandonlyif me () ui(e).
ieN

In this formulation a message n-tuple m is stationary (or: equilibrium) for e if
and only if

mep(e).

A mechanism is then defined as (., p, k) where p =N, yp' and .# may, but
need not, be a Cartesian product of some 4 '’s.

Historically, the economists’ interest has been focused on informationally
decentralized mechanisms. An adjustment process is said to be privacy-preserving
if each response function f’ depends only on the characteristic e’ of the ith
agent. Typically, e’ is defined in terms of the endowments, preferences, and
technologies of that agent; e.g. e’ = (w', R’, T*) where «' is the ith agent’s initial
endowment, R’ his/her preference relation, and T his/her technology. We may

24 is called the message space.
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then write
mf+1=fi(m1,,...,m;';ei), t=0,1,..., i€N.

It is understood that (e',...,e")=e.
A corresponding formulation of the privacy-preserving property in terms of the
equilibrium correspondences is

u(e)= N wi(e),

ieN

where, this time, p': E‘=> #, and E’ is the a priori admissible domain of
characteristics of the ith agent. Naturally, we have E = E! X --- X E™,

A message mechanism x = (M, p, h; E, Z) on the class of environments E to
an outcome space Z defines a correspondence, say F: E = Z, by

Fle)={z€Z:z=h(m),mep(e) forsomeme /4 },

for every e in E. F is said to be the (static) performance correspondence of the
message mechanism.? Given a correspondence G: E = Z and a message mecha-
nism x, we say that x realizes G over E if F(e)+ 0 and F(e)C G(e) for all e in
E. We say that x fully realizes G over E if F(e)#/0 and F(e)=G(e) for all e
in E.

It is important to note that the static aspects of performance depend on the
response functions but only through the equilibrium message correspondence p.
Le. if two n-tuples of response functions generate the same p, then the resulting
performance correspondence will be the same.

Much of the traditional welfare economics takes a mechanism (e.g. perfect
competition) as given and investigates the properties (e.g. Pareto-optimality) of its
(static) performance correspondence.

More recently, the reverse problem has come under investigation: given a
correspondence F: E = Z, viewed as a social desideratum, are there mechanisms
which (fully) realize it? In particular, one question has been whether there exist
decentralized (privacy-preserving) mechanisms realizing the Pareto correspon-
dence over “non-classical” sets of environments, such as those with indivisibili-
ties, non-convexities, externalities, etc., where the competitive mechanism is
known to fail. On the other hand, for the “classical” environments, in which the
competitive mechanism is known to realize the Pareto correspondence, the
problem has been whether there exist mechanisms that are informationally
equally or more efficient (e.g. with message spaces of lower dimension) but that

3Mount and Reiter (1974) and Reiter (1977).
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still realize the Pareto correspondence. The realization of other correspondences
(e.g. those that are individually rational or envy free) has also been studied.

2. Decentralization in economies with public goods

The preceding analysis treats the economic agent as an information processing
(communicating, computing) unit. But this, of course, is very inadequate, since
economic agents also have motivations and preferences and their levels of
satisfaction depend on the allocative decisions. Because of the dispersion of
knowledge, it is usually possible for an economic agent to transmit false informa-
tion, If this possibility is ignored in the design of a mechanism, the system is
likely to malfunction. In early discussions, this danger became particularly
obvious in two situations: the behavior of enterprise managers in Lange—Lerner
socialist economies,* and in the Lindahl scheme of allocation of public goods.®
For our purposes, the latter problem constitutes a particularly convenient point of
departure.

Consider an economy with two goods (a public good Y and a private good X)
and n agents, n>1.% The ith agent’s initial endowments are denoted by 'y, &’y
€ R, and the preferences are represented by a utility function’ #’(x’, y) which is
strictly increasing in each of its arguments. (x’ is the total amount of private good
available to agent i; y is the total amount of public good available to all agents.)
The private good can be used as an input to produce the public good. This
technology is expressed by the input requirements function g: it takes g(y) units
of X to produce y units of .8 For instance, we may think of X as leisure—labor,
and y as measuring the width of a road to be constructed; then g(y) is the
number of units of labor required to construct the road of width y. (We ignore
the costs of maintenance and crowding effects.) Denote by ¢ the work contribu-
tion by the ith agent, so that the amount of good X available to this agent after
the contribution is

x'=wl — 1.

An allocation (x\,..., x", y) is feasible if

n
g Y, t=o-x, i=1,...,n.
i=1

4Weitzman (1974), Fan (1975), Bonin (1975) and Gindin (1970).

5Lindahl (1919), Samuelson (1954), Malinvaud (1971), Dréze and de la Vallée Poussin (1969), and
Groves and Ledyard (1977).

$The public goods aspect is trivial for n =1.

"The representability of preferences by utility functions is convenient but not always essential. The
analysis can often be carried out in terms of preference relations. [See e.g. Hurwicz (1979).]

8The function g will be called-the input requirement function. It is the inverse of the production
function for the public good.
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The well-known Samuelson condition states that an interior allocation
(x,...,x", y) is Pareto-optimal for a differentiable utility function with u’, >0
for all i and a differentiable input requirements function g only if

3 ——uygj; =g'(»),

i=1 Uy

where u;, u’ are the partial derivatives with respect to x’ and y (marginal
utilities) respectively. (Since u’. > 0 for all i, Pareto-optimality also requires that
Yti=y)

A particularly simple case is obtained when constant returns prevail, so that
g(y) = ky for some k > 0. It is then possible to choose the units of commodity
measurement so that k=1, so that g(y)=y. In what follows we shall often
confine ourselves to this case.

A number of allocation systems and equilibrium concepts for economies with
public goods have been considered in the literature. These include the “equi-
librium with subscription” [Malinvaud (1972, pp. 213-214)]° and Foley’s “public
competitive equilibrium” [Foley (1970, p. 67) and Malinvaud (1972, pp. 215-218)].
The former is in general not Pareto-optimal. The latter is Pareto-optimal under
classical assumptions, but it has been characterized by Milleron (1972, pp. 432,
453) as “an interpretation of Pareto optimum’ rather than “a true definition of
equilibrium”; as pointed out by Malinvaud, it is a partly cooperative solution,
somewhat analogous to the concept of the core.

The best known concept of a decentralized Pareto-optimal equilibrium was
proposed by Lindahl in 1919.1

Lindahl’s “positive solution” ! can be interpreted'? in terms analogous to those
involving the Walrasian auctioneer as follows. The auctioneer calls out a proposed
price vector ( pi,..., p,) where p, is the price to be paid for each unit of the
public good Y by agent i. The agent treats the price parametrically, and
calculates his demand (%, ) by maximizing u’(x’, y) with respect to its argu-
ments subject to the budget condition x’+ yp; < &, + «! p,. Equilibrium is ob-
tained when all agents’ demands for the public good are equal, i.e. j*=--- = "
Under classical assumptions, such equilibrium is Pareto-optimal.’*> However, as
stressed by Samuelson'* there is the problem of incentives: “It is in the interest of
each person to give false signals, to pretend to have less interest in a given

9See also Milleron (1972, pp. 451-453), Groves and Ledyard (1977, p. 789, ex. 2.1), and Roberts
(1976).

101ndependently proposed by Bowen (1943).

1 0Of the ‘just taxation’ problem,

128ee Johansen (1963).

13 Foley (1970); and Milleron (1972).

Y4 Samuelson (1954).
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collective consumption activity than he really has, etc.” Furthermore, the objec-
tions he raised applied not only to the Lindahl solution but to any decentralized
solution. (In fact, the relevant section of Samuelson’s paper is entitled “Impossi-
bility of Decentralized Spontaneous Solution”.!>) Was Samuelson’s impossibility
claim correct? And was he right in contrasting'® the impossibility when public
goods are present with the self-policing nature of markets for private goods?

To try to answer these questions we shall first formulate them in an analytically
tractable manner, with sufficient generality to apply both to public and private
goods, and to a variety of mechanisms.

3. Mechanisms (game forms) and implementation of social choice rules

Let E, i€ {1,...,n}, n>1, denote the class of a priori admissible characteris-
tics!” for agent i, and E = E'X --- X E" denote the class of a priori admissible
environments (economies). It is assumed that the E*’s, and hence E, are known to
the designer. The designer also knows a social choice rule F, i.e. a correspon-
dence!® from E to the set o of conceivable'® outcomes (resource allocations).
The designer’s task is to find a mechanism whose outcomes would, in some sense,
implement (or be acceptable for) F.

But what is meant by a mechanism in this context? In this exposition, we shall
think of the (game) mechanism or game form as an ordered pair (S, #) where
S=81x ... x8% §'is the strategy domain of the ith agent, and & an outcome
function®® h:S — /. (We shall see subsequently how this game mechanism can
be related to the notion of a message mechanism [an adjustment process] as
defined above in Section 1.) We shall assume that the agents participate in a
non-cooperative game, with the S*’s as their strategy domains and with the ith
“payoff function” v': S — R defined by v'=u’o h, where u’ is the ith utility
function u’: o/ — R.?! [Note that the domain of the utility function is the set .7
of conceivable outcomes. For selfish preferences this can be reduced to the ith
agent’s component z* of the outcome z = (z1,..., z"), z € ]

More generally, instead of a utility function, one may merely postulate for each
agent a preference ordering on &7, to be denoted by @i or R’

15See Samuelson (1955).

160p. cit., p. 389.

17 Typically, the characteristic ¢’ of the ith agent is given by e’ = (C', &', R, ¥¥) where C' is the
consumption set, w' the initial endowment, R’ the preference relation, and ¥’ the production
possibility description.

8By hypothesis, F(e)+0 for all e € E.

¢/ includes all outcomes known to be possible, but may be broader.

