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A necessary condition for realization by a decentralized finite-dimensional 
mechanism is proved. The concepts of the realization of a time sequence of alloca- 
tions by a decentralized temporal process and by the particular more realistic class 
of decentralized evolutionary temporal processes are defmed. The above condition 
shows that the optimal allocation in a simple model for intertemporal production 
and consumption can be realized by a decentralized temporal process but not 
by a decentralized evolutionary process which uses either a finite number of 
verification conditions or a finite-dimensional message space. Journal of Economic 
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1. INTRODUCTION 

This work is concerned with the question of whether a time sequence of 
resource allocations can be realized by means of a decentralized 
mechanism. More precisely, we are interested in welfare maximization in an 
infinite-horizon intertemporal (or intergenerational) economy of the type 
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studied by Malinvaud [6], Koopmans [4], and many others since. The 
welfare criterion used by Malinvaud was production efficiency, and the 
mechanism he considered was period-by-period profit maximization, with 
prices treated parametrically. Malinvaud showed that, in contrast to the 
finite-horizon case, profit maximization does not guarantee efficiency when 
the horizon is infinite. An additional “transversality condition” (e.g., that 
the sequence of present values of the inputs converges to zero) is needed, 
and such a condition cannot be implemented by individual decision makers 
with finite lives. Therefore profit maximization does not provide a decen- 
tralized mechanism which realizes efficiency. Koopmans conjectured that it 
would not be possible to realize efficiency in the infinite horizon problem 
with any decentralized mechanism. 

It is natural to inquire whether it is possible to design any decentralized 
mechanism, not necessarily involving perfectly competitive behavior, which 
would maximize some well-defined measure of welfare over some class of 
allocations. We shall consider an economy with a single commodity in 
which the rate of increase of utility is of the form u(c,), where u is a utility 
function and c, is the rate of consumption in the tth time interval, while an 
investment of the remaining stock X, at the beginning of this time interval 
results in an amount f(x,) at the end of the interval. The economy is thus 
described by the utility function u(c) and the production function f(x). As 
the measure of welfare we use the sum of discounted one-period utilities 

w = ~654(c,) 

with O-=6< 1. 
In order to discuss the question of whether the allocation of the optimal 

consumption stream {c, > for this model can be realized by a decentralized 
mechanism, we need a number of definitions. A goal function (or perfor- 
muncef’nction) Q is a mapping from a set (5 of admissible economies into 
an allocation space ‘$ which is a normed linear vector space. 

The set @ is a subset of a linear vector space &, and we assume that (E 
is open in the rather weak sense that its intersection with any finite-dimen- 
sional linear subspace is open. Correspondingly, we shall assume that Q is 
twice continuously differentiable in the sense that its restriction to the inter- 
section of (5 with any finite-dimensional hyperplane is twice continuously 
differentiable. In particular, for any e, in t5 and any q in & the function 
Q(p) = Q(eo + pq) is a twice continuously differentiable function of p for 
small values of p. The derivative Q’(O) is called the derivative (or Gdteaux 
derivative) of Q at e0 in the direction q, and is denoted by Q,(eo; q). 

These definitions will be discussed in greater detail at the beginning of 
Section 2. 
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A mechanism consists of a message space’ W, which is an open subset of 
a linear vector space $2; a verification function G, which is a twice 
continuously differentiable mapping from ‘113 = @ x %II into a Euclidan space 
Rk; and an outcome function H, which is a twice continuously differen- 
tiable mapping from YJI into the allocation space a. 

The differentiable mapping G: %I + Rk is said to be nondegenerate at 
WOE 1113 if the range (image) of its derivative G,(w,; o) as o varies is the 
whole space Rk. 

DEFINITION 1 .l. The mechanism (W, G, H) is said to realize* the goal 
function Q if 

(a) H(m) = Q(e) whenever G(e, m) = 0; 

(b) For each e in 6 there is at least one m E YJI so that 

(i) G(e, m) = 0; 

(ii) G is nondegenerate at (e, m). 

We now assume that the economies in C% are defined by two independent 
pieces of information, which are held by two separate agents. That is, we 
suppose that 

E=Ux& 

In our application the two agents are the consumer and the producer, an 
element of U represents the consumer’s utility function U, and an element 
of 5 is the production function J 

DEFINITION 1.2. The mechanism (%I, G, H) with 

G:Uxjjx9JbRk, 

H:9X+B 

is said to be decentralized (or privacy preserving) if G has the form 

G(u, f, m) = R(u, m) + S(f, ml. (1.1) 

The decomposition (1.1) states that the condition G=O can be verified 
by an information processor (a person or a computer able to generate 
messages, receive responses, and compute the outcome function) which 

’ Note that the message space need not be fmite-dimensional, which strengthens our 
impossibility result. 

‘The term implement, which might also be used here, is customarily reserved for 
mechanisms derived from a game theoretic approach. 
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elicits the response R(u, m) to the message m from an agent who only has 
the information U, and the response S(f, m) from a second agent who only 
has the information J: 

When each component of R is a difference between a functional of u and 
a functional of m while each component of S is the difference between a 
functional of f and a functional of m, the mechanism consists of deter- 
mining the outcome from the values of finitely many linear functionals 
elicited from each of the agents. If R and S do not have this form, the 
equilibrium state G = 0 must usually be reached by an iterative process 
such as a bidding process. Such a process is called a thtonnement. 

We remark that it is more usual to define a decentralized mechanism by 
requiring one of the agents to verify a condition g,(u, m) = 0 and the other 
agent to verify another condition g, (f, m) = 0, where the range of g, lies 
in a Euclidean space RI’ and that of g2 lies in R”. If we let k = j, f j, and 
think of Rk as a direct product, we can set 

to obtain an allocation function of the form (1.1). Conversely, if we have 
a G of the form (l.l), we can define the new message space ‘9X* = m x Rk 
and define g, (u, m, m’) = R(u, m) + m’ and g, (f, m, m’) = S(S, m) - m’ to 
reduce the equation G = 0 to the form g, = 0, g, = 0. 

We now consider the case where the allocation space !8 consists of time 
sequences {a,}, where t ranges over a finite or infinite interval of 
nonnegative integers. In this case, the goal function Q has components Qt, 
the desired allocations at times t, and if (1111, G, H) is a mechanism which 
realizes Q, then H has components H,. 

We shall call the triple (‘9.X, G, H) consisting of a message space, a 
verification function, and an outcome function a temporal process if the 
verification function G is the direct sum of mappings G, with finite-dimen- 
sional ranges Rkl. That is, the equation G = 0 is equivalent to the sequence 
of equations G, = 0. For the infinite-horizon problem the range of G may 
be infinite-dimensional, so that the concept of a temporal process is an 
extension of the concept of a mechanism. 

We define the realization of the goal function Q by the temporal process 
exactly as in Definition 1.1. We use Definition 1.2 to define a decentralized 
temporal process. 3 This definition is, of course, equivalent to saying that 
each of the mappings Gr(u, f, m) is of the form RJu, m) + S,(f, m). 

3 If the time sequence is interpreted as an intergenerational model, one thinks of different 
agents in different time intervals. Our concept of decentralization takes account of the fact 
that in each generation there are two agents who possess different private information. 
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We observe that “in general” a temporal process for the infinite horizon 
problem will have the property that the component H, of the outcome 
function cannot be determined without verifying all the conditions G, = 0. 
That is, for some e in % and for every nonnegative integer s there are two 
elements m and m’ in )IJ1 such that 

G,(e,m)=G,(e,m’)=O for t = 0, . . . . s 

but H,(m)#H,(m’). 
For an intergenerational model this means that no allocation can occur 

at time 0 until all the future agents, even those who are as yet unborn, have 
verified their conditions. Such a process is thus a prescription for economic 
paralysis rather that a realistic model for economic behavior. For this 
reason we introduce a definition of a more restricted but also more 
reasonable class of processes. 

DEFINITION 1.3. A temporal process is said to be an evolutionary 
process if it has the property that 

G,(e, m) = Gt(e, m’) = 0 for t = 0, . . . . s 

imply that 

H,(m) = H,(m’). 

We note that if the goal function Q is realized by the evolutionary 
process (W, G, H), then Q, is realized by the mechanism 

Pn, {Go, G,, . . . . G,}, H,). 

