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A formula useful for evaluating the commutator anomaly for the Gauss law constraint 

operator is presented. This formula makes the perturbative calculation of the anomaly much 

simpler than previous attempts, Furthermore, the commutator anomaly is shown to be derived 

directly from the non-abelian chiral anomaly and the perturbative calculation is connected to the 

argument based on cohomology. 

1. Introduction 

Progress has been made recently in the understanding of anomalies from the 

viewpoint of cohomology theory [l], [2]. This theory is based on an operation 6 

which satisfies 6* = 0. If a certain quantity a,,( A; g,, . . . , g,,) should satisfy SCY,, = 0 

in order for (Y,, to be consistently defined, then (Y,, is given as a sum of a general 

solution S/3,,_ 1 and one of special solutions y,I” (i = 1,2,. . .) namely, 

a,, = w,,- I + Y!” . (1.1) 

It is said that y,j” belongs to ith cohomology class of n-cohomology group and (Y,~ 

satisfying Ba,, = 0 is an n-cocycle while 6/3,-r is an n-coboundary. 

The gauged Wess-Zumino term cu,(A; g) [3] is a finite integration of the non- 

abelian chiral anomaly [4] and is defined by 

Z[A]U,= ZIA]eialcAig), (1.2) 

where 17~ is a gauge transformation operator, corresponding to a group element g, 
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and Z[A] is the fermionic determinant, 

Z [ A ]  = d e t ( 0 +  4i ~ f f 2 ) .  (1.3) 

Group property of the gauge transformation is ensured by the fact that a~ is a 
1-cocycle, that is, 8a 1 = 0. 

Faddeev [2] considered that Ug satisfies the following equation, when applied on a 
wave functional q'[A] of gauge theories 

= J °-'A (1.4) 

Since the gauge transformation is assumed not to violate the associative law, a 2 
satisfies ~Ot 2 = 0,  that is, a 2 is a 2-cocycle. For infinitesimal gauge transformations, 
eq. (1.4) becomes the commutator anomaly for the Gauss law constraint operator, 
since it generates gauge transformations on the wave functional in the Weyl gauge 
A~) = 0. Faddeev has given a candidate for the infinitesimal 2-cocycle a 2 which is 
linear in the gauge field A(x).  

The non-abelian chiral anomaly was found perturbatively [4], while Faddeev's 
anomaly was found by cohomological argument. The latter had not been confirmed 
perturbatively. Then two of us (M.K. and A.S.) [5] tried to derive Faddeev's 
anomaly in perturbation theory using the Bj6rken-Johnson-Low (BJL) limit [6] and 
the Pauli-Villars regularization. We have shown that there exist no anomalies linear 
in A(x )  for the true Gauss law constraint operator G ~= ( ~ - g ~ y ° t " ~ k [ ( ~ =  
Dyh(A)E ih] whereas (~" gives an anomaly identical to the form claimed by 
Faddeev. Later, Jo [7] reproduced our result, and furthermore he has estimated 
terms proportional to A(x)  2 and A(x)  3, giving a commutator  anomaly for G ~ in a 
different form from Faddeev's one. In fact, the Faddeev and Jo forms of anomaly 
belong to the same cohomology class as noted by Jo and independently by Fujiwara 
[8] in discussion of the current commutator anomaly in the non-linear o model with 
the Wess-Zumino term. The form of anomaly that appears in a certain regulariza- 
tion scheme is not known from cohomology theory alone. 

In the present paper we will show a systematic evaluation of the commutator 
anomaly in the Pauli-Villars regularization scheme, where we make full use of the 
Ward identity. In our method of computation, the relation between the non-abelian 
anomaly and the commutator anomaly becomes transparent, which has not been 
clearly understood so far*. 

In sect. 2 we will present a basic formula which relates Green functions involving 
two Gauss law operators to Green functions with two insertions of the ~'5 vertex 

* In abelian theory, there are earlier references (ref. [12]) discussing a relationship between the current 
commatators and the Adler anomaly. 
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into loops of regulator fields. This relation becomes simple in the BJL limit. This 
formula can be proved in any space-time dimension and to all orders of perturba- 
tion. 

In sect. 3 we will evaluate the commutator anomaly at the one-loop level in the 
space-time dimension four, making use of the formula obtained in sect. 2. Not only 
the odd parity contribution but also the even part are computed. The even parity 
part of the commutator anomaly is shown to be exactly eliminated by adding to the 
action local counterterms which are determined so as to sweep out the even parity 
part of the non-abelian chiral anomaly. The odd parity part of the commutator 
anomaly coincides with that of Jo [7]. Our method of calculation, however, is much 
simpler than his and is useful for further generalizations. 

Next, we intend to derive the commutator anomaly for the Gauss law constraint 
operator directly from knowledge of the non-abelian chiral anomaly. We have 
successfully identified the commutator anomaly with J ( A ,  w) which is fixed by the 
non-abelian anomaly ~0a4(A, w). The commutator anomaly so obtained agrees with 
the result obtained by the perturbative calculation in sect. 3. This is the content of 
sect. 4. 