20 Called by Gibbard (1973) a “game form”.

2LR is the set of real numbers.
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We define the game (S;h,e) generated by the mechanism (S, 4) in the
environment e as the game I' = (S; IT) in which S’ is the strategy domain of the
ith agent, S=S8'X --- XS" h:S— R is an outcome function, and the payoff
relation 11, , of the ith player is given by

s'IT, ,s” < h(s’)R'(e)h(s”) for s',s”€S.

Here R'(e) is the weak preference relation of the ith agent in the environment e.
E.g. in a pure exchange economy, if &= (él,...,é"), & = (&', R"), then R'=
Ri( é).22

Then a list (n-tuple) of strategies s* € S, s* = (s*1,..., s*"), is called a Nash
equilibrium for the game (S; h, e) if, for each i € N,

h(s*)R'(e)h(s*/s',i) forall s'eS’,
where

(s*/t,i)=(s*,...,1,...,5*"),

with ¢ in the ith place.?® h(s*) is then called a Nash equilibrium outcome for
(S; h, e) (for a Nash equilibrium allocation when & is a space of allocations).

The set of all Nash equilibrium strategy lists for the mechanism (S, &) in the
economy e is denoted by g ,(e); it is a subset of S.

The set of all Nash equilibrium outcomes for the mechanism (S, %) in the
economy e is denoted by A ,(e); it is a subset of /. In fact, A ,(e)=
h(vs, p(e)).

We say that a mechanism (S, &) implements or is acceptable for® the social
choice rule F in the class of economies E, if, for all e € E,

Hs,n(e) =0, (3.1)
and
Hs,x(e) S F(e). (32)

[Recall that, by hypothesis, F(e)#/0 for all e € E.]

—i

228’ is called the ith agent’s characteristic. & is that agent’s initial endowment, and R’ his/her
preference preordermg (a total, reflexive, transitive binary relation). «’ R’ ¢’/ means that agent i either
prefers a’ to a”’ oris mdlfferent between them.

BWhere N = {1,..

24Equ1va1ently, s H,, g(s*/s i) for all s e S" and all i € N.

Z5At times, to avoid ambiguity we use the expressmn Nash-implementation. In Hurwicz and
Schmeidler (1978) a mechanism is called acceptable if, in the sense of the above definition, it is
acceptable for the Pareto correspondence.
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We say that the mechanism (S, #) fully implements the social choice rule F for
the class of economies E if, for all e € E,

‘/V:S‘,h(e) ;eﬂ’ (31’)
and

Hs,n(e)=F(e). (3.2))

Le. the inclusion in (3.2) of the definition of acceptability becomes an equality.
[Since F(e)+ /0 by hypothesis, (3.1") follows from (3.2’), but we have shown it
explicitly for the sake of parallelism with the previous definition.]

We may note that when F is a (single-valued) function, the two definitions
coincide.

Denote by P'(e) the strict preference agent i in e, and by A(e) C & the set of
outcomes possible when the environment e prevails. As usual, an outcome Z € &/
is Pareto-optimal in e if

s€ A(e),

and there is no z’ € A(e) such that z’Ri(e)Z for all i€ N and z’P/(e) 2 for
some j € N.

In the earlier period of investigation, the question asked was relatively modest.
Given the class of a priori admissible economies E, does there exist a mechanism
(S, h) such that, for each e € E, every Nash equilibrium outcome is Pareto-opti-
mal in e? To avoid triviality, it is natural to add the requirement that the set of
Nash equilibria, and hence Nash outcomes, be non-empty for all e € E. As above,
when these two conditions are satisfied, we say that the mechanism (S, 4) is
Pareto-acceptable for E.

Groves and Ledyard, in their path-breaking contribution (1977), constructed a
Pareto-acceptable mechanism for a wide class of economies,?® with three or more
agents, containing public goods. Hurwicz and Schmeidler (1978) and, indepen-
dently, Maskin (1977) undertook a systematic study of the existence of Pareto-
acceptable mechanisms.

Paradoxically, it was discovered that, for the case of two agents, n =2, if all
strict preference orderings were a priori admissible in E, then only dictatorial
mechanisms were Pareto-acceptable for E. [See Theorem 1 and Corollary 1 in
Hurwicz and Schmeidler (1978, p. 1451) and Theorem 1 in Maskin (1977).] By
contrast, many non-dictatorial Pareto-acceptable mechanisms could be found
when there were three or more agents [see the kingmaker outcome function in
Hurwicz and Schmeidler (1978, p. 1452) and Example 1 in Maskin (1977)].

2For the nature of this class, see Groves and Ledyard (1980).
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Once it became clear that, for n > 2, Pareto-acceptable mechanisms do exist,
ambitions expanded. In particular, it was noted that in the Groves-Ledyard
mechanism, an agent’s utility at equilibrium could be lower than at the initial
endowment,?’ i.e. that the requirement of individual rationality was violated. This
was in contrast to the properties of such traditional equilibria as Walras or
Lindahl. Both of these give each agent the option of not trading (i.e. staying at the
initial endowment), hence they do satisfy individual rationality.

Formally, when F is a class of pure exchange economies with initial endow-
ment allocation w(e), a social choice rule F: E = & is individually rational in E
if, for all e € E, and every z € F(e),

zR(e)w(e) forall ieN.? (3.3)

The same definition can be used in a more general setting, with w(e) interpre-
ted as some type of reference allocation (e.g. status quo). We shall denote by I(e)
the set of all allocations z satisfying (3.3).

4. Revelation mechanisms and dominance equilibria

The new problem then is whether, for a given class of environments E, there
exists a mechanism (S, &) such that, for any e € E and any z € A ,(e),

ze P(e)n I(e),

where P(e) and I(e) are, respectively, the sets of Pareto-optimal and individually
rational allocations in e.

This issue was already studied in Hurwicz (1972) in the context of Edgeworth
Box examples (pure exchange, two goods, two persons). However, the formulation
there introduced an additional requirement, which in present-day terminology
could be expressed as the requirement that (S, ) be a revelation mechanism. A
mechanism (S, &) is said to be a revelation mechanism for E=E'X --- X E", if
Si= E’ for each i € N, where E’ is the class of a priori admissible characteristics
for the ith agent.?’ Hence a revelation mechanism for E can be written (E, k). A

27See Groves and Ledyard (1980, p. 1487).

281t is not obvious how to define individual rationality in an economy with production. For a
possible interpretation of this concept, see Hurwicz (1979b, p. 159).

29This usage of the term “revelation mechanism” corresponds to that of Green and Laffont (1979,
p. 50, definition 4.3) except that we use characteristics where they use valuation functions. Dasgupta,
Hammond and Maskin (1979, p. 188) use the term “direct mechanism” in the same sense as our
“revelation mechanisms”.
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revelation mechanism (E, h) for E is said to be compattble with (or natural for)
social choice rule F, if for every e € E,

h(e)e F(e),

where F is the social choice rule to be implemented. (Note, it is legitimate here to
have e as an argument of /4 because in a revelation game S = E.)
In particular, if the social choice rule F is a (single-valued) function, then

h(e)=F(e) foreach e€E,

and the revelation mechanism compatible with F becomes (E, F), since here
S=F and h=F.

Let the ith agent’s frue characteristic be denoted by é’. In games of revelation
to be considered it is understood that

é'eE' forall ieN.

This means that the true characteristic is a priori admissible (otherwise the
designer is misinformed!) and also, since S'= E‘, i € N, that each agent has the
option of using the true characteristic as his strategy. On the other hand, unless
E' is a one-element set (which case we shall exclude), he also has the option of
using as his strategy some element &’ of E' which is different from é’.

This raises the question whether the true profile é=(él,...,é") is a Nash
equilibrium for the revelation mechanism (E, /). Le. the question is whether, for
eachie N,

h(é,...,é")Ri(e)n(e!,. ..,eé") forall &' eE"

[Note that R(e) depends on e’ only. In fact, usually, e’ = (C’, &', R, Y).]
We say [see Hurwicz (1972)] that a direct mechanism (S, &) is incentive-compat-
ible on E if truth is always a Nash equilibrium in E, i.e. if

ve 4(e)#0 and "e€wg ,(e) forall e€E.

[A more stringent requirement would be {e} =, ,(e) for all e € E, i.e. that truth
be the only Nash equilibrium.]

Now denote by L(e) the set of Lindahl allocations®® in the economy e. Then L
is a social choice rule (the Lindahl Social Choice Rule). We may note for later

*See, e.g. Johansen (1963) and Hurwicz (19792, 1979b). In the two-good economy described in
Section 2, ¢ = (C’, o', R"); <y and L(e)={(x¥', y),EN 1) (%, y)EC’ for all i€ N, and (2) for
some (py,...» Pu)s and all ieN,if (x',y)eC and x'+ yp; <l + & ', P;» then (F, PR (e)( X', p)).
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reference that

L(e)c I(e),

i.e. a L is always individually rational,® and, under classical assumptions,

L(e)c P(e),

i.e. a Lindahl allocation is Pareto-optimal. To simplify exposition, let us suppose
that, for each e € E, there is a unique Lindahl allocation, also to be denoted by
L(e). Thus, now L is a function. Then the Lindahl mechanism, to be dis-
tinguished from the Lindahl social choice rule L, is the (unique) revelation
mechanism natural for L, namely (E; L).3? I interpret Samuelson’s critique as the
claim that truth is not a Nash equilibrium for this game, i.e. that the Lindahl
mechanism is not incentive compatible.