Thus, it is not necessary to know the future4 in order to make the alloca- 
tion at time 1. 

Since we are interested in proving the impossibility of implementation 
with a decentralized evolutionary process, we have introduced a rather 
weak definition of such a mechanism. While Definition 1.3 precludes 
verification by future agents, it permits requiring veritication by all past 
agents. A class of evolutionary processes which prohibit this unrealistic 

4 If one wishes to model an economy which changes in time, the space (E of admissible 
economies will also consist of time sequences, and one will need to require that G, only 
depend on the components e, with t < s. It is clear that one cannot realize a goal function in 
which Q, depends on components e, with f  > s by such a mechanism. In fact, Hurwicz and 

Majumdar [2] have proven the impossibility of realizing such a function by a temporal 
proces of a class of proposed action processes. 
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feature as well is obtained by letting the space !XN consist of time sequences 
{m,} and choosing the functions G and H in the form 

H,(m) = h,h) 

If this process is evolutionary and if it realizes the goal function Q, then the 
functions h,(m,) must have the values Q,(e). Thus if at time t the historic 
allocations a, = Q,(e) for s < t have been observed, the mechanism 
PJL gt(e, m,, ao, . . . . a,-,), h,) realizes Q,. Here %Nn, is the range of the tth 
component of m as m varies over members of llJl such that h,(m,) = a, for 
s < t. In particular, Q, is realized by the mechanism (%R,, g,(e, m,), ho). 

In Section 2 we shall derive a rather general necessary condition which 
must be satisfied by a goal function Q if it is to be realized by a decen- 
tralized mechanism. The condition is that the mixed second derivative Q,, 
which is a bilinear form in the displacements of u and f, must vanish 
whenever each of these displacements satisfies a certain finite set of linear 
equations. 

The detailed one-commodity model which we have mentioned above is 
formulated and analyzed in Section 3, We show that there is a unique 
optimal investiment and consumption stream ({x,1, (c,}), and that this 
goal function can be realized by an explicit decentralized temporal process 
which is not an evolutionary process.5 

In Section 4 we combine the fact that if the optimal consumption stream 
is realized by an evolutionary process then Q. is realized by the mechanism 
(‘$Jl, Go, Ho) with the results of Sections 2 and 3 to show that the inlinite- 
horizon problem cannot be realized by a decentralized evolutionary 
process.6 Theorem 4.1 gives the lower bound k 2 T/2 for the dimension of 
the range of the verification function Go in any decentralized mechanism 
which realizes the first allocation x0 in the corresponding T-horizon 
problem. Theorem 4.2 uses the same proof to show that there is no 
decentralized evolutionary process which realizes x0 in the infinite-horizon 
problem. 

‘Related propositions on the properties of optimal programs are found in Sobel [S] 
and in Majumdar and Nermuth [S]. The paper by Brock and Majumdar [l] contains 
independently obtained results on temporal processes. (An early version of the latter paper 
was circulated in 1984.) 

6 We observe that this result is only proved when the goal function is defined by maximizing 
the discounted total utility. In fact, V. Bala, M. Majumdar, and T. Mitra [Decentralized 
evolutionary realization in intertemporal economies: A possibility result, mimeo, Cornell 
University, July 23, 19891 have recently found that another optimality criterion for inter- 
temporal production and consumption leads to a goal function which can be realized by a 
decentralized evolutionary process. 
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We conclude that for this model Koopmans’ view is too pessimistic if 
one is willing to accept any temporal process, but that it is valid if one 
restricts oneself to evolutionary processes. 

We show in Section 5 that if the verification function G satisfies a 
sufficiently strong solvability condition, then the dimension of the message 
space is at least as great as that of the range of G. In this case, the lower 
bound for the latter in the finite-horizon problem also gives a lower bound 
for the former. 

Our one-commodity model is, of course, exceedingly simple. It was 
investigated in the expectation that if such a simple model cannot be decen- 
tralized, then, in general, a more complex one is even less likely to be 
capable of being decentralized. One way of tying this model into a more 
realistic (but still quite restricted) one is to think of 6 as a small 
subeconomy of a much larger market economy and to identify the one 
commodity with money. In this case f(x) -x could represent the return in 
one time period of an investment x in an optimal portfolio, while u(c) 
would represent the utility of spending an amount c on an optimal bundle 
of goods and services. 

2. A NECESSARY CONDITION FOR DECENTRALIZATION 

In this section we shall derive a condition which a goal function Q(u, f) 
must satisfy if it can be realized by a decentralized mechanism. Note that 
we are here discussing a single mechanism rather than a temporal process. 

The only information one has about the functions u and f in the 
mechanism problem is that they lie in certain sets U and 5 of functions. 
Therefore our condition will involve derivatives of mappings between 
spaces which may be infinite-dimensional, and we begin with a brief discus- 
sion of the differentiation process. 

A linear vector space G is defined to be a collection of elements such as 
vectors, functions, or vector-valued functions with the property that if s1 
and s2 are in ($ and cx and /? are any real numbers, then as, + fls2 is also 
in 8, and the usual laws of vector addition and multiplication by a scalar 
hold. 

We define a weak topology in any normed linear vector space e by 
saying that a subset b of (% is open if for any integer Z, any collection 
vi, . . . . q, of elements of e;, and any point b E ‘B there is an E > 0 such that 
the linear combination 

J=l 

also lies in B whenever p: + . .. + p: < 2. 
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We have assumed that the allocation space is a normed linear vector 
space. A normed linear vector space is a linear vector space 3 in which 
there is a real-valued function I/r/I, the norm of r, with the properties that 
llrj/ >O for r#O, that I(c(rII = (~(1 I(r(I for all real CC, and that llr +sll G 
llrll + /IsI/. The quantity I/r1 -r,li is thought of as the distance between r, 
and rz, and convergence is defined in terms of it in the obvious way. 

Any Euclidean space is, of course, a normed linear vector space. 
A function R(p) of the real variable p with values in the normed linear 

space 3 is said to have the limit r as p --+ a if for each E > 0 there is a 6 > 0 
such that Ip - a( < 6 implies that IIR(p) - r/l <E. With this definition we 
can define continuity and differentiation of such a function. 

As usual, we say that a mapping R(s) from an open subset B of the 
linear vector space e into the normed linear vector space ‘@ is continuous 
if for every b E 23 and every positive E there is an open subset 6 of 23 which 
contains b and has the property that l/R(c)-R(b)/1 <E for all CECC. 

It is easily seen that because of our definition of open set this is 
equivalent to saying that R(s) is continuous if for every be 9, every 
integer Z, and every collection q,, . . . . q, of elements of e the function 

is continuous. Similarly, we say that R is continuously differentiable or twice 
continuously differentiable in B if for each b E B and finite collection qj~ e 
this function i? of the finitely many variables pi, . . . . p, has this property. 

It is easily verified that if R is continuously differentiable, then the 
mapping 

R,(b; vl) = Wb+p,v) 
apI 1 PI =o 

is linear in v. It is continuous in both b and 4 in the sense defined above. 
The functional derivative R, defined in this way is called the Gdteaux 
derivative. If the mapping R happens to have a Frechet derivative, it will 
coincide with the Gateaux derivative. 

If R is twice continuously differentiable, we define the second Gateaux 
derivative 

R.x,(b; ~1, ~2) = a2R(b + PI ~11 + ~2~2) 
apI ap2 1 PI=m=o 

which is linear in q, and in qz. 
We shall assume that the elements u and f which define a decentralized 

economy lie in an open subset U of a normed linear vector space fi and an 
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open subset 5 of a normed linear vector space 8, respectively. We are 
given a twice continuously differentiable goal function Q(u, f) from U x 5 
into a normed linear vector space ‘$i, the allocation space. We suppose that 
this goal function is realized by the decentralized mechanism (mZ, G, H), 
where ‘%I is an open subset of a normed linear vector space ‘@I, G is a 
twice continuously differentiable mapping from ‘93 = U x 5 x ‘9JI into the 
Euclidean space Rk, and H is a twice continuously differentiable mapping 
from ‘%I into @. The statement that the mechanism realizes the goal func- 
tion and is decentralized means that Definitions 1.1 and 1.2 are satisfied. 

