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Scheduling 

The one-machine sequencing problem 

J a c q u e s  C A R L I E R  
In~t~t,t de progrrlttlmattqP~h U~tn3(*rw/~' I'arr,~ k'l, 7.~230 Part,~, 
I;'r~Dl(,¢. 

Let M I and M~ be non-bonleneck macbi~les and M, ¢1 
bonleneek machine proeessin~ only one job ;11 ~ dine, Suppose 
thai n jnbs have to be processed on M I. M: and M11in thai 
order) and lob i has to spend a time ~1, on M~, d, on M: and q~ 
on M3; we Wahl to minimize the nlakuspan. 

This problem is important since its rew,~lution provides a 
bound on tile makespan of complicated systems such as job 
shops. It is NP-hard in the strong sense, However. etficienl 
branch and bound metb~s exi,~l lind w e  describe one of them, 
Our bound for the tree-search is very ch~s¢ to the bound used 
by Florian et al., but the principle of branching is quite 
different. At every node. we construct by an O(n log n) 
algorithm a Schrage schedule; then we define a critical job c, a 
critical set J and consider two subsets of schedules; the ~ched- 
ute,~ when ,, precedes every job of J and the scltedule~ when t ~ 
follows every job of J. We give Ihe results of this method and 
prove that the difference belween the optimum and the Schrase 
schedule is less than d,. 

I. Introduction 

The pure sequencing problem is a specialized 
scheduling p rob lem in which an order ing of  the 
jobs  completely determines  a schedule. The  sim- 
plest pure sequencing problem has a single r , .  
source or machine.  As Baker [I] states, it is a 
bui lding block in the development  of  a comf.re- 
hensive unders tand ing  of  complicated systems such 
as job  shops. 

We have to sequence n independent  jobs  on the 
machine: a j ob  i is available for processing by the 
machine at the point  in t ime u,,  has to spend an 
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a m o u n t  of t ime d, on the mach ine  and an amoun t  
of  t ime q, in the system after its processing by the 
machine.  O u r  objective is to minimize  the make- 
span.  

N u m e r o u s  authors  (Baker and Su [2]. Bratley et 
al.  13]. Florian el al. 151. Lageweg et al. [8]) studied 
this  problem:  Garey  and  Johnson  [6] proved h to 
be NP-ha rd  in the s t rong sense. 

We s tudy this problem and de~cribe a branch 
an d  bound  method to solve it. This  method was 
coded  and examples from 50 up to 10000 jobs  
were solved opt imally.  

2. General  points 

In this section we associate a conjunctive graph 
an d  a schedule with every sequence of  jobs ,  then 
we state a theorem in order  to provide lower 
b o u n d s  of the makespan.  

Conjunctive graph. We associate with a sequence a 
conjunct ive  graph  G = ( X, U ). The set X of nodes 
is ob ta ined  by add ing  two fictitious nodes O and 
* to the set 1 of  jobs :  X =  / U {O, * }: O is a j ob  
'beginning ' ,  * a j ob  "end'. The set U of  arcs 
includes  three sets: U =  U L U U : U  U3. Let Ui = 
{ (O.  i )  [ t E 1 } : arc(O, i )  is valued by a,, so that j ob  
i cannot  start  before the point  in t ime a,. Let 
U2 = {(i. * ) l i E / } ;  arc(i ,  *) is valued by q , + d , .  
since job  i has to spend an amoun t  of t ime q~ + d, 
in the system after its beginning of  processing by 
the machine.  Let U~ = { ( i , j ) l j o b  i precedes j o b j  in 
the sequence}:  a r c ( i . j )  is valued by d,; these arcs 
set the sequence. 

Schedule. We associate with a sequence, the sched- 
ule ',~= {t,I i E X} where the s tar t ing t ime t, of  job  
i is equal  to the value of  the maximal  path from O 
to i in graph  G. t o is null and  t .  is equal to the 
value of  the critical path,  in other words the 
makespan.  

0 3 77 -2217 /82 /0000 -0000 /$0 2 .7 5  1.9 1982 Nor th -Hol l and  



J ('arher / ~'~lt' otte.marhhle .~eql¢¢lamg probh,m 

The aim is to find a sequence minimizing the 
value of tile critical path In the associated conjunc- 
tive graph. 