In a moment, we shall see that Samuelson’s claim concerning the Lindahl
mechanism was correct. But, somewhat surprisingly, it turned out that this was
due not, as many thought, to the peculiar features of the public goods but rather
to incentive problems that arise for private goods as well. This latter fact was
shown in Hurwicz (1972). Consider a pure exchange economy with two private
goods and two traders. First let the (revelation) mechanism require the agents to
report their characteristics el, e?; given these the outcome function dictates the
Walrasian (competitive) allocation corresponding to e = (e, e?), to be denoted by
W(e).?® Assume w(e) & P(e), i.e. a non-optimal initial endowment. [For the sake
of simplicity suppose that the competitive allocations are unique (i.e. that W(e) is
a singleton for all e € F).] Then, if the a priori admissible class e is sufficiently
rich, truth turns out not to be a Nash equilibrium. Thus the Walrasian (competi-
tive) process, viewed as a revelation mechanism, was seen (in this special case) to
be not incentive-compatible. But this fact turned out to be a special case of a
more general phenomenon: for n =2, pure exchange, two goods, any revelation
mechanism guaranteeing Pareto-optimality and individual rationality3* is not
incentive-compatible if E is sufficiently rich.?®

31Because it leaves each agent the freedom not to trade.

32 This mechanism can be interpreted as follows. Each agent is asked to report his characteristic e,
Given the reports €,..., e", the allocation prescribed by the mechanism is the Lindahl allocation for
the economy in which ¢!,..., ¢” are the agents’ characteristics.

331.e. we require the mechanism to be compatible with the Walrasian (competitive) social choice
rule. In a pure exchange (“Edgeworth Box”) economy where e’ = (C’,«/, R’), we have W(e)=
{(2,...,2"):(1) ' € C' for each i, and (2) there exists ( py,..., p,) such that, for all i€ N, if z' € C'
and p,z' £ p,o, then Z'R'(e)z'}.

341.e. compatible with P(e) N I(e).

35Although there are truthful equilibria when the initial endowment w(e) is Pareto-optimal.
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More precisely, for n =2, pure exchange, two goods, if (S, &) is a revelation
mechanism for E (ie. S=E) and

Nsp(e)SP(e)nI(e) forall ecE,
and if the class E is sufficiently rich, then

e& g ,(e),

unless w(e) € P(e).

Now, when there are two agents, the geometry of the Edgeworth Box so helpful
for private goods has a close counterpart in the Kolm (equilateral) Triangle, using
barycentric coordinates [Kolm (1964) and Malinvaud (1971)]. Using this fact,
Ledyard and Roberts (1974) showed that the phenomenon just described for a
private goods economy also occurs in a two-agent economy with two goods, one
of which is public, and where constant returns prevail in producing the public
good, using the private good as input.*

Thus they showed that for such public goods economies (n = 2), all revelation
mechanisms guaranteeing Pareto-optimality and individual rationality over a
sufficiently rich class of environments, are not incentive-compatible. In particular,
since the Lindahl mechanism does have these two properties, it is not incentive-
compatible.’’

Thus the Samuelson claim turns out to be correct, although for reasons not
related to the presence of public goods!*®

The results so far discussed are very specialized. A number of generalizations
have been obtained. The impossibility results just cited for n = 2 were extended
by Ledyard (1977) as applied to “core-seeking” mechanisms for arbitrary »n. See
also Satterthwaite (1976) and Dasgupta, Hammond and Maskin (1979, p. 198
thru Section 4.4.1).%°

36See Section 2. An analytic example is given in Roberts (1979, p. 289).

371n fact, the geometry of Lindahl equilibria in the Kolm Triangle is completely analogous to the
geometry of the Walrasian (competitive) equilibria in the Edgeworth Box (price line, double tangency,
etc.).

3 However, the similarity between the public and private goods economies appears to break down
as the number of agents n — oo. For private goods, Postlewaite and Roberts (1976) showed the
competitive mechanism (which has individually rational equilibria) to be, in a sense, asymptotically
incentive compatible. By contrast, Roberts (1976) found that, for public goods, mechanisms accept-
able for individually rational choice rules (such as Lindahl) are not asymptotically incentive compati-
ble. [However, when the individual rationality requirement is abandoned, asymptotic incentive
compatibility is possible. This is shown to be the case in certain economies for the pivotal mechanism
with rebates in Green, Kohlberg and Laffont (1976).]

3This theorem drops the requirement of individual rationality but requires a broader class E than
used in Hurwicz (1972) and an additional condition for » > 2. See also Hammond (1979) for related
results in “large” economies, i.e. those with a non-atomic measure of space agents.
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Furthermore, it was discovered that there is a close relationship between
incentive-compatibility as defined above and dominance-equilibria.

Let I'=(S,7) be a game with the strategy space S=S!X --- X S" and a
payoff function 7 = (7%,...,7"). Then s* is said to be a dominant strategy for
player i if

wi(s,*,s)i()gwi(si,s)i() forall s5,€8', s5,€8%,

where $7(=81x -+ X §7tx §i*1x ... X §" Similarly, when % is an outcome
function, s* is a dominant strategy for the game (S; A, e) if

h(s,.*,s)i() Ri(e) h(s;,sy,) forall s,€8', 5, €87

s*=(sf,...,8¥) is said to be a dominance equilibrium if s* is a dominant
strategy for each i € N.

The discovery was the following: if, for a direct revelation mechanism (E, k),
truth is a Nash equilibrium for all e € E, then truth is a dominant strategy for
every agent.*’ Thus such truthful Nash equilibria are dominance equilibria, and a
search for incentive-compatibility is a search for dominance equilibria.

Moreover, as shown by Dasgupta, Hammond and Maskin (1979, theorem 4.1.1,
p. 194),*! given a mechanism with dominance equilibria, there exists an equiv-
alent*? direct mechanism in which truthtelling constitutes a dominance equi-
librium.

One approach, pioneered® by Vickrey (1961), Clarke (1971), and Groves
(1979), is focused on the design of mechanisms for which truthtelling is a
dominant strategy. It turns out that such mechanisms can be designed, at least for
the class of “parallel” preferences, i.e. preferences representable by utility*

408ee d’Aspremont and Gérard-Varet (1979, theorem 1, p. 31) and Dasgupta, Hammond and
Maskin (1979, theorem 7.1.1, pp. 209-210). In Gibbard (1973, p. 595) a game form is called
straightforward if every player always has a dominant strategy (so a dominance equilibrium exists).

“I'The construction is used in Gibbard (1973, p. 596) and in Green and Laffont (1977, p. 434, proof
of theorem 5).

“2See Dasgupta, Hammond and Maskin (1979, p. 189). Let (S, g) be any mechanism possessing
dominance equilibria in games (S; &, e) for e in E, and let s*: E — S be a (single-valued) selection
from the dominance equilibrium correspondence. Then the composition h=gos* defines the
outcome function of the corresponding revelation mechanism. This mechanism (£, h) is said to be
equivalent to (S, g) if, for all e€ E, e € 4 (e), ie. truth is an equilibrium for all environments.
However, it may happen that (S, /) is compatible with F while (E, ) is not. [See Dasgupta,
Hammond and Maskin (1979, p. 195).]

“3With Jacob Marschak as a precursor; see Groves (1979, p. 50, footnote 11) and Green and Laffont
(1979, p. 36).

44 Called quasi-linear or transferable.
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functions linear in the private good (which can be thought of as numéraire). Let
the ith agent’s preferences be represented by the transferable utility function
u'(x’, y)=x"+v,y), where x’ is the amount of private good retained (after
taxes) by i, and y the level of the public good available to everyone. v'(-) is called
the ith valuation function. [Our terminology differs somewhat from that used by
Green and Laffont (1979) because they subsume the costs of a project in the
valuation function.] Equivalently,

u=w —t'+v,(y),

where ¢’ is the tax (contribution) paid by the ith agent. For any individual agent
this tax may be positive, negative, or zero. But if no outside funds are available
[assuming the input requirements function g(y)= y, i.e. constant returns prevail
and measurement units are normalized (see Section 1)], taxes must satisfy the
feasibility requirement

iv

y.

n
re
i=1
Furthermore, an allocation is not Pareto-optimal unless the equality holds, i.e.

Yoti=y.

i=1

[See Groves (1979, p. 47, proposition 2, condition (a)). The notion of Pareto-opti-
mality used by Groves and in our text differs from that in Green and Laffont
(1979, p. 33) where the utility of the public agency [an additional (n + 1)st agent]
permits Pareto-optimality even when Y ¢/ > y.]

If the valuation functions are concave, at a Pareto-optimal allocation, the
expression

—y+2o(y)

must be maximized. (For differentiable »,’s and an interior optimum this yields
the Samuelson condition in the form

Toi(y)=1)
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On the other hand, if 2t'= y and the expression — y +2.,0,(y) is being maxi-
mized, then the allocation is Pareto optimal.*’ Thus, for transferable utilities, the
maximization condition determines the optimal values of the public good, inde-
pendently of the distribution of tax burdens. If § is an optimal value of the public
good, then an n-tuple (¢,...,¢") of taxes is Pareto-optimal if and only if it
satisfies the conditions

n .
Y =9,
i=1

and*6

t'z2—w. forall ieN.
Consider now a revelation mechanism with the initial endowments known to
the designer. Under the assumptions made, the only aspect of the ith characteris-
tic unknown to the designer is the ith valuation function, v,. Therefore, the space
E' may be identified with a set V' of the a priori admissible valuation functions
for agent /.
An outcome function for such a mechanism is of the form

h:ViX .- XV*">R"XR,,
so that
hi(vg,e,0,)~ (XL, x", p).

We shall write x' = h, (vy,...,0,), y="h (v,...,0,).

Revelation mechanisms independently proposed by Clarke (1971) and Groves
(1970) have the remarkable property that truthtelling is a dominance equilibrium
when preferences are representable by utility functions linear in the private
good.*” Furthermore, these mechanisms have the following additional property.

