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Scheduling

The one-machine sequencing problem

Jacques CARLIER
Institat de programmarion, Universie Pars VI 75230 Paris,
France

Let M, and M, be non-bouleneck machines and M,
bottleneck machine processing only one job at a time, Suppose
that # jobs have 1o be processed on M. My and M, (in (hat
order) and job ¢ has to spend a time ¢, on My, d, on M, and g,
on My we want te minimize the makespan.

This problem is important since its resolution provides a
bound on the makespan of complicated systems such as job
shops. 1t is NP-hard in the strong sense. However, efficient
branch and bound methods exist and we describe one of them,
Qur bound for the trec-search is very close to the bound used
by Florian et al., but the principle of branching is quite
different. At every node. we construct by an Q(n lnb n}
algorithm a Schrage schedule; then we define a o
critical set J and consider two subsets
ules when ¢ pre ry job of J and the \ghcdulu when ¢
Tollows ev ob of J. We give the results of this method and
prove that the difference between the optimum and the Schrage
schedule is less than d.

1. Introduction

The pure sequencing problem is a specialized
scheduling problem in which an ordering of the
jobs completely determines a schedule. The sim-
plest pure sequencing problem has a single ro
source or machine. As Baker [1] states. it is a
building block in the development of a compre-
hensive understanding of complicated systems such
as job shops.

We have Lo sequence # independent jobs on the
machine: a job / is available for processing by the
machine at the point in time a,. has 10 spend an
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amount of time d, on the machine. and an amount
of time g, in the system after its processing by the
machine. Our objective is to minimize the make-
span.

Numerous authors (Baker and Su [2], Bratley ¢t
al. (3], Florian et al, [5). Lageweg et al. [8]) studied
this problem: Garey and Johnson [6] proved it to
be NP-hard in the strong sense,

We study this problem and describe a branch
and bound method to solve it. This method was
coded and examples from 50 up to 10000 jobs
were solved optimally.

2. General points

In this section we associate a conjunctive graph
and a schedule with every sequence ol jobs, then
we state a theorem in order to provide lower
bounds of the makespan.

Conjunctive graph. We assoctate with a sequence a
conjunctive graph G = (X, U). The set X of nodes
is obtained by adding two fictitious nodes O and
= 10 the set £ of jobs: X=71U {0, «}: Ois a job
‘beginning’, » a job ‘¢nd’. The set U of arcs
includes three sets: U= U, Ul UL, Lat Uy =
{(O.i) 1 €1} arc(O, i) is valued by a,, so that job
i cannot start before the point in time a,. Let
Uy = {(i. »)|i €1Y); arc(i, ») is valued by g,+4d,.
since job i has to spend an amount of time g, + 4,
in the system after its beginning of processing by
the machine. Let U; = {(/,/)]job i precedes job j in
the sequence}: arc(i,j) is valued by d,: these arcs
set the sequence.

Schedule. We associate with a sequence, the sched-
ule T = {1 |/ € X} where the starting time ¢, of job
i is equal to the value of the maximal path from O
to i in graph G. 1, is null and ¢, is equal to the
value of the critical path, in other words the
makespan.
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The aim is to find a sequence minimizing the
value of the critical path in the associated conjunc-
tive graph.

Proposition 1. For all I, C 1,
(1) =Mina,+ 3 d,+ Ming,
=

n et =
is a lower bound on the optimal makespan.

Proof. In the conjunctive graph associated with the
optimal schedule. there is a path passing through
O. then through every job of /7, eventually through
«; the value of this path is greater than h(/)) und
lower than the value of the eritical path that is
equal to the optimal makespan, So hi(/)} is lower
than the optimal makespan.

3. Study of Schrage algorithm

In the Schrage algorithm the job ready with the
greatest ¢, is scheduled. We present this algorithm
and apply it to an example: then we prove that the
distance to the optimum from the Schrage sched-
ule is less than &, where ¢ is a critical job that we
define; (inally, we show how to code this algo-
rithm with a complexity of O(» log n).

Schrage algorithm. In this algorithm, U is the set
of jobs already scheduled and U is the set of all
other jobs, 1 is the time.

(i} Set £=Min, ,a; U=0.

(i) At time 7. schedule amongst the ‘ready’
jobs i (a,<t) of T, the job j with the greatest ¢,
(or any one in the case of ties).

(iit) Set: U= UU{j}: 1, =0 15 Max(r, +d,,
Min, . e, ). if U is equal o 1. the algorithm is
finished; otherwise, go 1o (ii).

The new value of 1 is the point in time when the
machine becomes avaifable for another job: job jis

Fig. 1. Associated conjunciive graph.

processed by the machine until 7, + d,. and other
Jobs cannot be processed before Min | ~u,.

Example. We apply this algorithm to the example
with seven jobs defined by Table 1.

The schedule built by the Schrage algorithm is:
O 0y = A5, 6= 2l a, = 2800 32,1, = ¢
0,1, 35, 1, = 53: the associated conjunctive graph
is drawn in Fig, 1.

The critical path is 0, 1, 2, 3, 4.« its value is
53. So the makespan is equal to 53.

Theorem. Ler L be the makespan of the Schrage
schedude.