Proposition 1. For all l j  C 1, 

h(l~)=Mina,+ ~ d,+Minq 

is u Inwer hnund on the nptimol make,~an. 

Proof. In the conjunctive graph asso,ciated with the 
optimal schedule, there is a path passing through 
O, then through every job  of I I, eventually through 
*; the value of this path is greater than h( I I) and 
lower than the value of the critical path that is 
equal to the optimal makespan. So hi/~ ) is lower 
than the optinml makespan. 

3. Study of Schrage algorithm 

In the Schragc algorithm the job ready whh the 
greatest q, is ~;cheduled. We present this algorithm 
and apply it to an example: then we prove that the 
distance to the opt imum from the Schrage sched- 
ule is less than d where c is a critical job that we 
define; finally, we show how to code this algo- 
rithm with a complexity of O(n log n). 

Sehrage algorithm. In this algorithm, U is the set 
of jobs already scheduled and /ff is the set of all 
other jobs. t is the time. 

(i) Set t = Min ,z t a , ;  U =  0". 
(ii) At time t. schedule amongst the 'ready" 

jobs i ( a , < t )  of  /7. the job . ]  with the greatest q, 
(or any one in the case of ties). 

(iii) Set: U =  U U  {j}:  t, :-: t; t = Maxlt ,  + d r 
Min,::lSu,); if U is equal to / .  [he algorithm is 
finished; otherwise, go to (ii). 

The new wdue of t is the point in time when the 
machine becomes available for another job: j o b )  is 

0 ,2~ 

I,ig. I. Ass~wiated ¢Lmjunclile graph. 

processed by the nlachlne until t; 4- d;, and olbcr 
jobs cannot be processed before Min,, i.'a,. 

Example. We apply this algorithm to the example 
with seven jobs defined by Table  I. 

The schedule built by the Schrage algorithm is: 
t I : 10, t., = 15. t ,  = 21. t.~:= 28. t~ = 32, t , , =  t:,= 
O, 17 := 35, t .  = 53; the associated conjunctive graph 
is drawn in Fig. I. 

The critical path is 0, I, 2, 3, 4. * : its value is 
53. St) the make,,,pan is equal to 53. 

Theorenn, Let L he the makespan of  the Srhrage 
schedule. 

(a) Q" this schedule L~ not nptmzal, there is a 
critical job c and a critical set J such that: 

h ( J ) =  M i n u , ÷  ~ d ,+  M i n q , > L - - d .  
At t~ j ICTJ 

('mtseqtt{,ntlr, the distum'e to the optinlto~l ./i'ottl 
the Srhruge srhedule is les3 thun d, ; moreot~t'r, in an 
optimM srhedule, either c will he professed he/orr all 

Table I 

J o b ~ ,  I ? ; . . . . . . . .  ¥ . . . . . . . . . . . . . . . .  ; -  . . . . . . . . . . . . . . . . . . . .  ; , -  . . . . . . . . . . .  - ;  . . . . . . . . . . . . . . . . . . . . .  

Keh:ase daLe~ u, 10 13 ] I 20 30 n 30 

P~ocessing ~mles d, 5 6 7 4 3 6 2 

Tails n 7 26 24 21 8 17 o 
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the jobs of  J ,  or c will be processed after all the jobs 
of  J. 

(b) I f  this schedule is optimal, there exists J such 
that h( J ) = L.  

Proof. Let G be the conjunctive graph associ#,ed 
with the Schrage schedule; we consider a critical 
path ft of G passing through a maximal set of jobs 
Generally, ~t does not pass through every job of I. 

We modify the numbering of jobs so that 1~ pass 
through 0. I . . . . . p ,  * in this order: hence the value 
of the critical path is L = a~ + 2, I., ,~,d, + qv" 

First. we prove that in this schedule no job is 
processed between the times t = a I - I and t = (2 v 
If one job j was processed, it would be finished at 
time (2~. because the starting time of job I is 
t I =(21; so t j + d l = ( 2 t ;  then. I t + d l + ' ~ :  t.,,4,d~+ 
q e = L :  there would be a critical path passing 
through O, j ,  1 . . . . ,p .  *: this is in contradiction 
with the maximality of p. 