Let w; denote the valuation function reported (whether truthfully or not) by
agent i. Then, in the above mechanism,

h(wy,...,w,)
maximizes the expression

—y+2w(y)

“3Assuming that, for each i € N, C' = R% and ¢’ > — w!, (C’ = the ith agent’s consumption set). Cf.
the corresponding theorem in Groves (1979, p. 47, proposition 2).

46Again assuming that each agent’s consumption set C' = R2 (the non-negative quadrant).

“TSee Groves (1979, corollary, p. 51).
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with respect to y. Le. for all (wy,...,w,)EVIX -+ X V™",
hy(wl""’wn)=mf‘x|:—y+Zwi(y)]'

But truth constitutes a dominant strategy for each agent. Hence we have, at
dominance equilibrium,

w,=0, forall i€N,

13 13

where o; is the true valuation function. So, there exists a dominance equilibrium
such that the value of § maximizes the expression [— y +Eil'),-( )], hence p is
Pareto-optimal (with regard to the true preferences).

However, the fact that § is Pareto-optimal does not imply that the allocation
(x%,..., x", 9) produced by these mechanisms is Pareto-optimal. As seen above,
for Pareto-optimality it is necessary that

p=2t=Y (wy—x'). (4.1)

The latter condition is not satisfied by the “pivotal” (Clarke) mechanism. Now
the pivotal mechanism is a special case of a class called the Groves mechanisms. It
turns out that, under certain conditions on the families ¥/ of a priori admissible
valuations, the search for mechanisms whose dominance equilibria yield Pareto-
optimal outcomes can be confined to Groves mechanisms.*® But, unfortunately, it
has been found that every Groves mechanism will violate the balance condition
on large classes of profiles.*’

“¥See Green and Laffont (1977, corollary 3, p. 433; 1979, theorem 4.5, pp. 63—64), Walker (1978),
and Holmstrom (1979). A sufficient condition [Holmstrom (1979, theorem 2, p. 1141)] is that
V=V1x--- XV" be a convex set in the space of valuation n-tuples. This condition is satisfied in
cases underlying the results due to Green and Laffont and to Walker where ¥, consists of all
continuous functions or all strictly concave (or convex) functions, or all concave quadratic functions
on a convex subset of R’

Holmstrém (ibid., theorem 1, p. 1140) also shows a weaker condition (that ¥ be “smoothly
connected”) to be sufficient.

On the relationship of the previous conditions, see Green and Laffont (1979, p. 65, footnote 15) and
Holmstrém (1979, p. 1142).

49See Green and Laffont (1979, theorem 5.3, p. 90). Walker (1980, theorem 1, p. 1531) shows that
the “failure set” is everywhere dense on a space of concave valuation functions when this space is
endowed with any topology weaker than the strongest topology in which vector addition and scalar
multiplications are continuous. Analogous results for private goods, pure exchange economies are
presented in Hurwicz and Walker (1983). See also Hurwicz (1975a, 1975b, 1981) for impossibility
results when n = 3.

However, the balance condition may be satisfied on sufficiently small classes of profiles. See Groves
and Loeb (1975) and Hurwicz (1975a, 1975b, 1981). These cases involve economies with three or more
agents. For impossibility results for two agents, sece Green and Laffont (1979, p. 94) and Hurwicz
(19752, 1975b, 1981).
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To present these results more formally, it is convenient to switch to a model of
public decision-making which subsumes the inputs (costs) of producing a public
good under the more general rubric of a public decision (project).>

Formally, this reduces the problem to that of a “costless” project, but at the
expense of increasing the dimensionality of the space in which the project is
defined.

Thus, let ¢, ¢’ < w, i=1,...,n, be such that 2.7_,c'=y, y=0. Then the

H

“project” z =(cl,..., c"; y) requiring the ith agent to contribute ¢’ units of the
private good to the production of y-umnits of the public good is feasible. Suppose
that proposal p combines this project with a transfer scheme (rl,..., r") where,
for each i € N, r, is the compensation (in terms of the private good) paid to agent
i. Then the utility of the proposal to the ith individual is u’[ p]=u'(wy— '+
r’, y). When u' is linear in the private good, we may write this as
wipl=wy—c'+r'+¥(y).
Alternatively, we can write
ulpl=wi+ri+e(z), i€N,
where
z=(c%...,¢%y) and g@(z)=-c'+¥(y).

Since x‘ = w' — ¢'+ r’, i € N, the feasibility condition,

y+Xxi< Yok,
becomes

y+Z(w}—c"+ri)§Zw")(.
i

Hence
y=Yc+Yri<0 or Yc—-yzYrl

But, by construction, Y.¢’ — y = 0. Therefore, the feasibility condition becomes

Y ri<ost (4.2)

i=1

%See Green and Laffont (1979, pp. 29-31; p. 42, footnote 9; p. 52, footnote 5; pp. 74-75).
' Here and subsequently we shall ignore the implications of individual feasibility requirements, viz.
that X' =o'y —c'+r' 20, i€N.



1458 Leonid Hurwicz

Thus, in this formalization, the public decision ( project) is a point z=
(c',...,c"% y) in the (n+1)-dimensional Euclidean space R"*! satisfying the
condition

Z ¢'= Y (43)

and a proposal is a point p = (c!,...,c" y; rl,..., r") in the (2n + 1)-dimensional
space R2"*! satisfying the conditions (4.2) and (4.3).

Somewhat more generally, and reverting to the customary notation,* a proposal
is defined as a point g = (r1,..., r"; y) where y is an element of a set Y of feasible
projects and X7, 7' <0. As before, for preferences representable by utility
functions of the form

u'lql=r+vi(y), iEN,

v;(-) is again called agent i’s valuation function.

The a priori admissible class of i’s valuation function is denoted by V.

In a revelation game, an individual’s strategy is an element w’ of V% A
mechanism then is defined as a function

h:Vix---XV">R"XY,
so that

h(wy,...ow)=(r',...,r" y) with Y rigo.
i=1

Write w = (wy,...,w,) and r=(r,...,r"). For (r, y)=h(w), we shall use the
notation r'=h"(w), i€ N, r=h"(y), and y = h”(w).

Example

Although we have come to this model through a re-formalization of a particular
public goods problem, it has in fact much greater generality, as long as we retain
the freedom of choosing a suitable set Y. In particular, a pure exchange economy
with k +1 goods and selfish preferences can be modeled by choosing

Y=R¥X --- X R* (n times).

Here, for y €Y, we write y=(y',...,y"), y'€R* i€ N, and require that
=0

2 Thus from now on y here corresponds to z = (c!,..., ¢”; y) above (not to y above) and Y can be
either multi- or one-dimensional; v; here corresponds to ¥; above (not to v, above).
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Furthermore, the utility functions are made selfish by postulating that, for
every yeY,

v,(y)=8.(y"),
for some functions b,,..., 7.

Clearly, this represents a pure exchange model with (7, y') as the net trade of
agent i and the agent’s selfish utility function (in terms of net trades),>

wl(rl, y1) =+ 0, 7).

Going back now to the general model, we note first that* a proposal
(#,..., #" ) is Pareto-optimal if and only if

F=0, (4.4)

it

and
Z )= Z (y) forall yevY. (4.5)

Let wy,...,w,, w,&V', i €N, be the agents’ reported (possibly false) valuation
functions.

A Groves mechanism uses an outcome function A: V!X --- X V"= R"X Y,
such that (i)*
n n
L w((w)z Xw(y) forall yev,
i=1 i=1

and (ii) for each i € N, there exists a function g,;: V!X -+ X VI"IxpVi*l5 R
such that

ri(w)= Y Wi(hy(w))_gi(w)i()'

J#Fi

3See Walker (1980, section 5, p. 1534) and Walker (1977). I have also benefited from private
communications with Walker on th.lS subject.

%4 See Groves (1979, p. 47, proposition 2). Note again that the “if” part of the statement ignores the
lower bound restrictions (due to considerations of individual feasibility) on the x'.

35 Writing w = (wy,...,w,) and Wy = (Wi s Wi 1, Wi 1500 W)
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Le. the public decision y* =h”(w) chosen by a Groves mechanism maximizes
(over the set Y) the sum of reported valuations.® Clearly, if the reported
valuations are truthful (w, =0, for all i € N), then y* will be a Pareto-optimal
value of the public decision. Now,” truth is a dominant strategy for every agent.
It follows that, for a Groves mechanism, there exist dominance equilibria yielding
Pareto-optimal public decisions. I.e. if 4 is a Groves mechanism outcome func-
tion, then there exist some reported valuation lists w*€¥V1x --- X V" Fe€ R",
Yr_,#'=0, such that (1) w*=0 (true valuation list), (2) w* is a dominance
equilibrium, and (3) (F, h”(w*)) is Pareto-optimal. However, this does not imply
the optimality of (r*, y*)= (h’(w*), h”(w*)) because optimality requires that
>.r*’ <0, about which so far nothing has been said. (Note that 7 above need not
equal r*))

Example

As mentioned above, the pivotal (Clarke) mechanism is a Groves mechanism. To
define it, it is sufficient to specify the “alien” component function g; appearing in
the definition of the compensation function 4" for a Groves mechanism.

For each i € N, let p** denote the maximizer of . G=Wi(y)over ¥, ie.

Y w(y**)z Lw(y) forall yevY.
J*i J-i
Then, for the pivotal (Clarke) mechanism, we have
gi(w)i() =- Z wj(.Yi**)'
i
Thus, for this mechanism, the ith compensation function is given by

ri(w) = ¥ ow(y*)— L w(n**),

J*i J*EI

where y* maximizes 2 _ ,w,(y) while y** maximizes 2.
the maximization is over Y.

It is instructive to apply this in the special case where Y is a two-clement set,
say Y = {0,1}.%° Normalize w,(-) so that w,(0)=0, and write w,(1) = w,. Then®

;=W (»); in both cases

56 Revelation mechanisms with this property are called direct revelation mechanisms in Green and
Laffont (1979, p. 51, definition 4.4).