Thus we can understand that the commutator anomaly is a different manifesta- 
tion of the non-abelian anomaly. If the latter is cancelled somehow, then the former 
disappears. 

2. A basic formula to evaluate the commutator anomaly for the Gauss law 
constraint operator 

We consider a system of chiral fermions ~b(x) coupled to non-abelian gauge fields 
A~(x), which is described by the following lagrangian, 

• ~A~I- 'Ys  . 2 .£#=~(x)i,~(O - t g t  ~ - - - ~ ) ~ ( x ) - ¼ ( F ~ , )  , (2.1) 

where we follow the convention of BjiSrken and Drell [9] for the y matrices and 
t ~ is hermitian, satisfying [t ~, t h] = if, h,.t". Sometimes we will use the following no- 
tations: A u = - i g t " A ~ ,  A ~ L = A , ( 1 - ' f 5 ) / 2 ,  A = A , d x  ~, F,~=-igt"F~",,, and F 
-= ~_F,,dx~dx ". The Gauss law constraint operator is given by 

a°(x) , o ~ A , ~ r , .  = 0 E i + gJah," tzi -- g ~ / y O t " ~  

= ~ ° ( x ) -  g~v°t°+. (2.2) 

where Ei" =/J~ ( i =  1,2,3). In the Weyl gauge, n"A~ = 0 [ n " =  (1,0,0,0)], physical 
states are assumed to vanish if any G ~ operate on them. 



6 1 0  M. Kohayasht et al. / Commutator ammmlv 

Let us define the commutator anomaly ,zc"h(x, y)  for the Gauss law constraint 
operator by 

[G"(x) ,Gh(y)] . , . , ,=~ . . . . .  ig f ,  b , G " ( x ) 8  (v  ' ) ( x - y ) + ~ ' o i ' ( x , y ) .  (2.3) 

This is extracted from the Feynman amplitudes by taking the BJL limit [6] as 
follows: 

lim ( p ° - q ° ) f d x d y d z . . . e x p ( - i ( p x + g y + r z + . . . ) )  
/ ,o  _ ql l  ~ 0c¢ 

x ( O I T G O ( x ) G h ( y ) A ' ~ ( z )  " ' lO) 

= fdxdydz.. .exp(-i(px + qy  + rz + . . .  ) ) ( - 2 i ) 8 ( x  ° ~ y O ) 

× (oIr[a°(x), a~(y)] A~(z)... 10) (2.4) 

In the Pauli-Villars regularization scheme d " ~ ( x ,  y)  can be related to the BJL limit 
of the amplitudes with two insertions of the Ys vertex into loops of the regulator 
fields. The basic formula to be proved in this section is as follows: 

f dxdydz...exp(-i(px + qy  + rz + . . .  ) ) ( - 2 i ) 6 ( x  ° - y ° )  

× (01T~(x, y),4~(z)... 10> 

q___Zo 
lim lim pOqO × , (2.5) 

p°--qO ~oo M~oc  
,.~p q~, 

a "b 

where the blob stands for the sum of Feynman graphs with an arbitrary number of 
external fields. Two lines with isospin indices a and b are attached through the My 5 
vertices to the regulator fields with a mass M, 

: = gM75 t  ~ . (2.6) 
' 0  
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If we denote the regulator field by '/ '(x), then eq. (2.5) can be rewritten as 

f dxdydz...exp(-i(px + qy + rz + . . .  )) 

× ( - 2 i ) 8  ( x  ° - y ° ) ( O  I T d " h ( x ,  y ) A ~ (  z ) . . .  IO) 

pO _ qO 

lim lira p O q - - - - - ~ f d x d y d z . .  
p ° - q O .... o~ M --* ~ 

. e x p ( - i ( p x  + q y -  rz + . . .  )) 

× g 2 ( O I T - ~ M y s t " q ' ( x ) ~ l " M y J b r P ( y ) A ~ ( z ) . . .  10). (2.7) 

Now we give a diagrammatical proof of eq. (2.5). First we notice the following 
identities at the tree level, 

y _  : 
g ~ ;,,o to ,l ' p.n 

0 

+ - -  p;n x : 
gfobc Aib EC ~ P ' 

a t E~ a 
and 

p.n 

O i E~ o 

(2.8a) 

(2.8b) 

(2.8c) 

= - - - C - - O  
where represents multiplication of ip,, after amputating the external 
leg of the gauge field with a momentum p and an isospin a. These identities (2.8a) 
through (2.8c) show that insertion of the Gauss law operator G " ( p )  is reduced to 

'.Q) 
p 'n  

io. 
Therefore, we have 

f d x d y d z . . .  

1 1 

p . n  q . n  

e x p ( - i ( p x  + qy + rz + . . .  ) ) ( O l T G " ( x ) G h ( y ) A ~ ( z ) . . .  10) 

o b 

(2.9) 
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Next we use the Ward identities in the gauge theories in order to transform the 
right hand side of eq. (2.9). In our case of chiral theory, however, the Ward 
identities give anomalies which should be taken carefully. Since we have regularized 
Feynman amplitudes by introducing regulator fields, we can shift loop momenta 
freely. Naive Ward identities, however, are broken through the regulator field, 
namely, 

where 

t o 
P q q P gM,sY 

' O  O 0 

q 
. . . .  = C-igt"] 

' O  

P P (2.10a) - ...... - -  x [ - i g t  a ] 

O "  

As is easy to understand, eq. (2.10a) represents an algebraic identity, 

i 1 -- 75 i 
R ----2-M igt 'Y"(  P - q)" ~ - -  ~ - M 

1 - T5 i i 1 + 75 i i 

= [ - i g t " ]  2 4 - M  ~ - M  ~ [ - i g t " ]  ~ _ M g t " M y , 4 _  M . 