Second, we prove that a t = M i n ,  u. ¢,(2, We 
have just seen that the machine was idle between 
times I = a ~ -  1 and t=(2t; so, in the algorithm 
when job l is scheduled at = Min,~ Ea,; and a I = 
Min,~: u,..~r,a,, since (1 . . . . ,p}  C U. 

Third, i f  qj,= Min, L.,t,q,, the value of the 
critical path is: 

L = a I + ~ d, + ql. 
i= I.....p 

= Min a , +  ~ d + Min q :  

so L = h ( d )  with J = { 1 ,2 . . . . .p} and the schedule 
is" optimal This  happens whenever a, < aj implies 
q, ~,qj: for instance, it is the case when the a~ are 
all equal, or  when the q, are all equal (Jackson 
rule). 

Othe,,wise. there exists i < p such that q, < ql,; 
let c be the greatest subscript such that q,. < qp: we 
se t J  = { c +  1 , . . . ,p}:  s o q , < q ,  for every r ~ d .  W e  
verify that r E J implies (2, > t,; if a ,  was less than 
t,.. job r would have been ready and scheduled at 
time t~. since it would have had priority over job c 
(q,. < q,). 

Consequently, r ~ J implies a ,  > t, = a t 4- d I 
+ " "  + d , . _ l ;  then M i n , ¢ 2 a ,  > at + a'~ 
+ . . . + d , . _ ,  and qe = M i u , ~ , q ,  impl ies  
M i n , e j a ,  + d~.+ i + " " " + dp + M i n , ¢ , q ,  > a I + d I 
+ . . .  + d e + q p - d ¢ ;  the first term is the lower 
bound h,(J)  on the makespan, the second term is 

d, Carlier / Tile olw.maehine sequencing prohlee, 
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Fig. 2, Del'initions or d and c. 

L - d :  so h ( J )  > L - d , ,  and the distance to the 
optimum is less than d, .  Moreover. job c has to be 
processed either before all the jobs of J,  or after all 
the jobs of J .  

Remark. In the example (Fig. 1 ) J = { 2, 3, 4 }, h( d ) 
= 2 1  + 1 7 + 2 1  = 4 9 .  

4. Programming of Schrage algorithm 

We present an algorithm whose complexity is 
O(n log n). In this algorithm. S is the set of  jobs 
such that (2~ 'g t: m is the cardinal of  S; xp. . .xv~o is 
the binary expression of m ( p  is chose ,  so that: 
2 i, ~: ,i. = I ! ] < 2 e ~ ~ ). S will be partitionned into 
p + I sets, Sp . . . . .  St. So the cardinals of which will 
be 2J'xe, . . . ,2 tx l .  x o (Sk is empty when xj, = 0). 

Every non-empty set S~ will be ordered (see 
Fig. 3): first the jobs already scheduled, then the 
other jobs in the decreasing order of  q~. We define 
a k by: n~ is null i f  Sk is empty or if all the jobs of 
S,~ are scheduled, otherwise t~ k is the subscript of  
the first job of Sk not already scheduled. 

Every time a new job  is introduced in S, we 
consider the empty set Sk0 with minimal subscript; 
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Jobs of S A already Job:~ of S~ not already sched- 
scheduled, uled; these jobs are ordered in 

the decreasing order of q,. 

Fig. 3, Partition of S. 

then, we set S~,, = {m} U 3~ O S t U . . ,  US~,, t. In 
practice we use auxiliary sets M~ whose cardinals 
are 2 ~ and set: M 0 = { m } ;  M~ = M~ t U S~ t, for 
k =  1 to k = ko; then: S~ = Mt, .. 

Modified u~gorithm. 
(i) lnitialisarions. We number tllte jobs in the 

ir~creasing ,)rder of  a, .  and set t = M in,,:. I a,; m = 0; 
p = [log 2 '~]; x 0 = xt = • ' " = x r = 0: ao = a I = 
. . . = a t ,  : 0 .  

(ii) Does job m + 1 belong to S? i f  a,,,, t > t, go 
to 0v);  otherwise, go to (iii). 