57See Groves and Loeb (1975), Green and Laffont (1979, pp. 56-57, theorem 4.1).

58Gee Green and Laffont (1979, pp. 42-43; p. 52, definition 4.7).

39The interpretation is that 1 represents undertaking a specific project and 0 not undertaking it.

60See Green and Laffont (1979, p. 42).



Ch. 28: Incentive Aspects of Decentralization 1461

the function A, for the pivotal mechanism becomes

8:(wyi )=max( Y wj,O).

J#i

It turns out that the compensation ' paid to agent i is either zero or — I): e |,
and the latter can be the case for some agents®® at a dominance (truthful)
equilibrium. Hence it can happen at equilibrium that

n

Y ri<o,

i=1

and this inequality implies absence of Pareto-optimality. Thus the pivotal mecha-
nism does not guarantee the Pareto-optimality of the equilibrium allocation
(r*, y*) it generates, although the choice of y* itself is Pareto-optimal.5

Contrary to what one might have hoped, this difficulty is not remedied by
broadening the horizon to the class of all Groves mechanisms. The fact that there
exists no Groves mechanism such that the compensatory payments balance when
the sets V7 are unrestricted, is demonstrated®® in Green and Laffont (1979, p. 90,
theorem 5.3). On the other hand, a balanced Groves mechanism®® was con-
structed by Groves and Loeb (1975) for the case where Y= R and the valuation

functions are quadratics,
v(y)=-3y2+6y, i€N,

with 8, € R, provided #N > 3.

The requirement that #N >3 is essential: when there are only two agents,
balance cannot be achieved even for quadratic utility functions.®®

Such results raise the question of conditions under which Groves mechanisms
are balanced and hence Pareto-optimal. A necessary and sufficient differential

611t is the case for the “pivotal” agents. An agent i is “pivotal” if the sign of L} _,w, is different
from that of X, .. ;w;, namely where one of these sums is non-negative while the other is negative.

$2In the sense that there exists some allocation (7, y*) which is Pareto-optimal. However, in
general, 7 # r*.

63 Explicitly, for a two-element set Y.

541e. such that A"(w)=0forall we ¥Vt x ... X V",

5Green and Laffont (1979, pp. 94-95).
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condition for a class of differentiable valuation functions is given in Green and
Laffont (1979, p. 96). It makes possible the direct testing of specific classes of
environments.

So far we have been focusing on Groves mechanisms. But negative results
concerning Groves mechanisms have broader implications. First, it has been
shown®® —under varying assumptions concerning the a priori admissible classes of
valuations V', i € N —that Groves mechanisms are the only revelation mecha-
nisms for which truth is always a dominant strategy. But even going beyond
revelation mechanisms does not alter the situation materially as long as we insist
on dominance equilibria. This is so because®’ given a mechanism (S, #), using an
arbitrary strategy space S=S!X --- X S§" and possessing a dominance equi-
librium s* = (sf,..., s*) over the environment E = E'X --- X E", there exists a
corresponding revelation mechanism (E, g) in which truthtelling is dominant.
Furthermore, the outcome generated by the truthtelling equilibrium correspond-
ing to s* yields the same outcome, hence preserves Pareto-optimality.*®

Thus the difficulty arises as soon as one demands a mechanism with dominance
equilibria. Such a mechanism will be subject to the same difficulties that would
arise for Groves mechanisms. It has already been seen that there do exist®
families of valuation functions for which balanced and truthtelling Groves
mechanisms exist, hence Pareto-optimality can be guaranteed. But are such cases
typical or exceptional? Answers to this question are provided in Walker (1980).

To formulate the relevant results one must specify the topology to be used on
the space V=V1x --. X V" of valuation function profiles.

Walker requires V' to be a subset of C(%), the set of all continuous
real-valued functions on 2/ (the space of public decisions). Let ¢ be the largest
topology in which C(%/) is a topological vector space, and let ¢ be the topology
on V' inherited by ¥’ as a subspace of C(#). (£ is called the vector space
topology on V%)

Walker’s Theorem 1 assumes n > 2 and ./ a convex open set in R’ and uses
V= ... =V" with V! the set of all strictly concave valuations on .2/ which
attain a maximum on 7. Then, for any Groves mechanism, the set of profiles in
V1x -+« X V" for which the mechanism yields non-Pareto-optimal outcomes is
everywhere dense™ in V!X ... X V. The same proposition is valid for any
mechanism where truth is a dominant strategy.

% Green and Laffont (1977, theorem 3, corollary 3; 1979, theorem 4.5, pp. 63—64), Walker (1978),
and Holmstrom (1979). See footnote 49.

67See footnote 41.

68See, however, Dasgupta, Hammond and Maskin (1979, pp. 189, 194-195) concerning complica-
tions due to additional, possibly non-optimal, equilibria.

%% Quadratic in the public good, linear in the private good (see above).

In the product topology £ or in any topology £ such that ¢ C £.
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Now, as mentioned above, mechanisms with dominance strategies can be
transformed into revelation mechanisms where truthtelling is dominant. Given a
mechanism (S, #) for E with a dominance equilibrivm (s§,..., s*), we define a
mechanism ( E, g) with truthtelling dominance equilibria, where

gle)= h(s{"(el),..., s,’,“(e”)),

and e’ is the characteristic of the ith agent.

This transformation yields a strengthening of Walker’s Theorem 4 which, under
the same assumptions on &/ and the V'’s, asserts that any mechanism yielding
dominance equilibria will have an everywhere dense set where optimality fails.

However, a stronger conclusion is obtained if the mechanism yielding domi-
nance equilibria is continuous and each V' a compact subset of C(Y). In that
case, Walker’s Theorem 5 states that the (“good”) set of profiles with Pareto-opti-
mal outcomes is closed and nowhere dense in V!X -+ X V. Thus here the
failure set is open as well as everywhere dense.

The results so far discussed show that, generally speaking, one cannot hope for
both dominance equilibria and Pareto-optimality. Several alternative directions of
tesearch have been explored, including asymptotic properties of mechanisms as
the number of agents tends to infinity,” sampling procedures,’> and Bayesian
specifications.” '

These directions attempt to preserve, to the extent possible, the availability of
dominance or truthful equilibria, possibly at the expense of other desirable
properties of mechanisms.

5. Pareto-optimal Nash equilibria in economies with public goods

On the other hand, one may sacrifice the dominance equilibria and accept the
weaker type, namely the non-cooperative Nash equilibria discussed above. This
time, however, the mechanism is not one of the revelation type; hence, Nash
equilibria do not become dominance equilibria.

The pioneering contribution in this direction is due to Groves and Ledyard
a977).

The Groves and Ledyard idea may be illustrated by a mechanism close to (but
not identical with) theirs. Consider again a three-person economy with two goods
(a private good X and public good Y'), and constant returns in producing Y from

' Bowen (1943), Green, Kohlberg and Laffont (1976), Green and Laffont (1979, pp. 157-188). For
private goods, see Roberts and Postlewaite (1976).

72Green and Laffont (1979, pp. 213-227).

See, for instance, d’Aspremont and Gérard-Varet (1979a, 1979b) and Arrow (1977).
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X, the input—output coefficient normalized to 1. Assume a differentiable (but not
necessatily transferable) utility function, denoted for the ith agent by w'(x’, y).
Let each agent’s strategy domain be the set of reals. Denote the ith strategy
domain by .#° (here .#'=R, i=1,2,3) and its elements by m, Write m =
(my, my, my), and A = M' X M? X M3. The outcome function is defined by the
tax functions T/, i=1,2,3, and the public good function Y. Given the strategy
triple m = (m,, m,, m,), agent i pays tax equal to ' = T'(m), and the amount of
public good produced is y = Y(m). Now specify these functions as follows:
T'(m)=m}+2m;m,, i=1,2,3, i#j*k+i,
Y(m)=M?,
where
M=m+m,+m,.
Note first that the balance condition is satisfied because, for every m € M,
3 3
Y(m)=M*=Y (m? +2mjmk) =) Ti(m).
i=1 i=1
Now examine the first-order necessary interior Nash equilibrium condition,
dv'/dm;=0, i=1,2,3,
where v’ is the payoff (indirect utility) function defined by

v'(m) =u'(l — T'(m), Y(m)).
Hence

0=0v'/0m,=ul-(-T/)+ul-Y, =123,
where

T =0T/ dm,, Y, = 3Y/m,.

Using the outcome function specified above, this yields

whe(—2m)+ul-2M=0, i=1,2,3,
and hence

u,/ul=m;/M, i=1,23.
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Summing, we obtain the Samuelson condition

3 3 3
Yului=Y m/M=Y m|M=M/M=1.
i=1 i=1 i=1

Thus, subject to the verification of second-order condition, we see that —locally at
least—-a Nash equilibrium allocation is Pareto-optimal. )

For a precise version the reader is referred to Groves and Ledyard (1977, p.
796, esp. (4.3)—(4.4)), of which earlier version was circulated in 1974.

In a subsequent paper Groves and Ledyard (1980) (an early version was
circulated in 1975) gave sufficient conditions for the existence of Nash equilibria
in their model. As they point out, these conditions are slightly stronger than those
required to prove the existence of Lindahl equilibria. Furthermore, the taxes may
leave the consumers worse off than they had been with their initial endowments.
Le. the Groves—Ledyard mechanism is not individually rational.

6. Implementing the Lindahl correspondence

One is thus led to ask whether there exist alternative mechanisms whose Nash
equilibrium allocations are not only Pareto-optimal but also individually rational.
Also, it is of course desirable that equilibria exist for a wide class of economic
environments.