Other tree identities are the same as those of the vector gauge theories in the Weyl 
gauge Ag= 0: 

b c b q c b p c 

--  ~ + ~ (2 10b) . • 
• / 

"O O G" 

t if- . ,  

~, ~ = 0 , (2.10d) 

4 graphs 

, "  ',, 
",, (2.10e) 

- , - = o 
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where 

b c 
~ g J tobc  

'0 

X 

Combining tree identities (2.10a) through (2.10e), we obtain the following Ward 
identity valid in all orders, 

..Q (7 

= Y, - Z 
out-going in-coming 

ferrnion fermion 
0 a 

' , . .  ~ t  ° 

* I2 Z 
gauge loop of 
boson regulator (2.11) 

where the last term represents the non-abelian anomaly [10]. 
The right-hand side of eq. (2.9) contains two contractions with external momen- 

tum. Applying the above Ward identity to one of the contractions, we get 

loop p. ~', ." 'P , *q  

o" • "b o b,p (2.12) 

In the last term of eq. (2.12), we intentionally attached an external gauge boson leg 
which had once been amputated and contracted with the momentum q. This term is 
further reduced to 

-f~h,.(q.n) ( p + q ) . n  x 

[See eq. (3.11) of ref. [10].] In this procedure, 

~ (2.13) 
i p * q  

C 

we have to use the axial gauge 
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propagator with a parameter a. 

- i  [ qun~ + q.n~ + q ~ q ")~ 
D~,~(q) qZ+-ie [g.. q '"  (q'n - i a  

q~q. 
• ) 2 ,  

(q n 

since we need the inverse of the propagator. For non-vanishing a we have 

1 
D~l( q) = i[q2g~,.- q~,q~ + ~n~n~] . 

The final result (2.13), however, does not depend on a and therefore it is valid also 
in the limit of a -~ 0. If the reader is not content with the above argument, he is able 

to arrive at the same result treating the two cases that the external gauge boson leg 

with a momentum q is attached to a fermion line and to a gauge boson line, 
separately. In the BJL limit, (2.13) gives the canonical term of the commutator, the 

1st term of the right-hand side of eq. (2.3). 
Now we apply the Ward identities to the other contraction in the right-hand side 

of eq. (2.12) and we obtain 

1 t 
p .n  q.n 

p.n q.n 

P d ~" L 
0 "0  

g f =  p.n x 

GC(p*q) 

\! + ~ ± " 

t , ]  
a b 

ext. 
line a b 

i 

Is  
i ~ "~o p J o~ \q~ ;, ,, 

a b a 

t '1 × - -  (2.14) + 
P~" "~q. p" n iq" n 

O "b 

where summation should be taken over all external lines, with a + sign for gauge 
bosons and outgoing fermions, and with a - sign for incoming fermions. In the 
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right-hand side of eq. (2.14), 1st and 4th terms depend on (p  + q), and 2nd and 3rd 
terms have extra propagators with a momentum linear in p or q, so that these four 
terms vanish after taking the BJL limit of (p0 _ q0) __, oe. Therefore, only the last 

term survives after the BJL limit, namely, 

+ x Jim pO qO ", q 

O b 
G c 

pO_qO 
l im lira x 

p°-p--oo M-oo pOqO .,~--" ,,~, 

! 0  (2.15) o q~"b , 

which completes our proof of eq. (2.5) or eq. (2.7). 
At the end of this section two comments are in order: 
(1) The formula (2.5) is valid for any space-time dimension. Therefore, it will be 

useful for calculation of the commutator anomalies in higher dimensional space-time. 
(2) If we increase the number of gauge transformation operations G~(x), the 

number of My5 insertions increases, so that generalization of this kind of formula 
(2.5) to higher order cocycles may also be possible. 

3. Perturbative calculation of the commutator anomaly for the Gauss law 
constraint operator 

In this section, we explicitly evaluate the right-hand side of eq. (2.5) at the 
one-loop level in the 4-dimensional space-time. Relevant diagrams are listed in fig. 
1. Let us start with the triangle graphs, (A l) and (A 2). The amplitude for the graph 
(A1) reads 

(AI) r, cba F~ ( q , p )  g3tr(t'tbt")F~A)(r,q,p), (3.1a) 

with 

d4k [ 1 - Y5 
F ¢ " A ' ( r ' q ' P ) = - ~ i c ' M i 2 f ~ - d T r  ~ 2 

1 1 1 ] 
[~_ ~_ MiYS [c + IJ_ M Ys [c_ M, ' 