We shall sometimes write the points of YB as (u, f; m). We shall work in 
a neighborhood of a point w,,= (u,,fO, rn,)~!lJJ at which the verification 
function G vanishes and is nondegenerate. (The existence of such a point 
for each (u,, fO) is assured by the assumptions contained in Definition 1.1.) 

Suppose that G(w) is nondegenerate at the point wO. This means that the 
range of the derivative G,.(w,; u) as u varies over the space ‘!& is the whole 
space Rk. Therefore, for each of the coordinate unit vectors sj of Rk there 
is an element uj such that G%.(w,; 0,) = ej. That is, 

CGw,(wO; vj)]i= i 
if i=j 
if i #j. (2.1) 

THEOREM 2.1. Suppose that the mechanism (YJI, G, H) is decentralized 
and that it realizes the goal function 

Suppose further that G vanishes and is nondegenerate at the point 
w. = (uo, fo, m,), and that the maps G, Q, and H are twice continuously 
differentiable. Then Q has the following property : 

For every [E fi such that 

G,(wo;~)~G,(wo;(i,0,0))=0 (2.2) 

and every n E 8 such that 

Gf(wo;?)~G,(wo;(O,q,O))=O (2.3) 

the derivatives of Q satisfy 

QU(~o,SO;i)=Q,(uo,fo;rl)=O (2.4) 

and 

Qu/(uo, fo; L VI= 0. (2.5) 
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ProoJ Since G is nondegenerate at wo, there exist u,, . . . . ok E’@ such 
that the equations (2.1) hold. Choose any CE fi such that (2.2) is satisfied 
and any q E 8 such that (2.3) is valid. 

We note that the expression G(w, + (a[, pq, 0) + Et=, ujuj) is a twice 
continuously differentiable k-vector-valued function of the finite set of 
variables 0, p, a,, . . . . a,. It vanishes when all these variables are zero, and 
by (2.1) its Jacobian determinant with respect to the uj is not zero at this 
point. Therefore, by the implicit function theorem there exist E > 0 and 
twice continuously differentiable functions a,(~, p), . . . . C(k(o, p) such that 

wo+(~l,p~,O)+ i ajuj 
j= 1 > 

=O for p”+a2<s2 

(2.6) 
aj(o,o)=o for j= 1, . . . . k. 

We take the partial derivative of (2.6) with respect to 6, set 0 = p = 0, 
and use (2.1) and (2.2) to find that 

$O,O)=O for j= 1, . . . . k. (2.7) 

Similarly we find that 

2 (0,O) = 0 for j= 1, . . . . k. (2.8) 

We now take the mixed second partial derivative of (2.6) with respect to 
c and p and set d = p = 0. By using the definition (1.1) of a decentralized 
mechanism together with (2.1), (2.7), and (2.8), we see that 

&O,O)=O for j= 1, . . . . k. (2.9) 

Since the mechanism realizes Q and since the outcome function H is 
independent of u and f, we have 

Q( k 

k 

UO+CT[+ C GljUj,fO+Pq+ C Orjfi mO+ C ajmj 3 (2.10) 
j=l j=l j=l 

where we have written 

w. = (uoT fey mo) 

and 
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We take the derivative of both sides with respect to p and set TV = p = 0. We 
conclude from (2.6) that 

Similarly we conclude from (2.10) and (2.8) that Q,(u,,f,; 9) =O. Finally, 
we take the mixed derivative of (2.10) and use (2.7) (2.8) and (2.9) to 
obtain (2.5). 

Thus the theorem is established. 

Remarks. 1. In mechanism design theory the mapping G is usually an 
unknown of the problem. Theorem 2.1 is important because it shows that 
Q cannot be realized by a decentralized mechanism in which the range of 
the verification function has dimension k unless there are k linear 
homogeneous equations in [ and k in q which together imply (2.5). 

2. If one makes the stronger hypothesis that the range of the linear 
transformation (G, F,-) is all of Rk, one can choose the vi in (2.1) so that 
the m-components mi are all zero. Then the right-hand side of (2.0) is 
independent of the 0~~ and hence of 0 and p, so that the conclusion of 
Theorem 2.1 follows without any assumption about the smoothness of the 
outcome function H. This result for the case in which all the spaces are 
finite-dimensional was found by Hurwicz, Reiter, and Saari [3, Theorem 4 
(Theorem 4’ in the 1980 version)]. See also Saari [7]. 

3. A MODEL FOR INTERTEMPORAL INVESTMENT 

In this section we shall derive some properties of the goal function of the 
following standard model for intertemporal investment. There is a produc- 
tion function f such that an input of the amount x of a single commodity 
produces an output of f(x) of the same commodity after one unit of time. 
The commodity may be consumed or used as input for further production. 
There is also a utility function u such that the consumption of amount c 
of the commodity in one unit of time produces utility u(c). The initial 
amount y, of the commodity is prescribed and the goal is to find the 
schedule of consumptions c, and reinvestments x, at the integer values of 
the time t which maximizes the discounted sum 

f WC,), (3.1) 
t=O 

where 6 is a given number in the interval (0, 1). The usual assumptions on 
the functions u and f can be written in the form 

24 E C’( [O, Xl), u(0) = 0, 24’ > 0, u” < 0, 

f~C2m4m,f(0)=O~ f’>o,f”<o,sf’(o)>l,f(x)<x. 
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Here X is a number larger than any quantity of the commodity that can 
occur in the problem, and C’( [0, X]) is the usual set of functions which 
are twice continuously differentiable on the interval [0, X]. It follows from 
the conditions on f that there is a positive number x* = x*(.l; 6) such that 

hf’(x*) = 1. (3.2) 

One seeks the maximum of the sum (3.1) under the constraints 

xf+l+c~+l=f(x,) 

x, > 0, 

c,ao, 

xo+co=Yo, 

(3.3) 

where the initial stock y, with 0 < y, < X is prescribed. 
We begin with an easier problem with a finite time horizon T. This is the 

problem of maximizing the sum 

i 6’u(c,), (3.4) 
I=0 

under the constraints (3.3) and the additional constraint that -‘cT is a 
prescribed nonnegative number’ x F. We shall always assume that x? is 
admissible in the sense that 

(3.5) 

the Tth iterate off applied to y,. This inequality states that x; is less than 
the amount of the commodity one can amass by the time T by not con- 
suming anything before this time. Because we are maximizing a continuous 
function over a bounded and closed finite-dimensional set, the maximum 
certainly exists. Because u is increasing, one finds that replacing the first 
equality in the constraints (3.3) by the inequality 

X r+I+Cr+l~f(X,) 

does not change the problem. In this form one is maximizing a strictly 
concave functional over a convex set, and it follows that there is exactly 
one optimizing sequence. 

’ If one does not prescribe xr, one obtains the natural boundary condition xr= 0 from the 
maximization. We prefer to leave the prescribed value of xT free, because this will enable us 
to handle the infinite horizon problem. 
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By solving (3.3) for c, and substituting in the sum (3.4), we easily derive 
the Euler conditions 

i 

=0 if x,>O,cI>O 
-u’(c,) + 6f’(x,) u’(c,+ 1) < 0 if x, = 0 for t=O, 1, . . . . T- 1. 

30 if c,=O 

(3.6) 

In order to establish properties of solutions of the system (3.3), (3.6), we 
shall use the following lemma: 

LEMMA 3.1. Let ({x~}, {c,}) and ({a,}, {Z,}) be two solutions of the 
system (3.3), (3.6) with x,<i,,. Then 

x, < it, 
for t = 1, . . . . T. 

c, > E, 

Proof. We see from the conditions Sf’(0) > 1 and (3.6) that since x, = 0 
implies that c, + 1 = 0, it also implies that u’(c,) > u’(0). This contradicts the 
condition U” < 0. Thus we always have 

x, > 0 for t < T. 

We now prove the Lemma by induction. Clearly 

co= yo-x,> y,-&=&. 

Suppose now that x, <A?, and c, > C,. Then by (3.6) and the facts that f 
and U’ are decreasing and x, > 0, c, > tt B 0 

so that c,+,>?,+,. By (3.3) and the fact that f is increasing 

x r+1=f(xt)-C,+* <f@,)-e,+,=a,+,. 