All of these desiderata would be fulfilled if it were possible to design a
mechanism whose Nash equilibria generate Lindahl allocations. We know already
that this cannot be accomplished by a revelation game that is “natural for” (or
“compatible with”) the Lindahl correspondence. But there do exist mechanisms
whose equilibrium allocations are precisely those of the Lindahl solution. Before
describing them, a brief digression concerning feasibility.

In the public goods economies described above, there are two feasibility
conditions: (a) “aggregate”, y=2"_¢', and (b) “individual”, ¢ < «., for each
i=1,...,n. Translated into properties of outcome functions, these become (a’)
Y(s)=27_,T(s) for all s in S, and (") T(s)< !, for all i in N={1,...,n}
and all s in S (where S=S'X --- X S" is the Cartesian product of individual
strategy domains). Condition (a’) is referred to as balance, and condition (b’) as
individual feasibility.

Consider now the conventional scenario with the Lindahl analogue of a
Walrasian auctioneer (Section 2). The auctioneer announces an n-tuple p =
(P1---» P,) >0, X7_. p, =1, of personalized prices; for each i =1,...,n, the ith
agent responds with the desired net trade commodity bundle (x’, y’) such that

xi+Piyi§Os
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and (x', y’) is individually feasible.” In the usual interpretation, each agent treats
the price parametrically and acts as if expecting to receive the requested bundle.
Such a situation may be formalized as what has been called a quasi-game.” In a
quasi-game there are two types of participants —not only the players (here, the n
economic agents), but also non-players (here, the auctioneer). Each participant
has a strategy domain. The ith agent’s domain may be the set of individually
feasible trades Z'= {z':z'> — '}, and the auctioneer’s domain may be the
price space P = {(py,...,P,)E R, : Zt=1 p;=1}. Thus, in conventional notation
the (n + 1)-tuple of strategies is S =(S%,..., 8", S"*)=(z},..., z", p). Suppose
that the outcome function for the ith agent is given by

h(s) =z' if (1,p)z'<0, i=1,...,n,
=0 otherwise,

and the auctioneer’s outcome function by

B+1(s) = ( Y - Y x’)

JEN JEN

where j ranges over the set N’ of those agents j for whom (1, p/)-z/ < 0. (Thus
the auctioneer is supplying y = )y jEN,xf in exchange for the tax revenue of
x =2 X’ In effect, the auctioneer is also the producer or, at least, the
supplier of the public good or service.)

What we have described so far is not yet a quasi-game, but only a mechanism
(outcome function) which is individually feasible but not balanced’” and involv-
ing a non-player participant. To define a quasi-game we must specify the
participants’ behavior rules. For each player, as usual, we define a payoff (indirect
utility) function,

v'(s)=u'(hi(s)), i=1,...,n,
where u' is the utility function (assumed to be strictly increasing) of the ith agent
in terms of net trades. The auctioneer’s payoff function may be defined as

v"*1(s) = (= max |y~ yl)-maxp,,
i,keN’ i

where p, >0, Vi, and L/_, p,=1.

e (¥, y)z — o = —(,0).
73 Hurwicz (1979b).
76Since it is not in general the case that y* =% _ y.x/ for all k such that x* + p, y* <0.
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A Nash equilibrium s* of this quasi-game is defined, as usual, by
v(s*)zv'(r,s7/s*)() forall s"€S’, r=1,...,n,n+1.7

It is clear that the Nash equilibrium s* for the outcome and payoff functions
specified above is characterized by: (1) y*'=-.. = y*" (= y* say) since other-
wise v"*! is not maximized with respect to s"*! = p; (2) x* + p¥y* =0 for all
i=1,...,n; and (3) u'(x*, y*) 2> u'(x’, y’) for any (x’, y*) satisfying the budget
constraint x’+ pX*y’ <0, since otherwise v’ is not being maximized with respect
to 5= (x’, y’). Note also that the last condition implies that, at a Nash equi-
librium, prices are treated parametrically.

Thus Nash equilibrium for this quasi-game yields a Lindahl equilibrium. But
there are two features considered unsatisfactory by some. The first objection is to
the introduction of a non-player participant, the auctioneer. This participant has
a strategy variable but his payoff function is artificial - corresponding to the rule
that the price vector should be chosen so as to equalize the agents’ demands for
public service. But it is not obvious how seriously to take this objection, since the
role of the auctioneer could be programmed for a computer.

The second objection is to the lack of balance in the outcome function. When
the agents’ demands y!,..., y" for public good are not all equal, the actual supply
y (here equal to 2 e ~-x7) must be different from y’ for some i. The allocation
z'=(x', y') = h(s) specified by the outcome function is therefore different from
the allocation that would in fact be made, say ' = (xi,ZjEN,xj) if x'+p,y'<0
or Z = (0,0), otherwise. One would, in effect be assuming that the agents are either
acting in ignorance of what the actual outcome would be, or willing to act on an
“as if” basis. Such lack of realism can only be avoided by constructing a game
that is balanced.

Thus it becomes of interest to know that a balanced outcome function can be
constructed to implement the Lindahl correspondence. Indeed one need not use a
separate auctioneer or any other non-player participant.’®

7. Balanced outcome functions without an auctioneer

For n =3, and without satisfying the individual feasibility condition, such out-
come functions were constructed by Hurwicz (1979a) and Walker (1981). In

7" Hurwicz (1979b) gives a somewhat more general definition of Nash equilibrium in a quasi-game.

78In fact, the issue of constructing balanced outcome functions implementing a Pareto-optimal
individually rational social choice rule without an auctioneer arose first in the context of implementing
the Walrasian correspondence and was accomplished for n >3, although without satisfying the
individual feasibility condition, by Schmeidler (1976).
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Hurwicz (1979a) one may think of agents as arranged in a circle, with each agent
setting the price (acting in effect as an auctioneer) for his /her neighbors.”

At the same time each agent proposes the level of the public good. Thus agent
i’s message is of the form m'= (p,, y;), where y, is the proposed level of the
public good and p, > 0 will serve to determine the price to be paid by certain
agents other than i. Specifically, the Lindahl price to be paid by agent j is®

Rj(m) =1/n+pji1— Pjs2

where j is taken modulo n. (Le., n+1=, 1, n+2=, 2, etc.) The outcome
function is defined as follows:

n
Y(m) = Z yj/na
Jj=1
and

. 2 2
X’(m) =- Ri(m)‘Y(m)_Pi(J’i_ J’i+1) + Pi+1()’i+1" Yi+2) »

i=1,...,n.
As is necessary for the Lindahl prices in this normalized model, we have
Zn_‘, R,(m)=1 forall m,
i=1
and hence
£ X(m==(m) £ R(m)= £ pr )

n
2
+ Z Pi+1(yi+1 - )’i+2) .
i=1

Now the last two terms cancel out and so
n .
Y. Xi(m)=~Y(m)-R,(m)=—Y(m).
i=1

Hence the mechanism is balanced.®!

7Thus every agent is forced to treat the price parametrically because, at a Nash equilibrium, the
other players’ strategies are taken as given.

8m=(m!,...,m"), m'=(p,, ), i =1,..., n. All summations, unless otherwise indicated, are from
1 to n.

81The balance is essentially due to the presence of the term p, ;(y.1— Yi42)? in X'(m). Note
that this term cannot be influenced by agent i when n> 3. (For n=2, y,,,=1y,)
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On the other hand, it is not the case that (X'(m), Y(m))-= 0 for all m. Hence
the mechanism does not satisfy the condition of individual feasibility.**

It turns out that, at a Nash equilibrium m* = {(y*, p¥)}/-,, we have, for every
i, y*=y* or p¥=0, and hence

X(m*) = = R(m*)Y(m*),

which is the Lindahl budget equation.

It was then shown that, for n >3, the mechanism so constructed (fully)
implements the Lindahl correspondence.

A simpler mechanism, using a smaller message space,®® was constructed in
Walker (1981). Here each player has a one-dimensional strategy (message) space
M, = R. The outcome function is given [with m = (my,..., m,)] by

Y(m)=Ym,

3

and (in terms of net trades)

X'(m)=—Y(m)-g'(m),
where
g'(m)=1/n+m, ,— m;

is the ith agent’s Lindahl price [with 2¢'(m) =1], again outside the control of the
ith agent. The balance property follows from Y X'(m)= —Y(m)Lq'(m)=
— Y(m) for all m. Again, however, individual feasibility may be violated.®* For
n = 3, this mechanism is shown to (strongly) implement the Lindahl correspon-
dence. It is obvious that® it does so with a message space of minimal dimension.3¢

Neither of the preceding two mechanisms implements the Lindahl correspon-
dence when there are only two agents, and both violate the condition of
individual feasibility. But we shall now see that either one of these defects may be
avoided.

$2In Hurwicz (1979a) the preference relation >, was extended to all R?, so formally the
mechanism was well-defined, and individually feasible in terms of extended preferences. But there is
no realistic reason why an agent would prefer one infeasible bundle to another.

8 And having other advantages, see Walker (1981, p. 66, footnote 2). In addition, Walker shows how
to generalize this mechanism to many agents and goods and more general production relations (ibid.,
pp. 68—69).

84Sce Walker (1981, p. 67, footnote 3) where, however, the point is made that an interior
equilibrium has a neighborhood on which feasibility is assured. The same applies to Groves and
Ledyard (1977) as well as Schmeidler (1976, 1980) and Hurwicz (1979a).

85For a sufficiently rich class of environments.