(3.1b) 

where we have introduced two regulator fields i---1 and 2 to tame quadratic 
divergences. The coefficients ci's are fixed by the conditions, 1 + Eic, = 0 and 

EiciMi 2 = O. 
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ff ff 

T "r 

pta q'b, qtb pt0 
(AO (Az) 

(B,) r- ff ,'a (C,) q" q"b (Cz)p,e 
u u X X 

tt p/Q~q~b r ' q ~ o  r "Pr~dq- r~d 
q P 

(D,) (02) #' (E~) v ff (E2) v 

Fig. 1. (A): The triangle graphs contributing to the commutator anomaly. (B): The box diagrams with 
diagonal insertions of M~, 5 vertices. (C): The box diagrams with neighboring insertions of My 5 vertices 
(Two graphs are abbreviated, which are obtained by interchange of two external gauge boson lines.) (D): 
The pentagon diagrams with neighboring insertions of My 5 vertices (Ten graphs are abbreviated, which 
are obtained by permutation of three external gauge boson lines.) (E): The pentagon diagrams with 

alternate insertions of My 5 vertices (Ten graphs are abbreviated as in (D).) 

The divergent part as M --* oo of the integral (3.1b) is M 2 × [const or In M 2] × 
[pu or q,], but it does not contribute to the anomaly. The reason is as follows: the 
Lorentz index # is contracted with the gauge boson propagator D,~,(r) which is 
non-vanishing only for # 4:0 in the Weyl gauge. Then F,(p, q) does not provide a 
factor p0 or qO to kill off the factor (p0 _ qO)/pOqO and to survive in the BJL limit. 

We frequently use this kind of reasoning in the following. 
Third-order  terms in the external momenta are finite as M --* ~ and the relevant 

terms involving pO or qO are obtained as, 

i 
F~A)(r,q,p)Bj,_~ L 3(4qr)2[q~q2--p~p2 + 2r~(r.p)],  (3.2) 

where ~ indicates that we have thrown away terms independent of (p0 _ q0). 
Next we evaluate the box diagrams, (B) and (C). The amplitude for (B1) is given 

by 

-F~(B')(S, q, r, p)dh,. = _g4tr(tJtht,.t.)F(B)(S ' q, r, p) ,  (3.3a) 
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with 

,B) o ~, d ' k  [ 1-~,5 1 1 
F'~u ( a , q , r , p ) = -  c, Mizf (~-~s)4Tr y ~  [~_¢_MiYSlc+t~+¢_Mi 

1 - "r5 1 1 ]  
× ~'~ 2 ~ +/~ - M, ~'s ~_ - - -~J  . (3.3b) 

After taking the trace of the ~, matrices, finiteness of the integral is obvious and we 
obtain 

i [ g ~ ( p . q ) _ i e ~ , B ( r + s ) ~ q a ] .  (3.4) I '~'(s 'q'r 'P),j~" L 3(4~r)2 

The amplitude for (C1) reads 

(Ci)  . p ) d c b a  4 d c b a (C)  F~ (a,r,q, = - g  tr(t t t t )F~u ( s , r , q , p ) ,  

with 

(3.5a) 

{c) o 2 r  d 4k [ 1 - 3 ' 5  1 1 - ~ ' 5  
F~, (*' r' q' P ) = - ~-*ciMi J (~--~-)g~r )n Tr[ [¢ - ~ - Mi r~ 2 

1 1 1 ]  
X ~ + t ~ + 4 _ M  ys[c +t~_Mi' /5[c-Mi . (3.5b) 

The quadratic divergent terms proportional to M 2 x  [const or In M 2] x g,~ are 
independent of pO nor q0 and they vanish in the BJL limit. Second-order terms in 
the external momenta are finite as M--, oo and the relevant terms in the BJL limit 
are obtained as 

i 
F~uC'(s,r,q,p) ~i'JL 3 (4~r)2[g , ,q ' ( r - s ) - i e ,~ ,~(r - s )~q /q  • (3.6) 

Next we come to the pentagon diagrams, (D) and (E). We notice that the 
amplitudes for the diagrams (E) vanish after taking the limit of M --, oe. The finite 
part must be linear in the external momenta, but the amplitudes are at least 
quadratic after taking the trace of the ~, matrices. 
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The amplitude for (D~) is given by 

F 3 ,  ( DI )( t edcha ~. ~., s, r,q. p) gStr(t~tat,tht . (Dt = ) F ~ . . ( t . s , r , q , p ) ,  (3.7a) 

where 

• -" 2 c  d ak [ l - y 5  
(D)( 2 ~ c i g i  J,-72-'-~,4 Tr ["/x F ~ , , t , s , r , q , p ) = -  i (2qr) 2 

1 1 - Y5 
Y r - -  

/ c -  ( -  M, 2 

x 
1 1 - "/5 1 1 1 ] 

[ ¢ - ( - ~ - M ,  /̀~' 2 [ ¢ + i j + 4 _ M i " / , ~ + ~ _ M i ? 5 ~ _ - - ~ i  (3.7b) 