Thus the lemma is established. 

It is clear from this lemma that the solution of (3.3), (3.6) with 
prescribed xT is unique, and that X, increases and c, decreases for all t 
when xT is increased. The next lemma presents another important property 
of solutions of this system. We recall the definition (3.2) of x*. 
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LEMMA 3.2. Let ( {x~}, Cc,}) b e a solution of the system (3.3), (3.6). If 
X ,-, <x,<x*, then 

x 1+12xr, 

C ,+13cl. 

If x,-I axtax*, then 

x 1+1 <x,5 

c ff I d ct. 

Moreover, if one of the inequalities in the hypotheses is strict, the first 
inequality in the conclusions is strict. 

ProojY Because f is strictly concave, x,6x* implies that 6f’(x,) 3 1. 
Then (3.6) implies that if c, > 0, u’(c,+ 1) < u’(c,) so that c,, 1 3 c,. If c, = 0, 
this is obviously also true. By (3.3) and because f is increasing, we then see 
that 

x 1+1 =f(x,)-c r+I2f(X,G,)-(.r=X,. 

The second part of the lemma is proved in the same way. 

Remark. If we define the number x- 1 by the equation f(xpI) = y,, we 
see that the lemma is true for t = 0. 

If we think of the sequence {xl} as a function of t, Lemma 3.2 states that 
a local minimum value of this function must lie above x* and a local 
maximum value must lie below x*. Thus any solution can have at most one 
local maximum or minimum, and cannot have both. In particular any 
value of x, can be taken on at most twice. More exact qualitative informa- 
tion can be obtained from the boundary values. For example, if y, <f (x*) 
so that xel <x* and if x*,<x *, then the sequence {xt} lies below x* and 
has at most one maximum and no minimum. 

We are now in a position to prove the existence and properties of the 
maximizing sequence. 

THEOREM 3.1. Zf the boundary value x$ is admissible in the sense that the 
strict inequality (3.5) is satisfied, the finite-horizon problem of maximizing 
the sum (3.4) under the constraints (3.3) and with xT= x? has a unique 
solution ({xl}, {c,}). Th is solution satisfies the inequalities 

x, > 0, c, > 0 for t = 0, . . . . T- 1, 

and is the unique solution of the constraints (3.3) together with the equation 

-u’(c,) + dfyx,) u’(c,+ 1) = 0 for t=O, 1, . . . . T- 1. (3.7) 
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Moreover, 

(4 ifh Gf(x*h x,6x* but not both equalities hold, then x, -C x*, x, 
has no local minimum, and c, is increasing; 

(b) if y, > f(x*), x,> x* but not both equalities hold, then x, > x*, x, 
has no local maximum, and c, is decreasing ; 

(c) if yo<f(x*), x,2x* or y,bf(x*), xT<x*, but if not both 
y,,=f(x*) and xT=x*, then x, is monotone and c, can have at most one 
maximum or minimum; 

(d) if yO=f(x*) and x==x*, then x, = x* and c, = f(x*) -x* for 
all t. 

Proof The existence and uniqueness of the maximizer as well as of the 
solution of the system (3.3), (3.6) follow from the above discussion. The 
property x, > 0 was shown in the proof of Lemma 3.1. The monotonicity 
properties come directly from Lemmas 3.1 and 3.2. 

The Euler conditions (3.6) will thus reduce to the Euler equation (3.7) 
once we prove the inequality c, > 0. In order to prove this inequality, we 
observe that since the strict inequality (3.5) holds, a slightly larger a*, is 
also admissible. If c0 = 0 in the solution of the original problem, then 
because y, is fixed, the solution ({a,}, { ?,}) for a*, would have to have 
S, 2 c0 and hence f0 f x0. But then Lemma 3.1 would imply that A!~< xT, 
so that the problem with 1, > xT would have no solution. Since we already 
have proved that there is a solution, we conclude that c,>O. We can now 
apply the same argument to the problem where for any to E (0, T) we start 
with the initial stock f(x,- ,) to conclude that c,, > 0. This completes the 
proof. 

We obtain a similar result for the infinite-horizon problem. 

THEOREM 3.2. The infinite-horizon problem of maximizing the sum (3.1) 
under the constraints (3.3) has a unique solution ({x,}, {cl}). This solution 
satisfies the constraints (3.3), the inequalities 

x,>O,ct>O for ta0, 

and the equation (3.7). It is also the only positive solution of the equations 
(3.3) and (3.7) for all nonnegative t. 

Moreover, 

(a) if y, < f(x*), then x, increases to x* and c, decreases to 
f(x*)-x* as t goes to infinity; 

(b) if y,,> f(x*), then x, decreases to x* and c, increases to 
f(x*) - x* as t goes to infinity; 

(c) ifyO = f(x*), then x,=x* and c, = f(x*) - x* for all t. 
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Proof: We first note that both x, and c, are bounded by the tth iterate 
f(f(... f(y,) . ..)). which is bounded uniformly in t. Thus the difference 
between the sum (3.1) and the finite sum (3.4) has a bound of the form 
K6 T. 

We denote the supremum of the sum (3.1) under the constraints (3.3) by 
W. Then for any positive E there is an admissible sequence {Z,, c”,} such 
that 

j. u(c”,) > W-E. 

Let WT denote the maximum of the finite horizon sum (3.4) with the 
constraints (3.3) and the boundary condition xT= 0, and let {XT, CT} be 
the maximizing solution. Let 

P,= Cl 

i^ 

for t < T, 

c”,+ ZT for t=T 

and let f,= 0, so that (a,, tl} is admissible for this finite horizon problem. 
Then 

Since this is true for arbitrary E, we see that 

i 8u(c;)> WT- KS’. (3.8) 

Since x~+‘>O=x~, Lemma 3.1 shows that xf is increasing and CT is 
decreasing in T :for each fixed t. Since they are also bounded, these sequen- 
ces converge to a limit sequence {xI, c,} as T+ co. Because the sum in 
(3.8) converges uniformly in T, we may let T go to infinity to show that 
this limit sequence is a maximizing sequence. Its uniqueness follows as in 
the finite horizon case from the strict concavity of U. 

Clearly if ({x~}, {cl>) is the maximizing sequence pair for the inlinite- 
horizon problem, then for any T the restriction of this sequence to t < T is 
the maximizer for the finite horizon problem with the value xT specified. 
We observe that if the inequality (3.5) is violated, the only possible 
admissible sequence has c, = 0 for t < T. Since T is arbitrary, and since a 
consumption stream with c, = 0 for all t is clearly not optimal, we conclude 
that the inequality (3.5) is valid for all sufficiently large T. We therefore see 
from Theorem 3.1 that x, and c, are positive for all t, and that the sequence 
{xt, c,} is again a solution of the equations (3.3) and (3.6). Then 
Lemma 3.2 shows that both x, and c, can have at most one maximum or 
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minimum, so that they must eventually be monotone. Therefore they must 
have limiting values X and F as t + co. Since U’ > 0, we see from taking 
limits in (3.6) that 6f’(X) 2 1, with the inequality possible only if c, = 0 for 
all sufficiently large t. However, if this were the case, one could increase 
the sum (3.1) simply by consuming all of x, at one of these large times. 
Therefore, X = x*. We then see by taking limits in the constraints (3.3) that 

x=x*, T=f(x*)-x*. 

Thus we have established the limiting values in the Theorem. The 
monotonicity properties (a), (b), and (c) then follow immediately from 
Lemma 3.2. 

We observe that the terms with t < p of the maximizing sequence 
{xI, c,} solve the T-horizon problem with the prescribed value xT. If T is 
sufficiently large, then c,> 0 and therefore xT satisfies the admissibility 
inequality (3.5). We thus see from Theorem 3.1 that x, > 0 and c, > 0 for 
t < T. Since this is true for all sufficiently large T, the inequalities hold for 
all t. Therefore the conditions (3.6) reduce to (3.7). 