86 Cf. Reichelstein (1983).
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For an economy with two agents, a mechanism has been constructed by Miura
(1982).%” Here again m'=(p,, y,), i =1,..., n, and the outcome function is given
by 88

Y(m)=Xy,/n, X(m)=—(p/Lp,)¥(m) it [Ip=1,
while

Y(m)=Pj_1’ Xi(m)=—(p,./ij)Y(m) if nquél-

This outcome function is balanced under both regimes, but-like Hurwicz
(1979c¢) — it is discontinuous and violates the individual feasibility condition; also,
it uses a message space bigger than Walker’s (1981).% It does implement the
Lindahl correspondence for n = 2.%

Completely feasible implementation. The issue of implementation satisfying both
the balance and individual feasibility conditions (we call this completely feasible
implementation) is treated in Hurwicz, Maskin and Postlewaite (1980). It is shown
there that, for n >3, the constrained” Lindahl correspondence can be Nash-

8 This is a modification of the mechanism in Hurwicz (1979¢) which Miura (1982) showed to
contain an error. Hurwicz (1979) used the condition L7.., p; =1 rather thanTI}_, p; =1 to distinguish
between two regimes.

88A11 summations and products are from 1 to n.

89By an argument analogous to Hurwicz (1976, appendix 1) one can show that no smooth balanced
Nash implementation of any Pareto-optimal correspondence is possible for n = 2 with a 2-dimensional
message space.

20 Note that the previously discussed mechanisms [Hurwicz (1979) and Walker (1981)], for n > 3, are
not only continuous but even smooth. For n = 2, it appears that the Lindahl correspondence cannot
be Nash-implemented smoothly by a balanced outcome function [using an argument analogous to
Reichelstein (1984)).

9 n the setting of footnote 30, a constrained Lindahl allocation L ( e) for environment e, denoted by
L,(e), differs from an ordinary Lindahl allocation L(e) in that condition (2) is replaced by the
following (2'): for some (p;,...,p,) and all i € N, if (x', y) €C', x' + yp, <l + &, p;, and x' <
% ey, then (¥, 3) Ri(e) (x', y).

Analogously, an allocation (X;);c v, X; € R', and a price vector p constitute a (pure exchange)
constrained Walrasian equilibrium if

DIEN, p-X;=p-w;
(ii) i€N, x;R;x for all x g w, w=%w,, such that p-x < p-w;
(i) T, e v % = w.

Note that X; € R', represents total holdings (not the net trade) of the ith agent.

It is the condition “for all x < w” that distinguishes this from the ordinary Walrasian equilibrium,
since here the i th agent maximizes satisfaction subject not only to the individual budget constraint but
also constrained by the aggregate availability of resources in the whole economy. (Similar remark
applies to the condition x’ <X« in the definition of constrained Lindahl equilibrium.)
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implemented by characteristic profile strategies over a class of environments E
for which Lindahl allocations leave everyone with some private goods, i.e., such
that for each e in E,

W +L(e)=0,

where L’ (e) is the net Lindahl increment of private good X obtained by agent i
in the environment e.

In Hurwicz, Maskin, and Postlewaite (1980), a generic element of agent i’s
strategy space is of the form

(1 . o
si—(e,-,...,e,-”,yi), e,!—(w,./,R{),

where y; is i’s proposal for the level of public goods, and ¢/ s agent i’s
statement concerning agent j’s characteristic; w/ and R} are, respectively, j’s
X-endowment and j’s preference relation according to i. It is postulated that no
agent can exaggerate his own endowment, i.e., w/ < w, for all i. The outcome
function is formulated in such a way that only truthful unanimity as to endow-
ments can prevail at a Nash equilibrium. Once such unanimity as to endow-
ments has taken place, a game of type considered in Maskin’s Theorem 5
guarantees the Nash implementation of the (constrained) Lindahl correspondence
through the use of preference profiles as strategies.

The result obtained [Hurwicz, Maskin and Postlewaite (1980, theorem VII)]
applies to a class of performance correspondences broader than (constrained)
Lindahl; it is sufficient that they be individually rational and monotone;
monotonicity is also necessary by Maskin’s (1977) Theorem 2. This result pre-
supposes that there are at least three agents, that the endowments are semi-posi-
tive, and preferences strictly increasing.

Every Walrasian equilibrium is a constrained Walrasian equilibrium. Every interior constrained
Walrasian equilibrium is a Walrasian equilibrium.

When non-interior equilibrium allocations can occur, the (ordinary) Walrasian and Lindahl cor-
respondences are not monotone, hence [by Theorem 2 in Maskin (1977)] are not Nash-implementable
(see next page). The smallest monotone correspondences containing these are the corresponding
constrained correspondences. Hence they are the smallest supercorrespondences that have a chance of
being implementable.

22A performance correspondence F: # = A defined on the family % of preference profiles into the
feasible set 4 is said to be monotone if, for any a in A, and any two profiles R, R’, the following
holds: if (1) a€ F(R), and (2) aR,b implies aR}b for all ie{l,...,n} and all b€ 4, then
a € F(R’). Le. if a is F-desirable for profile R, and another profile R’ is at least as favorable to g as
R was, then g remains F-desirable for profile R’. [Here R =(R,,..., R,), R"=(Rj{,...,R,). “a is
F-desirable for environment ¢” simply means a € F(e). Maskin (1977) uses the term “F-optimal”.
“At least as favorable” here permits replacing preference by indifference.]



1472 Leonid Hurwicz

It may be noted that the “no veto power”®® condition used by Maskin in

theorem 5 is not necessarily satisfied by the Lindahl or other performance
correspondences to which Theorem VII of Hurwicz, Maskin, and Postlewaite
(1980) applies. However, it is shown that, under the assumptions made, the
“no-veto power” condition can be dispensed with.

Unfortunately, profile-using mechanisms require huge message spaces and are
discontinuous. However, it may be possible to construct continuous mechanisms
using smaller spaces, in a manner analogous to that used in Postlewaite and
Wettstein (1983) for the implementation of Walrasian correspondence, but this
question is still open. So is the problem of designing a feasible mechanism to
implement the (constrained) Lindahl correspondence when there are only two
agents.

8. Implications of Nash-implementability

We have already mentioned Maskin’s result that only monotone performance
correspondences are Nash-implementable. An example due to Postlewaite® shows
that the Walrasian correspondence containing boundary allocations is not mono-
tone; an analogous example could be constructed for the Lindahl correspondence.
It is for this reason that the Nash-implementability results are for “constrained”
Walrasian (respectively Lindahl) correspondences; these constrained correspon-
dences are the smallest monotone ones containing the Walrasian (respectively
Lindahl) correspondences.

Now it turns out that, in conjunction with other frequently made assumptions,
monotonicity has very strong implications. In particular, suppose that a corre-
spondence F is not only monotone, but also Pareto-optimal, individually rational,
and continuous, over a sufficiently rich class of preferences. If we are dealing with
pure exchange economies, it follows that

F(e)2W,(e) forallein E, (8.1)

where W, is the constrained® Walrasian correspondence and E 2 E 1, the class
of economies specified in Hurwicz (1979b).%¢ Similarly, if we are deahng with a

SA performa.nce correspondence F: & = A is said to have the “no veto power” property when the
following is true: if, for any a in 4, and R in 2, and for some i in {1,...,n}, we have aR ;b for all
be A and all j+i, then a € F(R). Le. if the prevailing preferences are such that g is the most
preferred altematwe either for all players or for all players but one, then a is F- desirable.

%4 Described in Hurwicz, Maskin and Postlewaite (1980).

95See footnote 91.

9 For n z 3 this can be proved [see Hurwicz, Maskin and Postlewaite (1980)] by using Theorem 1 in
Hurwicz (1979b) and Theorem 2 in Maskin (1977). However, a direct (unpublished) proof is available,
valid for all n > 1.
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public goods economy,
F(e)2L,/(e) forallein E,

where L, is the constrained Lindahl correspondence.

Now consider an arbitrary correspondence F which is continuous, Pareto-opti-
mal, individually rational, and Nash-implementable over E 2 E; . Since Nash-
implementability implies monotonicity, it follows that F D W, if we are in a
private goods, pure exchange economy, or that F QD L. in a public goods
economy. In other words a continuous, Pareto-optimal, individually rational
correspondence, which does not contain the Walrasian (respectively Lindahl)
performance correspondence, is not Nash-implementable. In particular, if F is
singleton-valued, continuous, Pareto-optimal, and individually rational, it is
Nash-implementable only if it is constrained Walrasian.®’

A partial converse is obtained under additional (convexity or starlike) restric-
tions on the outcome function [Hurwicz (1979¢) and Schmeidler (1982)].

If, in the above assumptions, fairness (in the sense of absence of envy) replaces
individual rationality, it has been shown by Thomson (1979) that analogous
conclusions obtain for a pure exchange economy, namely with formula (8.1) being
replaced by

F(e)2W,, (),

where W, ;(e) is the constrained Walrasian allocation that would follow equal
distribution of endowments.

Hence, if, in a private goods, pure exchange economy, F is continuous,
Pareto-optimal, and envy-free, it is Nash-implementable only if it contains W, ;.
Analogous results were obtained by Thomson for other concepts of fairness, e.g.
that of egalitarian equivalent [Pazner and Schmeidler (1978)]. Partial converses
were also obtained.

9. Private goods, pure exchange economies

The preceding exposition has been focused on the public goods problem. But
there are analogous results for private goods economies. The earliest balanced
outcome function Nash-implementing the Walrasian correspondence for n > 3 is
due to Schmeidler (1976). A slightly modified form [Hurwicz (1979¢)] works for
all n>2. Here the ith strategy m'=(p,, y,), where both components are of
dimension /—1, is an economy with goods X and Y [X one-dimensional, Y
(I —1)-dimensional]. p, is the price of ¥ while X is the numeraire.

*TFor a related result in “large” economies, see Theorem 5 in Hammond (1979).
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Given an n-tuple m = (m',..., m") of strategies, the set N of agents is parti-
tioned so that (1) if agent / has proposed a price vector p, that has not been
proposed by anyone else, then i belongs to the subset T, of N, and only such
“loners” belong to Tj; (2) if a price vector ¢ has been proposed by two or more
members of N, then all those proposing ¢ belong to the subset T(q).