This yields the following term relevant in the BJL limit, 

1 
(D)( - -  a ( 3 . 8 )  F ~ u , t , s ' r ' q , P ) a j  L 3(4~)2 er ,~x,~q - 

The diagrams with more than 6 external lines vanish in the limit of M ~ ~ .  Here, 
we summarize the results obtained so far: 

i 
F~A' ~ [Gq2- -p ,p  2 + 2 r , ( r ' p ) ] ,  (3.9a) 

BJL 3(4~r) 2 

i 
F 'B, "-- [ g~,~ ( p - q )  - ieu~t~(r + s)"q¢] (3.9b) 

~' BJL 3(4,n. ) ~ 

F~C, ~ i [ g , ~ q . ( r _ s ) _ i G , ~ t ~ ( r _ s  ) , q tq ,  (3.9c) 
BJL 3(4~r) 2 

1 
F(m --  _ (3.9d) 

.v# BJL 3(4~) 2 e~'"x'q'~ ' 

F x  ~E~ = O. (3.9e) u# 

Now we perform the Laurent expansion of these amplitudes divided by pOqO, 
with respect to ( p O  q0), and retain only terms proportional to (pO_ qO)-,. We 
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discard constant or positive power terms if they exist, since they correspond to local 
terms in x ° - y °  of the Green function defined as a T* product [6]. They do not 
exist in the Green function defined as a T product from which we get the equal-time 
commutator by taking the BJL limit. Taking into account the combinatorics, we 
obtain the anomaly .~¢ defined in eq. (2.5) as follows: 

za ¢~A~ = lim 
p ° -  qO--. oo 

i ( p ° - q ° )  [g3tr(t"tbt")F~A)(r,q, p) + (a ~ b, p - -  q)] 
2p°q ° 

g3 

48~r 2 r°rutr(tC[tb, t"l) (3.10a) 

for the triangle graphs ( A ) ;  

d (B)= lim i ( p ° - q ° )  p" q"~oo 2p°q ~- [--g4tr( tdtbt" t")F~(~)(s 'q 'r 'P)+(aob'  P o q ) ]  

ig 4 
= 48~2 eov~(r + s)"tr(tdtbtct" -- tat~tct"), (3 .lOb) 

sg ~c) = lim 
/;(I qO ~ 

i ( p ° - q  °) 
2pOqO [(--g4tr(tdt"tbt~)F~C'(s,r,q, p) 

+ ( p - - q , a ~ b ) } + { r ~ s , l ~ g , c ~ d } ]  

ig4 g4 
- 48~r2eO~,.(r-s)"tr((tu, tc}[th, t . ] ) -  ~ g . ~ ( r - - s ) o t r ( [ t d ,  t"][th, t~]) 

(3.10c) 
for the box diagrams (B) and (C); 

~¢~D~ = lim i(pO--qO)[(gStr(.e,d,c.h,.~r(O,, . . . . .  i . x ~ , , t , s , r , q , p ) + ( p ~ q , a ~ b ) }  
2p°q ° 

+permutat ion of {(rst), (gg)~), (cde)}] 

ig 5 
= _ 48rr2 %x.~tr{( t~tat'+ tat't~+ t"tet a _ tet"t d __ tctdt ~ -- tdt~tc)[t b, t"]} 

(3.10d) 

for the pentagon diagrams (D). 
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By inverse Fourier transformation, we obtain the commutator anomaly as fol- 
lows: 

[G~(x). Gh(y)] ,,,=,,,, + igf~h,G"(x)a'3>(x - y) 

g2  

- 48rt2 ~0~..x [tr[t". ,h]( O.A~Ax + AuO.A x + A.A,,A~) 

+ tr( toO~( A,,t6Ax )}]8(3)(x - y )  

g 2  

96vr2igf~b,.( O'Ei' + g f c d e A i d E e ) a ( 3 ) ( X  --y) .  (3.11) 

The even parity part in the commutator anomaly (3.11) has not been evaluated in 
previous literature. On the other hand the odd parity part, proportional to e0,~ ,, has 
been computed by Jo [7]. Our result agrees with that of Jo*, but our method of 
estimating the anomaly is much simpler than his. The basic formula given in the 
previous section simplified the computation. Our method is a generalization of the 
discussion given in the previous paper by two of us [5], where the identity (2.8a) was 
used to show that no linear term in A(x)  appears in the commutator anomaly if we 
take the Pauli-Villars regularization. 

The form of the anomaly suggested by Faddeev and us is different, but they 
belong to the same cohomology class. This is understood as follows: multiplying the 
commutator by u~(x) and oh(y) and integrating it over x and y, we obtain the 
infinitesimal 2-cocycle defined by eq. (1.4). Faddeev's cocycle and our's differ only 
by an infinitesimal coboundary: 

1 
9 i,v ( V a d d e e v )  _ / t r (  u d v - v d u ) d A 
~'~2 24,n. 2 a , 

(3.12a) 

2ia~o~'~l - 
1 

487r 2 f t r { [ . ,  o](a,4 A + AdA + a 3) + udAoA - uAvdA} ,  

(3.12b) 

a~ wda~v) - a~ °"r' ' = 3,fl( A, v) - 3,,fl( A, u) - fl( A, [u, v]),  (3.12c) 

1 
2ifl(A u)= f t r u ( d A A + A d A + A  3) 

' 48,n "2 a 
(3.12d) 

* By comparison of our result with that of Jo, one must  take into account the difference in the 
definition of e~,,,x~ , and t'~: (e)our.~ = - ( e ) jo ' , ,  (t")our'~ ~ + i ( t a ) J o ' s  . In addition, another ( - 1 )  
should be multiplied, since Jo took the right-handed fermion instead of the left-handed fermion. 
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where u = - i u " t  ~. In eq. (3.12c), 6, stands for the usual variation under an 
infinitesimal gauge transformation, and the totality of the right-hand side of eq. 
(3.12c) is rather an infinitesimal 2-coboundary. 