(iii) Insertion of a job  in S. Calculate the lowest 
subscript of  an empty set and set: S~,, = {m} U S. 
U . . -  U S ~ . .  v 

(iv) Selection o f j ob j .  If all ~he jobs are sched- 
uled. go to (vii; if all the jobs of S are scheduled; 
set t = a,. *t and go to (ii): otherwise, for every 
non-empty set S A, the jobs of which are not all 
scheduled, we determine the job not already sched- 
uled.jr  , ,  with q~, maximal:  j will be thejobj~ with 
the greatest q E  

(v) Schedule of  job j. Set f i= .L  t = t + dt and 
go to 0i). 

(vii Write the schedule. 

Propo.~ition 2. The =omplexity of  the modified algo- 
rithm is" O( n log h i .  

Proof. (i) is a sort; the  cost is O(n log n). Test (ii) 
is made no more than n times: the cost is O(n).  In 
(iii) every job is sorted no more ithan p times; the 
cost is O(np) : :  O(n log n). In (iv). we choosej  by 
determining tile minimum of p -4- I ele~:~ents; the 
total cost is O(n log n). (v) and (vii  cost O(n~ 
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5. Branch and bound method 

Our branch and bound method is based on the 
Schrage algorithm, on tile critical set d and on lhc 
critical job c. 

Descriprhm of the Ire.e. We associate with every 
node £ of the tree a one-machine problem and a 
lower bound f ( ~  ). Tile upper bound f~} is the value 
of the best solution known so far. 

Branching. We consider the node of tile tree with 
the lowest bound and apply the Schrage algorithm 
to the one-machine problem associated with it. 

If c does not exist, the schedule is optimal (by 
the theorem): otherwise, the distance to the opti- 
mum is less than d,+ and either c will be processed 
before all the jobs of J ,  or c will bc processed after 
all the jobs of  J .  

We consider two new problems (Fig.4I:  in the 
first problem, we require job c to be processed 
before all jobs of J by setting 

q . = M a x ( q . .  ~ d , + q , , ) ;  
r~-d 

in the second problem, we suppose that job c is 
processed after all the jobs of J by setting 

a = M a x ( , , , .  M i n a , +  ~ d , ) .  

Tile lower bound of the new nodes will be the 
maximum of f ( ~ L  h(J )  and h U / U  {c}): a new 
node will be added to the tree only if its lower 
bound is less than the upper bound f, .  

Upper bound. Every time we apply tile S,,hrage 
algorithm, we. compare the makespan to f . .  More- 
over, we build another schedule by conserv!ng the 
order of jobs except for job c that is processed 
after J .  

C ~ .  Studied problenl 1 

Fig.& Braw:hing, 
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Tests. The two tests below increase the efficiency 
of this method. 

Let 

K = { k / ' k ~ l - J a n d d , > f , - h ( J ) } :  

if k ~ K. then job  k has to be processed either 
before all jobs  of.l, or after all jobs of J .  

Test I. If k ~ b.7 and a~ + d~ + ~,L.td, + % >f, ,  
then job k will be processed after all the jobs of  J 
in an optimal schedule: so we set: 

a ,  = M a x ( a , .  M i n a , +  ~, d , ) .  

Test 2. If k E K and 

Mina ,  + d~ 4. ~ d, + q~ >Ji,, 
r*~d r~=j 

then job/~ will be processed before all the jobs o f j  
in an optimal schedule; so we set: 

(h =Max(q , .  Minq,+ ~ d ]. 
r ~ . !  rC_~d r t  

Treatment of the example. The makespan of the 
Schrage schedule is 53 (see Fig. 1); moreover c = I 
and J = { 2, 3, 4 }. I f we process c before J .  h ( J  U 
{I}) = 53: so. we suppose that c is processed after 
J by setting al = 28. 

We now apply the algorithm anew; the makes- 
pan of the schedule is now 50 (Fig. 5): we have 

1o 

10 g 19 

Fig. 5. Optimal schedule. 

J .  Car#er  / Tilt, on¢-ola('/ll~lt ~ ,~¢q~,tfll('ln~ prerbl~ 'm 

c = 3 and J = {2}. If c is before J the lower bound 
is 50; if c is after J the lower bound is 5 I: so Fig. 5 
shows the optimal schedule. 

6. Relaxed problem 

Florian et al. {5]. Lageweg et al. [8] also build 
Schrage schedules and define particular sets / I in 
order to calculate a lower bound. Baker and Su [2] 
al low preemption in order to bound the make- 
span: in other words a job  can be preempted and 
continued later from the point in its processing 
when interruption occurred. This  problem is solved 
by a preemptive algorithm: we apply the Sehrage 
algorithm, but we stop the processing of job j 
when a job i with higher priority becomes availa- 
ble. 

