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DOES FADDEEV’S ANOMALY EXIST IN GAUSS LAW CONSTRAINTS?
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The anomalous commutation relation for the Gauss law constraint recently claimed by Faddeev is examined in the
perturbative calculation at one-loop level. It is found that in the presence of chiral fermions the commutation relation for the
operator G =3, E% + f¢*‘4’E< has the anomalous term found by Faddeev, but for the true constraint operator
G* =G — $y°“y there exist no anomalies.

Recently, Faddeev [1] claimed that there exists an additional term in the commutation relation of the
Gauss law constraint for the Yang-Mills theory with chiral fermions. Following Dirac’s method of
quantmng gauge theories [2}, we start with 45 =0, set up commutation relations between 4} and E; b= A”

(i,j= ., 3), and restrict state vectors V[ A4] satisfying the Gauss law constraint

G“(x)‘I'[A]=0, ()
with

G4x)=8,E“ + fPAPE — ¥y'1o¥. 2)

Faddeev’s claim is that in the presence of chiral fermions /| or { , the usual consistency condition for the
Gauss law constraint breaks down by the term proportional to d°6¢;

[6°(x), G ()] w0y =if G (x)8P(x ~ y) — (i/1272) And e ;9,45 (7) 3,8 (x ~ »), (3)

where d?0¢=L1Tr(¢2(¢%¢°)) with [t%¢*]=if®t° and Trt*”= 16, and An=(the number of
¢ 1) — (the number of ).

Faddeev has argued that the above anomalous term is an allowed form in the generalized sense of the
projective representation. His derivation is an extension of the derivation of non-abelian anomalies given
by Wess and Zumino [3]: Assuming the existence of anomalous terms we have consistency conditions for
them, called cocycle conditions in the cohomology theory. We note here that the coefficient of the
anomalous term in eq. (3) is not determined by the cocycle condition alone.

In this paper we examine Faddeev’s anomalous commutation relation in the perturbative calculation.
We have found that the operator G*(x)= 9,E* + f**“4°E ' actually has an anomalous term of the same
form as in eq. (3). However, for the true Gauss law operator G°= G — y°r% the anomalous term
vanishes. Therefore, there is no indication at least on the one-loop level that the Gauss law constraint is of
the second kind.

We choose V — A theory of fermions coupled to the non-abelian gauge ﬁelds The standard technique
to extract equal-time commutators from T-products is given by Bjorken, Johnson, and Low (BJL) [4]. We
should carefully extract T-products from T *-products in theories with derivative couplings such as the
non-abelian gauge theories. However, in our following discussion at one-loop level, the contribution to the
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Fig. 1. Diagrams responsible for the Faddeev anomaly in the equal-time commutator [G*(x), G®()].

anomaly comes from the diagrams without derivative coupling, so that we have no such delicate problem.
For the T-product

T(p,q)= [d*x [d*y [d*zexp[—i( px + gy + r2)]OTG*(x)G(y) 4°*(2) ), (4)

the equal-time commutator reads

lim (p°-¢°)T***(p,q)

= [d*x [a% [d*zexp[—i( px + gy +r2)](~20)8(x° — y°)OT[G(x), G*(»)] 4*(2)I0).  (5)

If we restrict ourselves to the calculation at one-loop level, the diagrams including the three-point vertex of
gauge fields contribute to the terms proportional to f¢%¢. Several triangle graphs can generate the
anomalous terms proportional to d“*°. We classify these diagrams in figs. 1-3 according to their
dependence on 9,E“ and —yy° ). The BIL limits of figs. 1, 3, and the total sum of figs. 1-3 contribute
t0 [G4(x), GP())] y0myt, [WY 1 (x), $Y ()] 0,0, a0 [G(x), GP(¥)] 0.0, Tespectively.
Remembering that we have assumed Af = 0 from the beginning, we take the gauge boson propagator

-1 n,+p,n L
D pn, + PP (6)

D, = s
yv(p) uy p-n (p-n)2

pl+ie

where we have introduced a time-like vector n* with n,n* = 1, in order to keep apparent Lorentz-covari-

ance.
The contribution to T9%¢?( p, q) of the two diagrams in fig. 1 leads to

T8(p.a) = [Py = nu(p-m)](p-n)|a, — n,(q-n)](q-n)