We have thus shown that the maximizing sequence has all the properties 
stated in the theorem, with the possible exception of the uniqueness 
property. To prove this property, suppose there is a second sequence pair 
((a,}, (2,)) with positive terms which also satisfies the conditions (3.3) and 
(3.7) for all nonnegative t. By the arguments given above, this sequence 
must converge to the same limit (x*,f(x*)-xX*). Let ~~=x~(~,f)--z~, 
vt= c,(u, f)- ?,. We subtract the equations (3.3) and (3.7) for the two 
solutions and apply the mean value theorem to find that 

- dv, + Gf’d’v, + , + cyu’p, = 0, 

!4+1+v,+1=f)CL, 

where the functions U” and f’ are evaluated at values between the two 
solutions. We find from these equations that 

(P 1+1 -v,+,)Z=a:~CL:+2a,b,(-~,v,)+bfv: (3.9) 

where 

2f”u’ 
a,=f’+- 

0” ’ 

2u” -- b6S’u,!. 

Clearly, as t approaches infinity, b, approaches 2 while a, approaches a 
number above 6-l. Hence a, and b, are both greater than one when t is 
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sufficiently large. We see from Lemma 3.1 that p,v, 6 0. Thus (3.9) shows 
that for all sufficiently large t 

(P 1+1 - v,+ d2 2 (P, - vJ2. (3.10) 

Since the two original sequences have the same limits, both pr and v, and 
hence also their difference must approach zero. By (3.10) this can only 
happen if pt - v, = 0 for all sufficiently large t. Since pL,v, 6 0, this means 
that it = xI(u, f) and E, = cI(u, f) when t is large . Now given x,+ , and 
C I+19 we can find x, from (3.7) and then c, from (3.3). By going backward 
in t, we conclude that any two solutions must coincide for all nonnegative 
t, and the Theorem is proved. 

Because Theorems 3.1 and 3.2 characterize the optimal solution 
{x, (u, f), c, (u, f)} as the unique solution of a boundary value problem, we 
can realize it by a decentralized temporal process. 

THEOREM 3.3. Let 

a={uEC3([0,X]):U(0)=O}, 

U={uEa:.5-o,u”<o] 

g= {fEC3([0,X]):f(0)=O}, 

g= {fE~:f’>O,fko, dfyO)> l,f(X)<X}. 

The optimal solution ( (xI(u, f)}, {c, (u, f))} of the finite or infinite horizon 
problem is realized by the following temporal process. The message space 
consists of positioe sequence pairs ((m,}, (nt}) with m,+n,<X, m,+ 
no = yo, and, if the horizon T is finite, m T = x?. The outcome function H is 
the defined by H,(m) = (m,, n,). Each function G, has two-dimensional range 
and is defined by 

0 m 

-WW’(n,+ 1) 

We have made fi and & subspaces of the space C3 of three times 
continuously differentiable functions only to satisfy the requirement in the 
definition of mechanism that G be twice continuously differentiable in all 
its variables. It is clear that this particular temporal process still “works” 
if u and f are only required to be in C’( [0, 11). 

We note that each G, only depends on a four-dimensional subspace of 
the message space. 

Remark. We can see from the above construction that if one chooses an 
x0 < x,(u, f) and solves the equations (3.3) and (3.7), there will eventually 
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come a t such that (3.3) requires x,, I to be negative. Similarly, if one takes 
x0 > xO(u, f), there is a t such that (3.7) requires u’(c,+ 1) to be larger than 
u’(O), which is impossible. 

If one wishes to extend Theorems 3.1, 3.2, and 3.3 to economies like the 
CobbDouglas economies in which U’ and f’ become infinite at 0, one 
needs to replace the smoothness conditions on the closed interval [0, X] 
by the analogous conditions in the interval (0, X], and the conditions 
u(0) = 0 and f(0) = 0 by ~(0 + ) = 0 and j(O + ) = 0, respectively. The proof 
of Theorem 3.1 goes through without alteration. However, the uniqueness 
statement of Theorem 3.2 must be altered, because there can be positive 
solutions of (3.3) and (3.7) which are not optimal and for which either x, 
or c, approaches zero as t -+ co. Such solutions can be recognized by the 
fact that the product (x, - x*)(c, -f(x*) +x*) becomes negative for large 
t, while for the optimal solution it is nonnegative for all nonnegative t. 
Thus the statement of Theorem 3.2 is correct if the uniqueness statement is 
modified to say that the optimal solution is the only positive solution of 
(3.3) and (3.7) for which (x, - x*)(c, -f(x*) +x*) is nonnegative for all 
nonnegative t. The statement of Theorem 3.3 is correct for this case if we 
add an additional component ti to the message and the additional compo- 
nent 

Gt3 = (x, - x*)(c, + x* -f(x*)) - rii* 

in the verification function G,. 

4. THE NONEXISTENCE OF A DECENTRALIZED EVOLUTIONARY REALIZATION 
OF THE TEMPORAL INVESTMENT MODEL 

In this section we shall apply Theorem 2.1 to show that the infinite- 
horizon problem discussed in Section 3 cannot be realized by a decen- 
tralized evolutionary mechanism. 

It is clear from the definition that if there were such a realization, then 
the mechanism (!I& Go, Ho) would realize the first component 
x0 ( U, f), co ( U, f) of the optimal sequence. Since x0 ( U, f) + co ( U, f) = y, , 
the prescribed initial stock, it is sufficient to inquire whether the specific 
goal function Q(u, f) = x0 (u, f) can be realized by a decentralized 
mechanism. Thus the allocation space @ for this problem is just the real 
line R'. We shall consider y,, and in the case of the finite-horizon problem 
also x*,, to be known and fixed. 

We see from Definition 1.1 that if a mechanism (‘%I, G, H) realizes a goal 
function Q in an open subset @ of a linear vector space &, then its restric- 
tion to the intersection of @ with a linear subspace of & also realizes the 
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restriction of Q to this subset. That is, the smaller the space the easier it 
is to find a decentralized realization, and therefore the stronger is the state- 
ment that there is no such realization. 

We shall only require fi and 8 to contain the space Cr of all infinitely 
differentiable functions on the interval [O, X] which vanish at 0. (See the 
discussion which follows the proof of Corollary 4.2). 

We shall prove the following two theorems. We recall that x* is defined 
in terms of 6 and f by (3.2). 

THEOREM 4.1. Zf the decentralized mechanism (%I, G, H) realizes the 
time 0 entry x,,(u,f) of the optimal solution ({x1>, (cc}) of the T-horizon 
problem and if fi and g contain CT, then the dimension k of the range of 
G must satisfy 

k>,;T. 

THEOREM 4.2. If fi and $j contain CF, the time zero entry x0 (u, f) of the 
optimal solution ({x*1, (cl}) for the infinite-horizon problem cannot be 
realized by a decentralized mechanism. 

Theorem 4.2 is a consequence of the fact that Definition 1.2 requires k to 
be finite and of Theorem 4.1, which implies that no finite k will do. 

From Theorem 4.2 and the definition of evolutionary process we 
immediately obtain the following corollary. 

COROLLARY. Zf fi and $j contain C;, the optimal sequence pair 
(bt(u,f)>, {c&f)}) f h ‘f’ ’ o t e m write-horizon problem cannot be realized by 
a decentralized evolutionary process. 

Proof of Theorem 4.1. We write the T-horizon problem in the form 

-u’(c,)+~f’(x,)z4’(c,+I)=o for t =O, . . . . T- 1, 

X,+l+c,+l-f(X,)=O for t = 0, . . . . T- 1, 
(4.1) 

xo+co=Yo, 

where y. and x; are prescribed. 
The Jacobian matrix L of the left-hand sides of the 2T+ 2 equations 

(4.1) with respect to the 2T+ 2 unknowns (xt, c,) is defined by the relation 

/~U”(C,)qr+Sf”(X,)U~(C~+~)P,+6f’(x,)~”(C,+,)~~+~1~=0,...,*--l\ 
Pt+t+4t+I-f’(Xt)Prlr=o,...,T--l 

PO+40 

\ PT 

(4.2) 
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for an arbitrary 2T+ 2-vector {p,,, pr, . . . . pT, qO, ql, . . . . qTj. (Each of the 
first two rows of the right-hand side is a T-dimensional column vector.) 

The following analogue of Lemma 3.2 will imply that this matrix is 
nonsingular. 