Let q%,...,q* be the complete list of price vectors each of which has been
proposed by at least two agents, and write T(g")=T.. Thus N is partitioned into
subsets T, T7,..., T, with some of these possibly empty. The outcome function is
written

h(m)={X'(m),Y(m)}/"

Jji=1

If T, # N and agent i belongs to the subset T,, r € {1,..., k}, then

vim=y-( L y,-)/#T

JjeT,
X' (m)=—q"Y(m).

(This is precisely the Schmeidler rule.)
If T, is non-empty and i belongs to T;, then

Yi(m)=p,~P, X' (m)=-P-Y(m),
where

Ul

(This rule is different from Schmeidler’s rule for Tj,.)

This outcome function is balanced but outcomes need not be non-negative; i.e.,
individual feasibility is not guaranteed. But with regard to extended preference
relations, it (fully) Nash-implements the Walrasian correspondence for all n > 2.

The preceding outcome function is discontinuous. A smooth balanced outcome
function, also Nash-implementing the Walrasian correspondence (but again only
for extended preferences, hence violating individual feasibility) is given, for
m=(ml,...,m"), m'=(p, ), p; y; both (I —1)-dimensional vectors by A(m)
= { X(m)=(X'(m), Y(m))}!_,, as follows: for each i=1,...,n,

Yi(m) =Vi—)V-i»

where
o[z fon

X'(m)=—p_;-Y(m)=L'(m)+8'(m),
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where

-(zn /(n 1),

L(m)=(p,— p_)(pi—p_),

and S'(m), which does not depend on m’, is such that 2.7_, X’(m) =0 for all m.
Since 2.7_,Y‘(m) =0 for all m, the outcome function is balanced. The “penalty”
term L'(m) provides an incentive to equalize all price proposals, and the
“budget” term — p_,-Y'(m) prevents all agents from being their own price-
setters.”®

Completely feasible implementation. On the other hand, it is also possible to
Nash-implement the Walrasian correspondence by a balanced outcome function
without violating the individual feasibility condition, in a manner analogous to
that outlined above for the Lindahl correspondence. In fact, a more general result
is available. Assume 7 > 3, and consider a performance function® f (on a class E
of pure exchange economies) which is individually rational and Nash-implemen-
table by an outcome function g, on strategy domain D= D! X --- X D" when v
is a known endowment profile.

To implement f when the endowments are not known to the designer we give
the ith agent the strategy domain S’ whose generic element is of the form

__ 1 n
s, = (w-,...,w,- ,d,-),

where w/ is i’s statement concerning the endowment of agent ;,'® and d, an
element of D’. The outcome function on S=S,X +-- XS, (for the game in
which initial endowments are not known) is so designed that a Nash equilibrium
can occur only when, for all i, (w},...,w")=(&,...,®,) = the true endowment
profile. When such unanimity occurs, what remains is in effect the game form
(D, g,) implementing f on the assumption that the unanimously agreed endow-
ment profile v is the correct one.

%8An earlier version of Hurwicz (1979a) contained a “circular” variant, with X*(m)= —Y(m)-p,_,
— L' + a balancing term independent of 7’. Here, as in the above public goods mechanism, each agent
is his neighbor’s price-setter.

#With minor modifications of the outcome functions, these results can be extended to correspon-
dences. )

1001t is assumed that w' < ¢, for all v, i.e. one cannot exaggerate one’s endowment. See Hurwicz,
Maskin and Postlewaite (1980).
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Since f is assumed Nash-implementable for known endowments, it must [by
Maskin (1977, theorem 2)] be monotone. We have also assumed n > 3. If f has
the “no-veto property”, then Maskin’s Theorems 4 and 5 provide us with a game
form with a generic term of strategy domain D’ of the form

4= (Rl RD),

where R/ is the statement by i concerning the preference relation of agent ;.

Maskin’s Theorems 4 and 5 do more than construct a game form for a
particular performance correspondence; these theorems constitute a recipe for
constructing game forms Nash-implementing a large class of correspondences
when there are at least three players (n > 3). Let F: E = A4 be a correspondence
to be implemented in an economy where A4 is the set of feasible outcomes,
R=R,X --- X R, is a class of preference profiles, and

E,={e:e=(A;R,...,R,),(R,....,R,)ER X --- XR,}.

For each i, R, is a preference preordering (a total, transitive and reflexive binary
relation) on A. It is assumed that 4 and R are a priori known to the designer.
Agent i’s strategy space is

Si={(Ry,....,R,,a):(Ry,....,R,)ER, a€ F(4;R,,...,R,)}.
A generic element of S’ is of the form
s;=(R%,...,R,a),

where R/ is i’s statement about j’s preference relation.

Note that when F is singleton-valued (i.e. a function), the a-component of s,
can be omitted. Theorem 4 states that an outcome function A:S—> A4, S=
S1x ... x 8" fully implements F if it has the following three properties:

(i) If there is unanimity, i.e. if, for some (R, ... ,_I_{n) €Randacs F(R,,...,R)),
all agents’ strategies satisfy 5, = -+ =5, = (R,,..., R, @), thent"

h(5,,...,5,) = a.

(i) For any agent i€ {l,...,n}, let §,=--- =5 _,=§,,="--5§,=
(Ry,..., R, a),with ae€ F(R,,..., R,); then'®?
{(bed:b=h(5,....5 1,5,5,,,= " =5,),5,€S5")
={ce4:aR;c}

= the lower contour set of @ under R,.

101 Note that when F is a function this relation becomes 4 (3)= F(5).
1027 ¢ when all agents but i are unanimous, every outcome in A4 can be reached by i through
unilateral choice.
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(iii) For 5§ € S, let thereexist i € {1,...,n} such that “5,= - -- =5,_,=5,,, =3,
is false; then'%®

{(beA:b=h(5,...,5,_1,5,5,11,....5,),5, €8} = 4.

I

Maskin’s Theorem 5 shows by construction that when » > 3, and' F is mono-
tone and has the “no-veto power” property, then there exists an outcome function
h satisfying the above conditions (i), (ii), (iii). [See, however, Williams (1984a,
1984b) and Saijo (1984).]

However, the strategy domain used in the above example is extremely large,
and the outcome function discontinuous. For the special case of a Walrasian
correspondence, n > 3, Postlewaite and Wettstein (1983) have designed a bal-
anced continuous outcome function, with a generic element of D’ of the form

d;= (Zi’ r, ri)’
where z‘ and p’ are, respectively, a net trade vector and a price vector announced
by individual i, and r’ a positive real number. Thus the dimension of D is 1+2/,
where / is the total number of goods.

Reichelstein (1982) has constructed, for n > 3, smooth mechanisms Nash-
implementing the Walrasian correspondence with strategic domains of smaller
dimensions, but these do not satisfy the individual feasibility condition. It is not
known at present what the minimal required dimension is when we insist on

individual feasibility as well as balance and continuity or smoothness. [But see
Williams (1984c).]

10. Informational aspects of Nash-implementability

An exciting aspect of recent research is the convergence of informational and
incentive aspects of economic mechanisms. One example of this is the investiga-
-tion of minimal dimensional requirements!® on the strategy spaces of
mechanisms implementing the Pareto (and, in particular, Walras or Lindahl)
correspondence. Another is a study of the relationship between message mecha-
nisms and game forms giving rise to Nash equilibrium outcomes.!%

It is clear that such a game form may be viewed as arising from an adjustment
process or a message mechanism. Given a game form (S, &), let »g , be its Nash
equilibrium correspondence over E; i.e. for each e in E,

vs n(e) = {s € S:s is a Nash equilibrium for the game (S; &, ¢)},

1031.e. when there is no unanimity among agents other than i, agent i can reach every feasible point
by unilateral choice.

104 R eichelstein (1982) and Hurwicz (1976).

105 Wwilliams (1984b).
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where (4, e) is the payoff function defined by the composition of the outcome
function & with the preferences in e. E.g. if e = (e,...,e"), e’ = (/,...), where u'
is the ith utility function, then the ith payoff function is v’ = u'e h.

Furthermore the resulting process is privacy-preserving. This is seen most easily
when the preferences are represented by concave differentiable functions u’ and
the outcome function h is also concave differentiable. Then the ith payoff
function is v'=wu'ch. At a Nash equilibrium, dv'/ds;=0 for all i. More
explicitly, in an /-dimensional commodity space, and with a k-dimensional
strategy vector s,, the condition becomes

!
Y (auyoxi)(ant/os,,)=0, r=1,... k.
i=1

It is clear that each agent can verify this condition knowing only the values of the
strategy variables s and his/her own utility function. So the process is privacy-
preserving.

Given a game form (S, #) which Nash-implements the correspondence F, we
can easily construct a privacy-preserving message mechanism (S, »g,, #) which
realizes F. But the converse problem is much more difficult: given a privacy-pre-
serving message mechanism (.#, u, h) realizing F, to construct a game form
(S, h) which Nash-implements F. Sufficient conditions for such construction are
given by Williams (1984b).

In particular, let (, p, h) be the natural direct revelation mechanism for a
social choice function f: E— Z. Thus M = M'X -+ X M"=E'X --- XE"=
E, h={f, and p is given by

= ol
m,=e

for all i.

Then the Williams construction (which, however, covers a much broader class of
mechanisms) yields a Maskin-type game form, with $= F.

The present paper fails to cover a number of important topics: the Harsanyi—Bayes
type mechanism, the dynamics of allocation processes (e.g. Malinvaud, Dréze and
de la Vallée Poussin), performance of mechanisms in large economies, and many
others.

Several excellent surveys cover some of the topics neglected here as well as
many that are discussed in the present essay [e.g. Dasgupta, Hammond and
Maskin (1979), Groves (1982), Laffont and Maskin (1982), Postlewaite (1983)].
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