X D¥(p) D (q) D§(r)2n) 8@ (p + g+ r) A ( p, q)0), (7)
where
Aber N p, o) = [Tr(¢94%6<) 4 p, q[0) + Tr (¢%t%4°) 4™ (q, pl0)], (8)
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Fig. 2. Diagrams responsible for the anomaly in the equal-time commutator [G*(x), —$y°P9 ()] + [— Py 1“P(x), GP(»)].

and
A" p, q\m)

1 .
=(- T iy* 1 i . 9
O e ™ o™ v 2 g 2O

The same contributions from figs. 2 and 3 are given by
T8*(p,q) = { — [P = nu(p-m)|(p-n)DF(p)(in,) = (in,) 4, — n,.(¢-n)](¢-n) D} (q) }

X DE(r)(2m)*8@(p + g+ r)a®t<+X(p, g)0), (10)
Tg*(poq) = (in,)(in,) DE(r)(2m) 8@ (p + g + r) 4=+ p, q0), (11)
respectively.

The Pauli-Villars method is used to regularize the amplitude 4***, since it treats three vertices of
fermions with gauge fields equally.
The regularized 4" is now

a B
[E28 — 0 2 A;.Lv)\
AN p.g)r= lim [ dmi o 4(p, gim) (12)

= lim 1i- 4(g"‘”gp — g®gh + guﬁg: - is:‘“B)(g‘”’gY" —gPTg"N 4 gPhg"Y —igPr M)

M?— o0

! S 2 am ! ﬁ R SRR ¥ 1 PN e B )
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Fig. 3. Diagrams responsible for the anomaly in the equal-time commutator in [ — %1%y (x), —$y%rPy(»)).
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where

2
V= —u1u3p2—u2u3q2—u1u2(p+q) s
Q'=uy(p+q)+usp, 0’=-usg—u(p+gq), Q>=—up+uy.

The amplitude 4,,, contains both parity-conserving and -violating parts. The parity-conserving part
does not contribute to the anomalous term which we are considering now. Therefore we will concentrate on
the parity-violating part, which can be expressed in terms of the invariant amplitudes T, ~T; as follows:

AR P, q) = e p, Ty + &2, T, + phePp go Ty + g *Fp g T,

+p" e EpoqTs + g7 PpogpTy + e’ CpogpTy + g e Fp gy T, (15)

with 7,= T,(p*,q* p- q).
A comparison of (13) and (15) gives the following results:

T, = = 2/ dm f[d ]( 1 2(1-3y) + [(1—ul)p+u2q](—u1p+u2q)(—u1))’

2 V+mi—ie [V +m?—ie]?

(14)

f dm f[du]( -2(1 3uz) + [(1—ul)p+uzq](—u1p+u2q)(—1)(1_u2))’

2 V4m? [V+m?—ie]?

1 0 —u (224, —uz) 1 , uy(1—2u; — uy) (16)
T,=— | dm?|[d , Ty=—— | dm?*|[d ,
3 872sz m f1au] Vemi—ic] = ¢ a7 ), 0 [lau] [V+mi—ic ]2

1 ro —U Uy —uy)u;

T,=-T,= — [ dm?[[du] ———————, T;=-— d du| ——————
5 T 8q2 fM2 " f[ u][V+m2—-is]2 6 Ts= 8 2»[ m f[ u][V+ —ie)*’
It should be noted that due to the following identities:
(pneu}\aﬁ+pvekumﬁ +p)\€;waﬂ)paqﬁ= _(p . q)spw)\a +P e;.w)\a o (17)

(g*e*f + g eof + g ) pgy = (p - )", — 4¢P,

the number of invariant tensors is six rather than eight so that the above decomposition is not unique, but
this does not affect the following arguments.
Let us consider the contribution of fig. 1. The relevant part of eq. (7) is

xh=(=D[p=n.(p-m](p-n)x(=D]g, —n,(q-m)](qg-7)D(p)D; () A%} P, 9)x
= (+))[p/(p-n)—n,)(+D)a./(q-n) —n,] 4B} p.a)r

=n,eBpge{(p-n) [T+ Ty +(p T) +(q-n) [T, —(p 9) T — ¢°T;]
—(p-n)(Ts—Ts)—(q'n)(TrTs)}, (18)
whose BJL limit is given by
Jim (p°=q°) X5 (p.q) = —2n,e*Fpg, lim (T,-T). | (19)
14 -q -0 “l -

Therefore, what we need is the BJL limit of 7; and 7.