LEMMA 4.1. If the vector {p, q) satisfies the equation 

r 

Ly 

(4 

0 

0 

and if for some t < T - 1 the inequalities 

PrBO, 

4rG0, 

r,>O, 

s,ao 

are satisfied, then the system (4.3) implies that also 

Pt+1>00, 

4 1+160. 

(4.3) 

(4.4) 

(4.5) 

Moreover, if one of the inequalities (4.4) is strict, then the first inequality in 
(4.5) is strict. 

Proof: We recall that the first derivatives of f and u are positive and 
the second derivatives are negative. If we solve the first equation in (4.3) for 
qt+ I and use (4.4), we find the second inequality in (4.5). The second 
equation in (4.3) then leads to the first part of (4.5). If one of the 
inequalities in this chain is strict, we wind up with a stict inequality. 

COROLLARY. The matrix L defined by (4.2) is nonsingular. 

Proof Lemma 4.1 applied to ({ pt}, (ql}) and to ({-p,}, { -qr}), and 
the last two equations in (4.3) immediately show that when r = s = 0, the 
only solution of (4.3) is p = q = 0. 

In view of Theorem 2.1, we can prove Theorem 4.1 by showing that if 
T> 2k, then for any verification function G with k-dimensional range and 
one point wO at which (b.ii) of Definition 1.1 is satisfied one can find < E ti 
and q E $j such that (2.2) and (2.3) hold but (2.5) is violated. Suppose, then, 
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that we have such a G and such a point w0 = (uO, fO, m,). We choose some 
[E fi and some q E 8, and we confine our attention to the two-dimensional 
subset u=u,+a[, f=fo+pq of fix@. 

We place this (a, f) in the system (4.1). Because the Jacobian L is non- 
singular, we can solve the resulting system for (xl, c,) as twice continuously 
differentiable functions of c and p in some neighborhood of the origin. In 
order to compute the derivatives of these functions, we differentiate the 
system (4.1) with respect to 0 and set a=p =O. We obtain the linear 
systems’ 

L ?(.~t)l,=o, . . . . T- 1 
0 (4.6) 

0 

and 

L x,(~o,fo;~) = 
( Cu(~o, .fo; i) 

4 

i’(c,)-~f’(~,)i’(c,+l)l,=o ,._( T-1 
Ol,=o .__., Tp 1 

0 
(4.7) 

0 

If &(x*) = yO, we choose an q E $ with q(x*) # 0 and $(x*) = 0, and 
replace f0 by f0 + pq with q so small that the new point (u,,, f0 + pq, m,) 
is in U x $j x ‘iIN and G,* is still nondegenerate there. Thus we shall assume 
without loss of generality that &(x*) # y,. 

Then Theorem 3.1 shows that either the sequence {x,) or the sequence 
{c,} is strictly monotone, while the other sequence has at most one local 
maximum or minimum. Suppose first that {x,} is monotone so that no two 
of its members coincide. There may, however, be pairs of c, which are 
equal. If so, choose the sequence {c,/(u,, fo; yl)} in such a way that it is 
equal to one at one member of each pair (t, t’) where c, = c,, and zero for 
all other t. Set x,,/= 0 for all t, and use (4.6) to find corresponding values 
of I and I’. Since 8 contains all infinitely differentiable functions 
which vanish at 0, one can choose an v] in this space with these prescribed 
values. In the same way as we made fo(x*) # y, in the’ preceding 
paragraph, we can now alter w0 slightly to keep the conditions of Defini- 
tion 1.1 and make the c, all distinct. 

If the sequence {cI} is monotone, we can make the x, distinct by a 
similar process. In this case, we prescribe the values of xI,,(uo, f. ; 5) in a 

a Here x, denotes the Glteaux partial derivative with respect to f  of the optimal vector X. 
The t component of x~, which is the GIteaux derivative of x,, will be denoted by x,,,. 
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suitable fashion, determine c~,~ from the second set of equations in (4.7) 
and the next-to the last equation, and then find values of (‘(x,) so that the 
first set of equations in (4.7) is satisfied. We now choose a function i with 
these values and proceed as before. Thus we shall assume without loss of 
generality that the x, are all distinct and the c, are all distinct. 

In view of this fact, we can prescribe any values pt of the x2,,(u0, fO; [) 
with pT= 0, find corresponding cl,,(uO, fO; i) from the second set of equa- 
tions and the next-to-the-last equation in (4.7), and then use the first set of 
equations of (4.7) and the added condition [‘(c,)=O to determine the 
values of [‘(c,) for 0 < t < T uniquely. 

In particular, for any integer s E [0,2k] we determine the derivatives 
c:(c,) such that 

xt,u(~o> fo; is) = 6,SY (4.8) 

the Kronecker delta.’ We see, in particular, that [:(c,) = 0 for t > s + 1. 
Because fi contains all infinitely differentiable functions which vanish at 0, 
we can certainly choose a function C,E fi whose derivatives take on the 
prescribed values at the T+ 1 distinct points c,. For this function [,* the 
GBteaux derivatives x~,~ are given by (4.8). 

In order to construct a function [ which gives a contradiction with 
Theorem 2.1, we shall use a linear combination 

[= F aj(, 
j=O 

of these functions. Since we wish to apply Theorem 2.1, we impose the k 
conditions 

G,(~o,fo,~o;i)=O. (4.9) 

These give at most k linearly independent linear homogeneous equations 
for the coefficients aj. Hence there is a set S of at most k (and possibly 0) 
of the integers in [0,2k] with the property that given any values of pt with 
t < 2k and t $ S, one can set a,= pt for t 4 S and solve for the corre- 
sponding a, with t ES. We see from (4.8) and the form of < that 
x,,,(uo,fo; c)=a,. Thus we have shown that given any vector pI, there is 
a linear combination [ of the [, which satisfies (4.9) and such that 
xt,u(~o,h; 0 = pt for t# S. 

We now choose some functions qs E 8 with the properties that 

r,(xt) = d(x,) = 0, 

C(x,) = 6,s 
for t = 0, . . . . T, s = 0, . . . . 2k, (4.10) 

9 That is, 6,J has the value 1 when t = s and is 0 otherwise. 
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and let v be a linear combination 

We see that a = I’ = 0 for all t < T, so that (4.6) implies that 

xt,/(.fo~ uo; ?I=0 for all t. (4.11) 

We now impose the conditions 

a, = 0 for SE S, 

G,(f,, ~0, m,; vl) =O. 
(4.12) 

Because there are at most k points in S, these constitute at most 2k linearly 
independent linear homogeneous equations in the coefficients a,. In the 
same way as we constructed S, we now obtain a (possibly empty) set 
S’ 1 S of at most 2k points in the interval [O, 2k] such that for any 
prescribed values of the ~1, for s Q 2k and s $ S’ there is a linear combina- 
tion 7 of the 2k functions q, which satisfies (4.12). Since S’ contains at most 
2k points, there is at least one so $ S’ with s,, $2k < T. We choose 

as = L, for sf$S’ 

and construct the corresponding q. As above, we construct a linear 
combination { of the cj which satisfies (4.9) and the conditions 

x,..(~oJom=L, for t $ S. 

Since I” = 0 for t E S, we see that 

for all t < T. 
We now take the mixed partial derivative of (4.1) with respect to g and 

p, and set e = p = 0. In view of (4.11), we find that 

-~~‘~~~+l~yI”~~,~~~,.l~=o ,.._. T-l 

L xuf(~o~fo; L ‘I) = 

( 

)i 

Ol*= 0. . T-  1 

Cuf(UO9 hi L rl) 0 

1 

. (4.14) 

0 

The property (4.13) shows that the vector in the top line on the right 
is zero except at the point s,,, where it is negative. The last statement 
of Lemma 4.1 then shows that xo,,~(uo, fo; 5, q) =0 implies that 
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x,JuO,fO; q) ~0, contrary to the last equation in (4.14). We conclude 
that x ,,+,,(u~, fO; 5, q) #O, so that the equation (2.5) with Q =x0 is 
violated, while by (4.9) and (4.12) the conditions (2.2) and (2.3) are 
satisfied. Thus Theorem 2.1 shows that there cannot be a decentralized 
mechanism with 2k < T, and Theorem 4.1 is established. 