At the end of this section, we show that the even parity part, proportional to G',  
can be eliminated by addition of local counterterms lc[A] to the action. We 
determine the form of local counterterms so as to eliminate the even parity part of 
the non-abelian chiral anomaly. In the Pauli-Villars regularization scheme, the 
vacuum expectation value of the covariant divergence of the current jff = ~y,((1 - 
75)/2)t°~ is given by 

( D~h( A ) jh~( X ) )A = -iA2tr( t°O~A.) 

i 
+ 48 -~ t r [ , °{  DuO"O"A~ + O.[F"",A~] + O.(A~A"A~)}] 

1 
+ 2~eu~X°tr[t~O~(A.OxA o + ½A~AxAo) ] , (3.13) 

where ( )A denotes the vacuum expectation value in the presence of the 
background gauge field A. The first term on the right-hand side of eq. (3.13) 
represents a quadratically divergent part. If we add the following local counterterms 
to the action, 

~A I t ( A ) -  f d'x - ,_ 2tr(A.A u) 

1 tr((cg~A~)2+F~[A~,A.I-{_A.A.AUA"}] (3.14) 
96~r2 

then the definition of the current is modified so that the corresponding chiral 
anomaly contains only the odd parity part, that is 

/}.(W[A] + Ic[A])= -fd4xu~Dffh(A )-ff-~( W[ A ] + Ic[ A ]) 

i 
- fo~x4(A, u) (3.]5) 24-2 

where W[A] is the logarithm of the fermionic determinant multiplied by - i .  We 
used the notation of Zumino [1] which will be explained in the next section. 

The Gauss law operator is modified by addition of the action Ic[A] as follows: 

G u --* G" = G ° + AG ° , (3.16a) 
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where 
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2 

,SG"= 996¢r2 ( OiE~ '~- gf, b,A'bE,C). (3.16b) 

The commutation relation of E~" with A 7 is not changed. We can confirm that the 
even parity part is dropped from the commutator anomaly for G". 

4. Derivation of the commutator anomaly from the non-abelian 
chiral anomaly 

In the previous section, we have explicitly evaluated the Feynman amplitudes 
with two M75 insertions to obtain the commutator anomaly. It is a straightforward 
calculation, but still lacks an understanding of the reason why the final result so 
obtained is connected to a geometrical quantity, a 2-cocycle f~03 z. The purpose of this 
section is to clarify this point. We will show that the commutator anomaly can be 
obtained without explicit evaluation of the amplitudes, if the non-abelian chiral 
anomaly is computed explicitly in the perturbation theory and is known to be 
o~ + [even parity part]. Therefore, we can say that the commutator anomaly for the 
Gauss law constraint operator is a different manifestation of the non-abelian chiral 
anomaly and that if the latter is cancelled in a certain model, the former is also 
cancelled in that model. 

Let us consider the regularized fermionic determinant in the background gauge 
field A, 

e iW[A'v} = f D~ D~ Dff' D ~ e  ifdx'v~ , (4.1a) 

. S f l r = ~ i ( ~ + 4 l i ) + + - ~ i ( ~ + ~ i ) q ' - - M ~ U ~  , (4.1b) 

where ~p represents a chiral fermion and q" stands for the Pauli-Villars regulator 
field. A unitary matrix U is defined by U = e v~ which serves as a source field to 
generate M'/5 vertices. Meanwhile V is defined by V=  e -~. For convenience, we 
introduce a real parameter • in the following way, 

U,r = e r 7 5 u  V r ~ e - ' r u  

By noting that the functional integral (4.1a) is invariant under the change of 
integration variables, ~b~ = e-u~pL, '/'/_ = e-"q" L, we obtain the following identity, 

WIA,  V]= W[AV*,I],  (4.2) 

where A V'= VAV t + VdV* is a gauge transform of A. This identity implies that 
amplitudes with two My5 insertions in the loop of regulator fields are related to 
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those with two gauge transformations applied on the external gauge fields instead of 

My 5 insertions. Actually, on the one hand we have 

O,W[A, V.]l .=0 = - f d x ( ~ M v , . q ' ( x ) ) A ,  

a~W[A, V,]l ,=0 = - fdx(-~Mu2q,(x))A 

+ i f  dx dy(-~M~,suq'(x)-~Mysuq'(y)) A 

2 

(4.3a) 