41 Tt is useful to notice that the right-hand side of the anomalous Ward identity (p + ), 4" (p, ¢)r = ~***fp,qa(T; — Ta) is also
proportional to (T; — T;) which is equal to —(1/ 8'”2)3 without taking the BJL limit.
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The logarithmic divergences In M2, superficially existing in 7, and T, disappear due to the parametric
integration of [[du}(1 — 3u,)= f[du](1 - 3u,) =0, so that T} and T, are finite. The BJL limit of T, and

fm T —— m T,= —— (20)
e 1 87127 g ? 8rl 12
gives

im (p°~4¢°)Xh(p.q)= 1lm (p°-¢°)X}(q,p)= n,e*p.gp. (21)
P’-¢’> P°—q’—> oo 127
Now we can evaluate the full contribution of the BJL limit of fig. 1 as follows:

im (p°—¢°) T (p,q)=Tr({¢%¢"}1°)(1/127)n & p g, DE(r)(27) 8 (p + g+ r)
20— g% 0

= ~Tr({9,¢*}1<)(1 /1272 ) n &Pk

x [d*xd®yd*zexp[—i( px + gy +12)] 9,89 (x = )(013545(y) 4 () 0). (22)

To restrict to fig. 1 is nothing but to consider the commutator of G instead of G¢ in eq. (5). Comparing
eqs. (22) and (5), we find the expression for the anomalous commutator:

Anomaly of [G4(x),G*(p)] ompo = (—i/1272) d®e, ;4 0,45(y) 3,8P(x - y). (23)

This anomaly is exactly identical to the one given by Faddeev.
On the other hand, to get the commutation relation for the true Gauss law operator G*(x), we must take
into account the other contributions coming from (10) and (11). The relevant parts of them are

x5= {0 p./(p-n)=n,]Gn,) +(in,)D]q./(g-n) = n,]} 4N p. @), (24)
X5, =(in,)(in,)ABM p, @)- (25)
The BJL limits of (24) and (25) are obtained as

lim (p°—q°) X5,(p.q)=2n,e " pgp , lim [(Tl—Tz)g*i(PO—q")z(Ta—T4—T5+T6)],

P°—q’—oo 7°-q
(26)
. e . 2
Jim (P —¢°) X5 (p.q)= —2n,e™pgy lim  {(p°-¢°)(Ty-T,- T+ T), (27)
P'—q°— o0 P'=q’- o
where we have the following result using eq. (16):
1
2
lim 3(p°—q°) (L-T-T+T) =~ 5. (28)

P°—q >

The anomaly in the commutator of G is the sum of contributions from X, 3), X(’i), and X(é). From egs.
(19), (26), and (27) we see that it vanishes, contrary to Faddeev’s claim:

lim (P°—q°) (X}, +x5,+x3) =o0. (29)

P°—q° -

The latter fact, the vanishing of the anomaly in the commutator of G¢, can be seen more transparently in
the following way. Graphically, the contributions to G* consist of two parts; with and without the gauge
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boson propagator. The sum of them can be expressed as

6*={~[pv—nu(p-m)](p-m)DF(p) +in, }JJ*=i[1/(p-n)] BI", (30)

where J* is a source current of the gauge boson. In our particular case, looking at one of the Gauss law
operators, say G“, we see that the relevant part of T abe( p, q) is proportional to

P, 4" p,ql0) = —e*Ppgy(T,— p°T,— p - qTa). (31)

This is nothing but the anomalous divergence of the fermion triangle diagram. Adding up contributions to
the other vertex G° implies multiplying ¢, but it automatically vanishes due to the antisymmetry of eq.
(31). Thus we can see that anomalous contributions vanish before taking the BJL limit.

Our conclusions derived from the above calculation are the following. Faddeev’s arguments seem
applicable to G4 Our derivation of the anomalous commutator is based on the perturbative calculation of
the triangle graphs. The same diagrams are responsible for giving the anomalous Ward identities of the
theory. In this sense it can be said that Faddeev’s anomaly in the commutator of G* is equivalent to the
anomalous Ward identity. On the other hand, for the true Gauss law operator G*, the corresponding
anomalous terms vanish. Therefore, as our conclusion, we have no indication, at least on the one-loop level,
that the Gauss law constraints are of the second kind.

We wish to express our gratitude to M. Okawa, P.P. Divakaran, and K. Odaka for fruitful discussions
on anomalies and cohomology theory.
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