Proof of Theorem 4.2. In order to extend the above proof to .the 
infinite-horizon problem, we delete the last row and set T = 00 in the 
definition (4.2) of L, so that the first two lines on the right are inlinite- 
dimensional vectors. We shall show in the Appendix that the inlinite- 
dimensional matrix L is invertible, and that consequently the optimal 
sequence pair ({~~(u,f)>, {ct(u,f)>) of th e infinite-horizon problem is 
twice continuously differentiable. In particular, then, the goal function 
xo(u, f) is twice continuously differentiable. We proceed to copy the above 
proof of Theorem 4.1. 

As before, we can introduce a small change in Jo if necessary to make 
fo(x*) # yo. Then by Theorem 3.2 the sequences {x,} and {ct> are strictly 
monotone, so that their elements are distinct. 

There are now infinitely many conditions on qs in (4.10). However, since 
the x, are strictly motone, we can find an infinitely differentiable function 
which satisfies all these conditions by making q,=O on the interval with 
end points x,+ i and x* and satisfying the finite set of remaining conditions 
outside this interval, together with the condition vs (0) = 0. Similarly, we 
can find an infinitely differentiable [, for which (4.8) is valid by making 
i, = 0 on the interval with end points c, + z and F(x*) - x* and satisfying 
finitely many conditions outside this interval. 

Once this is done, the proof goes through exactly as before, and 
Theorem 4.2 is established. 

The corollary of Theorem 4.2 follows immediately from the theorem and 
the earlier remark that if there is a decentralized evolutionary process 
which realizes the optimal sequence pair, then the decentralized mechanism 
(!UI, Go, Ho) realizes x0. 

We note that we have used the fact that 0 and $j contain all infinitely 
differentiable functions which vanish at 0 only to make sure that we can 
find i, and 9, for which 51, q,, ?I, and ~1 take on prescribed values. In the 
finite-horizon problem there are only finitely many such conditions. There- 
fore, it is sufficient to assume that a and 8 contain all the polynomials 
which vanish at 0, or, more.generally, any Chebyshev system. 

In the infinite-horizon problem the requirement that c;(c,) = 0 for 
t > s + 1 means that all derivatives of c, vanish at the limit point f(x*) - x* 
of the c,. If the space fi contains only analytic functions, the only function 
which meets these requirements and vanishes at 0 is [, z 0, for which the 
equation (4.8) is violated at t = s, and the proof of Theorem 4.2 fails. A 
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similar argument using the requirements (4.10) for the function 11, shows 
that the proof also fails when 8 contains only analytic functions. 

We do not know whether the conclusion of Theorem 4.2 is still valid 
when one of the spaces contains only analytic functions. 

However, we note that if one of the spaces, say a, has a finite dimension 
Z, then x0 (u, f) can be realized by the following decentralized parameter 
transfer mechanism with k = I + 1. We suppose that u has the form 

u= 1 ajuj 
/=I 

where the linearly independent functions U,(C) are commonly known while 
the coefficients aj are known only to the consumer. The message space is 
Rif ‘, the verilication function is 

for k<l 

x0 CC;= 1 mjuj, S) -ml, 1 for k=l+l, 

and the outcome function is m,, , . 
We also note that while the functional x,(u, f) for the infinite horizon 

problem cannot be realized by a decentralized mechanism, it is certainly 
realized by the nondecentralized mechanism (R’, x,(u, f) - m, m). In fact, 
the nondecentralized evolutionary mechanism with 1132 the set of sequence 
pairs ({m,}, {n,)), G,(u,f,m)=(x,(u,f)-m,,c,(u,f)-n,), and H the 
identity map clearly realizes Q = (x,(u, f), c, (u, f)}. 

5. THE DIMENSION OF THE MESSAGE SPACE 

We observe that the dimension of the message space is not involved in 
the above results. Because much of the previous literature in decentrali- 
zation is focussed on this dimension, we shall show that a solvability 
hypothesis can force the dimension of the message space to be as large as 
that of the range of the verification function in the mechanism. In 
particular, such a condition and Theorem 4.1 give a lower bound for the 
dimension of the message space in the finite-horizon problem. 

We begin with a condition which works when the space of economies @ 
is finite-dimensional. 

DEFINITION 5.1. Let G: C? x W --P Rk. The equation G(e, m) = 0 is said to 
be globally solvable in the open subset 0 of CE if for each e in 0 there is an 
m in ‘DI such that G(e, m) = 0. 

PROPOSITION 5.1. Let the space i% have a finite dimension p. Suppose 
that G is globally solvable in an open subset 0 of CE. Also suppose that G is 
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nondegenerate at each point (e, m) where e E 0 and G = 0. Then the dimen- 
sion of the message space 9JI is at least the dimension k of the range of G. 

Proof Assume that the dimension 1 of !lJI is less than k. Choose a 
compact subset X of 0 with nonempty interior. The implicit function 
theorem states that each point of X x ‘%I where G = 0 has a neighborhood 
in which the p + I coordinates of these points where G = 0 can be written 
as smooth functions of p + 1 -k parameters. The projection of this part of 
the null space on @ is obtained by keeping only the e-part of this represen- 
tation. Thus it is a piece of a manifold of dimension p + 1 -k, which is less 
than p. Therefore the Lebesgue measure of the projection of each such 
coordinate patch is zero. 

Since for any integer n the set X x {m E ‘%I : n d ilrnjl 6 n + 1 } is compact, 
its intersection with the null set of G can be covered with finitely many 
such coordinate patches. Therefore the intersection of the null set of G with 
the set X x 9JI is a denumerable union of the coordinate patches. Its 
projection on (3 is thus a denumerable union of sets of measure zero, so 
that this projection has measure zero. Because K has nonempty interior, it 
has positive Lebesgue measure. Thus there are points e of K for which there 
is no m such that G(e, m) = 0. 

We have shown that when 1 <k, G is not globally solvable in 0, which 
proves the proposition. 

When the space & is infinite-dimensional, we need a stronger condition 
to prove this result. (We do not know whether the conclusion of Proposi- 
tion 5.1 is true when & is infinite-dimensional and G is globally but not 
locally solvable.) 

DEFINITION 5.2. Let G: 6 x YJI + Rk. The equation G(e, m) = 0 is said to 
be locally solvable for e at (e,, m,,) if for any neighborhood 4 of m, there 
is a neighborhood Jv; of e, such that for any e in -/v; there is an m in Mr 
which makes G(e, m) = 0. 

PROPOSITION 5.2. Let (YJI, G, H) be a mechanism as defined in Section 1. 
Suppose that there is at least one point (e,, m,) at which G is nondegenerate 
and locally solvable for e. 

Then the dimension of the message space !IR is at least as large as the 
dimension k of the range of G. 

ProoJ Let the dimension 1 of 9JI be I< k. Let r < 1 be the dimension of 
the range of G,(uo, fO, m,; ,M). We replace the components of G by k 
linearly independent linear combinations in such a way that the projection 
onto the first r components of G, is already r-dimensional and that 
[G,(u,, fo,m,;p)li=O for all PE’!@ when i>r. 

Because of these special properties and because G is nondegenerate, we 
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can choose vi, . . . . ok which satisfy (2.1) and which have the additional 
property that if 

0, = tej? m,), 

then ej = 0 for j< r. Moreover, it is easily verified that e,, i, . . . . ek are 
linearly independent. If r < I, we choose pi, . . . . p,-? so that m,, . . . . m,, 

Pl 9 . . .Y pLpr form a basis for ‘@. 
Then to any set of coefficients a, + 1, . . . . ak and any element m E YJI there 

correspond coefficients a,, . . . . a,., p,, . . . . pier such that 
k 

e,+ 1 aiej,m 
j=r+l > 

Thus the question of tinding an m to make G(e, + C ajej, m)) = 0 is 
reduced to solving the equation 

As we saw in the proof of Theorem 2.1, this equation can be solved for the 
k coefficients aj as twice continuously differentiable functions 01~ of the I- r 
variables py, when the latter are sufficiently small. Thus to an element of 
the form e, + C ajej with the a, sufficiently small there corresponds an m 
which makes G = 0 if and only if the k - r-vector {a,, 1, . . . . ak} lies on an 
(I - r)-dimensional smooth surface.” Since I< k, it is easy to find a vector 
(a,} arbitrarily close to the origin for which this is not the case. Thus I < k 
implies that G = 0 is not locally solvable at (e,, m,), which proves the 
proposition. 