(4.3b) 

where the 3rd term subtracts the disconnected part from the 2nd term; on the other 
hand, starting from W[A v'*, 1], we obtain another expression for (4.3). Let us denote 
A, for AV7 generated by a one-parameter family of gauge transformations. First we 

notice that the z-derivative of the gauge field A, induces an "infinitesimal gauge 
transformation" as if u(x) were an "infinitesimal" gauge parameter, that is, 

O~A~=du+[A,,u] 

= 6 ,A, .  (4.4) 

As is well known, the variation of W[A] under an infinitesimal gauge transforma- 
tion is nothing but the chiral anomaly, which we have explicitly evaluated in the 
previous section [see eq. (3.15)] and we obtain 

lim O,W[A,,1]= lim 6 , W [ A , , 1 ]  
M~o¢~ M ~ o e  

i 
24~. z f~o](A,, u) - 6 , I c [ A , ] ,  (4.5) 

where ,014(A, u) is given by 

¢o](A,u)=tr[ud(AdA + ½A3)] . (4.6) 

By integrating this equation, we know the difference of W[A] under a finite 
gauge transformation as 

i 
lim {W[A, ,1]-  W[A,1]} = 2~(¢r2 f {.,°(A.)-,o°(A)) 

M ~ o c  

- { I ¢ [ A , ]  - I ¢ [ A ] } ,  (4.7) 
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where ~%0(A) is a Chern-Simons 5-form defined by 

¢0°(A) = t r ( A r  2-  ½A3F + ~6A5), (4.8) 

and is related to ~14(A, u) by 6u~o ° = d~o~. 
If we differentiate both sides of eq. (4.5) with respect to ~" we obtain 

i 
lim 02, W[A~,I]I,=o f~.,~',(A u)-3 ,6 ,Zc[A ] (4.9) 

M--, ~ 24~ "2 ' ' 

where u is a c-number field, and ~ denotes a conventional gauge transformation. It 
turns out that ~,~014(A, u) is connected to ~032 by a variant of the descent formula of 
Zumino and Stora [1]. Noting the following identity, 

~o~(A,, F,, u) = ~o](A + dV, V~ t, F, u ) ,  (4.10) 

we have 

O~col4( A~, F~, u)[,= 0 = 3~¢o~( A + vdu, F, u)[~= o 

= terms linear in du of ~0X4(A + du, F, u) .  (4.11) 

The descent formula is derived from the following relation among the 5-forms, 

~o° (A+w,F)=o~° (A ,F)+~o] (A ,F ,w)+~2(A ,e ,w)+  ""  (4.12) 

where ~o'5',,(A, F, w) is the nth power term of the Taylor expansion of w°(A + w, F )  
with respect to w. Here w is assumed to be an arbitrary 1-form instead of the 
Faddeev-Popov ghost field. If we set w =  d u +  u d~ with ~(xs), an arbitrary 
function of the extra coordinate x 5, then we have the following relations, 

terms linear in du of d~ wa4(A + du,  F, u) 

= terms proportional to d~du  of to°(A + du + ud~j, F )  

= terms proportional to d~du  of ~o~(A, F, du + ud~)  

= - ½ d ~ t r [ ( u d u - d u u ) ( A d A + d A A + A  3 ) + u A d u d A + d u A u d A ] .  (4.13) 

Here, ~2 is obtained from eqs. (4.12) and (4.8) as 

~0~(A,w) = -½tr[w2(AdA +dAA +A 3) +wAwdA]. (4.14) 
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Combining eqs. (4.11) and (4.13), we have 

O,o~X4(A,, F~, u)l.= 0 -  ½ t r [ ( u d u -  d u u ) ( A d A  + d A A  +A 3) 

+ u A d u d A + d u A u d A ] .  (4.15) 

Inserting this expression into the 1st term of the right-hand side of eq. (4.9), we 
obtain 

where 

i fo.,d(A..u)l fdx~"~x°,°O, uhry2o(x) 24-rr 2 ~-=o = ' 
(4.16) 

ah 
i 

487r 2 {tr[t", tq(&0xA o + O~AxAo+ A,AxAo)  

- t r ( t"A. th0xAo - thA.t~OxAo) } . (4.17) 

As for the 2nd term on the right-hand side of eq. (4.9), we explicitly evaluated the 
variation of lc[A] under a gauge transformation and we get 

-6 ,3 ,1c[A  ] = f d x (  O~,u"O~'ubSf b + u~a~,uhT~ h'~ + O~'u~O"ubS~ 

where 

+[3u~t3uhS~i b + t3uOO,ubT~h'" } , (4.18) 

1 
S~h = - A2tr( t"t b) + 4-~2 tr( t~A~thA~ ) , 

1 
T~h= - A 2 t r ( [ t " , t b ] A . ) +  TffL-5_2 tr[t~, t b] 

I~ 4~7r 

× ( ¢0vA + Aq + Aq 

+ O ' [ F , , + ½ ( O , A , - O , A , ) ] } ,  

1 
SX?= 48~" 2 tr(2{ t~, t b } A . A . -  t"A.thA. - tbA.taA.), 

1 
Sfi h 48~r 2 tr(t"t h), 

1 ~ hi T,3~= 48~r2tr(It , t  A~,). (4.19) 
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The resulting terms are divided into symmetric tensors, 
tensors, T, under the exchange of a and b. 