Proposition 3. The mahespan of the preemptit~e 
schedule is V = Max t, ~, t h( / I ); so this preemptive 
s('hedule is optimal. 

Proof. ( I )  V=~Maxtbcth(ll). This is true since 
h( / I  ) is also a lower bound on the makespan for 
the preemptive problem. 

(2) V~ Maxt,t, th(ll). The idea is to show that 
lhere exists / o so that V =  h(Io). We replace each 
job i by d, "new jobs" with processing time,,, equal 
to I. release data a, and tail q,. We apply the 
Schrage al!gorithm to this new problem: the sched- 
ule is optimal since all the processing times are 
equal to 1. The makespan is equal to 

V =  Mi :na ,+  ~ d , +  Minq , .  
r ~ J  r e d  r e d  

If a "new.job" r is the son of job i. then every son r '  
of  i belongs to J;  otherwise if K = J M {r'}, 

h ( K ) = M i n a , +  ~ d , + M i n q , = V + l  
t ' E K  r E  K r ~ K  

would be a lower bound on the makespan, a 
contradiction. Le t /o  the set of jobs having a son in 
J ;  we have h( / o ) = V.. 

Proposition 3 illustrates the interest of using 
preemption to calculate a lower bound: preempt- 
ion was allowed in order to improve our bound. 

Prol~bsition 4. The number of preemptions of the 
preemptice algorithm is not greater tha,,t n - 1. 
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Proof,  There  are no  more than 2 n -  1 starts or 
restarts of  jobs ,  since they take place ,either when a 
j o b  is inserted in set S (no more than n times: a 
j o b  is inserted once), or  when a j o b  is achieved (no 
more than n -  I t imes: the machine  is idle when 
the last j ob  is achieved). The  number  of starts of  
j o b s  is equal to n, so there are no more than n - I 
restarts and  preempt ions .  

Corollary. I. 771e £wmldexi(r  o f  the preemptit~e algo- 
r i thm is O(  n log n).  

Proof. The  complexi ty  is O ( ( 2 n -  II log n ) :  O l n  
log n)  (Proposi t ion  4L 

Co ro l l a~  2. The bound n --- I (uu  be rem,hed, 

Proof. When the increasing order  of u, and the 
i nereasi rtg order  of  q, are two identical strict orders. 
and  when d, > Max,~ to, - Min, ,  in , .  there will be 
n -  I preempt ions .  

Remark.  The makespan  of  the preemptive sched- 
ule for the example  is equal to 49: so 49 is a lower 
bound on the opt imal  makespan ( J  = {2,3.4}).  

7. Resu l t s  

The  branch and  bound melhod  was coded in 
F O R T R A N  on an IRIS 80 and tested initially on 
1000 problems.  Fo r  each problem with n jobs.  3n 
integers were generated with uniform distr ibutions 
between 1 and a,,,,,~, d,,,,,~, q,,,,,~. 

We set d.,,., = 50. a,,,,~ = q,,,,.~ = sJ. nd,.,,,, K and 
tried 50 values for K and 20 values for n: K = I. 2, 
3 , . . . , 25 ;  K =  30. 35 . . . . .  100: K = 110, 120 , . . . 200 :  
n = 50, 100 . . . . .  1000. Of  the 1000 problems,  999 
were solved opt imally.  The  problem with parame- 
ters K = 19 and n = 850 was m;.t solved; the tree 

was s topped with I I I nodes,  the lower bound was 
equal  to 29800. and the makespan of the best 
schedule was  29802 (the dis tance to the o p t i m u m  
was 0. 1 or  2). The  hardest  problems take place 
when K :  18, 19 and 20. In nine cases out  of ten. 
either the Schrage solution,  or the schedule when c 
is after J was opt imal .  In most examples, the 
cardinal  o l d  is either equal to I (nearly every t ime 
when K~,  15), or  equal to n (nearly every t ime 
when K ' ~  12). We also tested 12 instances with 
n = 4000, 7000, 10000 and K = 10, 20. 30. 40: each 
of  these problems was ,;olved optimally with only 
one node ill the tree. 
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