We remark that Proposition 5.2 remains valid when the dimension of the 
verification function G is infinite, provided the smoothness of G is inter- 
preted as the smoothness of each of its components, and the nondegeneracy 
is taken to mean that for every positive integer k there are k components 
of G such that the mapping which consists of only these components is 
nondegenerate. Since the equation G = 0 implies that these k components 
of G are zero, Proposition 5.2 then shows that I> k for every positive 
integer k, which means that the message space ‘8I cannot be tinite-dimen- 
sional. 

APPENDIX: THE DIFFERENTIABILITY OF THE OPTIMAL SEQUENCE 

In this Appendix we shall prove the following result, which is needed for 
the proof of Theorem 4.2. 

” If Y = I, this “surface” is the single point a, + , = = ak = 0. 
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THEOREM A.1. The optimal sequence pair ((x,(u, f)}), (c,(u, f)>) of the 
infinite-horizon problem solved in Section 3 is twice continuously differen- 
tiable in the sense defined in Section 2. 

ProoJ: We recall that the optimal sequence is characterized as the 
unique positive solution of the conditions (3.7) and (3.3). That is, 

+4cl)+~f’(x,)~‘(c,+,)~ 

P(u,L {XI>, (CIl+ {x,+*+c,+1-f(x,)I =o. (A-1) 

xo+co-Yo 

We define the Banach space” 

bo= UP,>> {q,): ,‘i\ WIP,I + lq,l)=O) 

with the norm 

It is easily seen that for fixed twice continuously differentiable functions u 
and f the transformation P takes a pair of sequences ({x1}, {cl}) with 
({XI-x*(f)}, {c$--f(x*)+x*})Ebo into a pair of sequences in b, 
followed by a number. That is, we can think of P as a nonlinear operator 
on bo. 

We now write the linearization 

L {PJ = 
( ,( 

{-a;) qr+sfd(x:) 4W+,) qr+1 +Sfd’(xY) u;(c:+,)p,} 

b7rl 
iPt+, +41+1 -f,‘bP)PJ 

PO+40 1 

(A.21 

of P(u,, fo, {x,1, (c~}) about the point (a,, fo, {xy], {cp}), where we have 
introduced the abbreviations 

XP = xho7 fo), c: = C,(UOI fo). 

The linear transformation L again takes b, into b,. We wish to show 
that it is a one-to-one transformation with bounded inverse defined on all 
of bo. 

‘I A Banach space is a normed linear vector space with the additional completeness 
property that every sequence which satisfies the Cauchy criterion has a limit in the space. 
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LEMMA A.l. The equation 

(A.3) 

has a unique solution ((p,), (qr))EbO for every ((r,), {s,))E~~, and the 
norm of the solution is bounded by a constant times the norm of ({ rI)-, {s,}). 

Proof: We begin by defining the sequence 

I- 1 
YI= n me) (A.4) 

s=O 

and the new variables 

PL, = P,IY,. (A.5) 

It is easily seen that xy -xx* approaches zero at an exponential rate as t 
goes to infinity, where b&(x*) = 1. It follows that the sequence S’y, 
converges to a positive number as t -9 cc. Therefore there are positive 
constants A and B such that 

Ah-‘<y,<Bb-‘. (‘4.6) 

In terms of the new variables pt the equation (A.3) becomes 

Po+4cl=O. 

Because 6’p, goes to zero as t -+ co, we see from (A.5) and (A.6) that pr 
goes to zero. Thus if pL, has any positive values, it must take on a positive 
maximum. If such a maximum occurs at t > 1, then p1 - p,- i > 0 so that by 
the second set of equations q, d sI, and for a similar reason qr+ , B s,+ 1. 
We substitute these inequalities in the first set of equations and recall that 
the first derivatives of u. and f. are positive and their second derivatives 
are negative to conclude that the positive maximum must satisfy the 
inequality 

If the positive maximum occurs at t = 0, we again have qt+ 1 2 0, and the 
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last equation gives the equality q,,= -pO. By substituting in the t =0 
equation of the first set of (A.3) we find that 

r. - Sfd (4) G (4 so 
po G I&;, + Sfd’ (x0) ub(cy)’ 

The same reasoning leads to the same bounds with the inequalities 
reversed for a negative minimum. Because of the factor Y, on the right and 
the inequalities (A.6) we see that there is a constant D such that 

my IPJ 6D ll(fr,>, i~,l)ll. 

It then follows from the transformation (AS) and the inequalities (A.6) 
that 

6’ IPA f BD Il({r,l, {s,))ll. 

We use the second set of equations in (A.3) and the last equation to solve 
for each q, as a linear combination with bounded coefficients of p,, P,+ I, 
and s, _ r . This together with the preceding inequality shows that there is a 
constant C such that 

This inequality immediately shows that there is at most one solution of 
(A.3), that L has a bounded inverse on its range, and that this range is a 
closed linear subspace of bo. Thus if the range of L is not the whole space, 
there must be a bounded linear functional which vanishes on the range. It 
is easily seen that any linear bounded linear functional on b, can be written 
in the form 

lCClr,>. {s,I)l= f hr,+v,), 
t=0 

where ((~1, {ntl) is some sequence pair with the property 

f Pf(lm,l + In,l) < co. 
1=0 

If this linear functional vanishes on the range of L, then for any choice of 
((p,}, { ql}) E b, the result of applying it to L( { p,}, (40) must be zero. If, 
in particular, we successively let pt = 6,,, q, = 0 for S= 1, 2, . . . . then let 
pt=O, qr=d,,, and finally set pt=6 ro, qr= --a&, we obtain the system of 
equations 

Sfd’ (x3 4&:+ 1 )m,+%-,-ffd(x:h=o, 

-u~(c,O)m,+6f~(x~_,)u~(c~)m,_,+n,_,=O, 

u;;(c~)rno+ fd(x$n,=O. 
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The reasoning used above shows that the sequence nsfys+ I vanishes at 
infinity and cannot attain a positive maximum or a negative minimum. 
Therefore all the n, are zero, and it follows from the first set of equations 
and the last equation that all the m, are also zero. 

Thus there is no nontrivial bounded linear functional which vanishes on 
the range of L. We conclude that this range is the whole space bO, and 
Lemma A. 1 is established. 

We return to the proof of Theorem A.l. Lemma A.1 shows that the 
operator L has a bounded inverse operator L- ‘. We now let u = u0 + 
Cgjlj and f=.fo+C pkqk. As in the standard proof of the implicit 
function theorem, we use L-’ to rewrite the equation (A.l) in the form 

_ ~-1 + 6 C PkVk(XP)CUb(C~+l) +C ojij(cP+ I)1 
-c Pkh(4 

3 (A.71 

0 

The norm of the first term on the right is clearly of order II( { X, - xy }, 
{ct-cF})I12, while that of the other term is of order lcr/ + 1~1, the sum of 
the Euclidean norms. It follows from (A.7) that II({x,-xp}, {cl-c~})ll is 
of order jcr] + IpJ when this quantity is small. Therefore the left-hand side 
is equal to the second term on the right, which is a polynomial in (T and 
p, plus a term of order (101 + 1~1)~. 

If we substitute this fact back into the equation (A.7), we can write the 
right-hand side as a quadratic polynomial in (T and p plus a term of order 
(101 + 1~1)~. Thus we see that the function ( (x,(z+, + C oj[j, f0 + C pkqk)), 
{cr(uO + C Ojij? fo + C pkqk))) is twice continuously differentiable at 
p = ~7 = 0. Since we can replace (u,, fO) by any nearby point of the form 
(uO + C ajcj, f0 + 23 pkqk) in the above argument, we find that the function 
({X,(~~+C~jiij~fo+CPkllk)}, (cl(Ug+~~jiij,fO+CPk~k))) is a twice 
continuously differentiable function of cr and p. According to our definition, 
then, the function ({x,(~,f)}, {c,(~,f)}) is twice continuously differen- 
tiable. 
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