From eq. (4.3b), we obtain 

,z~'= lim lim ( - i ) (p° -q° )g2 fdxdye - i~P"+q~)  
pO_ qO~ oo M ~  oc 2p°q ° J 

S, and antisymmetric 

× (~l, MYst .~(x,~My the,  , . . . . . . .  ted ) S tY))A 

lim lim 
p ° - q " ~ o c  M ~ o o  

(-i)(_PZ: qO) gZ f 
dx dy e-ilp.,--qy~ 2p°q ° 2i J 

× 8u,(x)Suh(y ) ( 02W[ A, W,]l,_o) + M(~P{ t", t h } ~J't(X))A~(4)(X --y) , 

(4.20) 

where the 2nd term of the integrand is local in x ° _yO and gives no contribution in 
the BJL limit. Combining eqs. (4.2), (4.9), (4.16), and (4.18), we have 

( - i ) ( p ° - q  °) 
l im lira - - - -  dx dye  -ilp~+qy) 

p ° - q ° ~ o  c M ~ o c  2p°q ° 2iJ  

× 
~2 

6u.(x)Suh(y)  ( o~W[A,'llI,=o) 

lim - !P2 - -q° )  g~f  dxe -''"+~'-" 
po-q'~o~ 2p°q ° 2 

× {i(p.-q.)(e""~OTy[.+ T~h'")(x)- 2p.qS~"(x) 

~ ~h x i(q"p2 - ( p " q " + p q  )S~,,( )+2p2qZS~lh(x)+ -p~qZ)T~b'~(x)}. (4.21) 

As explained in the previous section (see the paragraph below eq. (3.9).), we throw 
away positive power terms of the Laurent expansion of (4.21) with respect to 
( pO _ qO) ,  before we take the limit of ( p O  _ qO)  ~ oo. Taking the BJL limit, we get 

• ,b. + qi)S~ib(x ) ~,= g2f dx e-i'p+q'x{ t( eo,xor ~x, Te d)(x ) + ½( pi 

_(  pO + qO)( p,p,_ qiqi)S~lh_ ~i( pipi + qiqi)T,]ho(X) 

+ ½i( pO + qO)( p,+ (4.22) 
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Since S¢~'~ and T~x ~ are linear in A 0, they vanish in the Weyl gauge. Integrating by 
parts and noting that S~'~ b is constant, we obtain the commutator anomaly. 

~'=ig2f dxe-"p÷q'-'{~o.xoT~b,"x"+ T(oh -½aoa iT~a , i } ( x ) ,  (4.23) 

which reproduces the anomaly evaluated in the previous section (3.11) after sub- 
stituting the explicit forms of T's given by (4.17) and (4.19). 

Now we have succeeded to derive the commutator anomaly from the non-abelian 
chiral anomaly. Once we know the latter by perturbative calculation or by the 
family index theorem [11], we obtain the former without any explicit calculation of 
the Feynman graphs. 

5. Summary 

We have evaluated the commutator anomaly for the Gauss law constraint 
operator in the perturbation theory. In the BJL limit, Green functions involving two 
Gauss law operators are equated to Green functions with two insertions of the T5 
vertex into loops of regulator fields. The latter was explicitly evaluated and the 
commutator anomaly, both the odd parity part and the even part was obtained as 
follows: 

[G~(x), Oh(y)] x0=.v o + ig f~b ,G"(x)80 ' (x  - y )  

2 

- 4~-~e°~'X[tr[t~, tb]( a~A.Ax + A~a.Ax + A~A.Ax) 

+ tr{ t~Ou(A~tbAx)}]6°)(x-y) 
g 2  . 

9-~--~21gf, h,. ( O'E[ + gf,.a~AidEi" )a°~( x - y ) . (5.1) 

The even parity part is proportional to G~ and can be eliminated by addition of 
local counterterms given by eq. (3.14) to the action. Such local counterterms 
eliminate the even parity part of the non-abelian chiral anomaly at the same time. 
The odd parity part of the commutator anomaly in the Pauli-Villars regularization 
scheme, which we took, is different from Faddeev's form by a coboundary, but both 
belong to the same cohomology class. 

The relation between the commutator anomaly and the non-abelian chiral anomaly 
has not been clear so far. The basic formula obtained in sect. 2 enabled us to clarify 
this point. The commutator anomaly was directly related to the non-abelian 
anomaly and therefore if the latter is known by perturbative calculation or by the 
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f a m i l y  index  theorem,  the f o r m e r  is o b t a i n e d  w i t h o u t  a n y  fu r the r  c o m p u t a t i o n  of  

the  F e y n m a n  graphs.  If the n o n - a b e l i a n  chi ra l  a n o m a l y  is c a n c e l l e d  in a cer ta in  

m o d e l ,  then  the c o m m u t a t o r  a n o m a l y  is a lso  cance l l ed .  

O n e  of  us (K.S.)  wishes to thank  the m e m b e r s  of  the  t h e o r y  g r o u p  of  K E K  for 

h o s p i t a l i t y  d u r i n g  his stay at K E K .  
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