(a) If this schedule is not optimal, there is a
critical job ¢ and a critical set J such thar:

h(J) = Mina,+ 3 d +Ming, > L-d,.
g ) v
r
Consequently, the distance 1o the optimum from
the Schrage schedule is less thun d . moreover, in an
optimal schedule, cither ¢ will be processed before all

Table |

Jobs i | 2 3 4 § 6 1
Release dutes o, [ 13 1 20 K 0 30
Processing s d, 5 6 7 4 3 o 2
Tuils o, 7 26 24 21 R 17 i
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the jobs of J, or ¢ will be processed after all the jobs
of J.

(b)Y If this schedule is optimal, there exists J such
that (Jy= L.

Proof. Let G be the conjunctive graph associated
with the Schrage schedule; we consider a critical
path p of G passing through a maximal set of jobs
Generally, p does not pass through every job of /.

We modify the numbering of jobs so that i pass
through ©, l.....p. * in this order; hence the value
of the critical path is L=a,+ 3, .d,+¢,.

First, we prove that in this schedule no job is
processed between the times r=a, — 1 and 1 =a,.
If one job j was processed. it would be finished at
time «,. because the starting time of job 1 is
n=aisotr,+d =a;then t,+d +3, | d+
g,=L: there would be a critical path passing
through O, j. 1,....p. »; this is in contradiction
with the maximality of u.

Second, we prove that a; =Min,.. 4, We
have just seen that the machine was idle between
times 1 =g, ~ 1 and (=4,: so, in the algorithm
when job 1 is scheduled ¢, = Min, . 5a,: and ¢, =
Min,.., . ,a, since (1....p} ¢ U.

Third, if g,=Min,., g, the value of the
critical path is:

A Y d+ Min g
SR RN

so L=h(J) withJ = {1,2.....p} and the schedule

Fig. 2. Definitions of J and ¢.

L—d: so h(J)>L~—d, and the distance to the
optimum is less than d,. Moreover, job ¢ has to be
processed either before all the jobs of J, or after all
the jobs of J.

Remark, In the example (Fig. 1) J = (2,3,4)}, k(J)
=214 17+ 21 =49.

is optimal. This happens whenever a,<a, impl

¢, ¢, for instance. it is the case when the @, are
all equal, or when the ¢, are all equal (Jackson
rule).

Otherwise, there exists i<p such that ¢,<gq,:
let ¢ be the greatest subscript such that ¢, <g,! we
set ={c+ 1.....p)is0q,<gq, foreveryr€J, We
verify that r € J implies a, > ¢ ; if a, was less than
(.. job r would have been ready and scheduled at
time ¢, since it would have had priority over job ¢
(4.<q,)

Consequently, r&€J implies a,>t =a, +d,
+oeetdo then Min,¢ 4, > a, + d,
+ .- +d. . and ¢, = Min,g,q, implies
Min,c,a,+d, o+ o o +d,+Min, ¢, q,>a,+d,
+ooctd,+q,—dg the first term is the lower
bound #(J) on the makespan, the second term is

4. Pr ing of Schrage algorithm

We present an algorithm whose complexity is
O(n log n). In this algocithm, § is the set of jobs
such that a, < . m is the cardinal of §% x ,...x,x, is
the binary expression of m (p is chosen so that:
2r@n=|J|<2’""), § will be partitionned into
p+1sets, S,,.... 8. S, the cardinals of which wilt
be 27x,.....2'x,. x, (S, is empty when x, = 0).

Every non-empty set S, will be ordered (see
Fig. 3): first the jobs already scheduled, then the
other jobs in the decreasing order of g,. We define
a, by: a, is null if S, is empty or if ali the jobs of
S, are scheduled, otherwise & is the subscript of
the first job of §, not already scheduled.

Every time a new job is introduced in §, we

" consider the empty set Sy, with minimal subscript;



J. Carlier / The one-machine sequencing problem 45

S| &

]

[ S,NU I S0 I

Jobs of &, already
scheduled.

Joby of 8, not already sched-
uled: these jobs are ordered in
the decrensing order of g,.

Fig, 3. Partition of §.

then, we set §, = {m}US,US U - US, . In
practice we use auxiliary sets M, whose cardinals
are 2% and set: My = {m); M, =M, ,US, . for
k=110 k=k, then: §; =M, .

Modified aigorithm.

(i) Inivialisations. We number the jobs in the
increasing order of «,, and set ¢ = Min, . ,u,; m = 0;
p=Hog, n} x,= =x,=20 ay=a; =
=, 5 0.

(ii) Loes job m + 1 belong to $? fa,, >t go
1o (iv); otherwise, go to (iii).

(ii1) Insertion of a job in S. Calculate the lowest
subscript of an empty set and set: S = {m}U S,
U US, .

(iv) Selection of job j. If all the jobs are sched-
uled, go to (vi); if ail the jobs of 5 are scheduled.
set t=a, ., and go to (ii); otherwise, for every
non-empty set S, the jobs of which are not all
scheduled, we determine the job not already sched-
uled, j, with g, maximal: j will be the job j; with
the greatest g, .

(v) Schedule of job j. Set t, =1, t=t+d, and
20 to (ii).

(vi) Write the schedule.

Xy = e

Proposition 2. The complexity of the modified alge-
rithm is O(n log n).

Proof. (i) is a sort; the cost is O(n log n). Test (ii)
is made no more than »# times: the cost is O(#). In
(iii) every job is sorted no more than p times; the
cost is O(np) == O(a log n). In {iv), we choose j by
determining the minimum of p + | elements! the
total cost is O(n log n). (v) and (vi) cost O(n®

5. Branch and bound method

Our dbranch and bound method is based on the
Schrage algorithm, on the critical set J and on the
critical job ¢.

Description of the tree. We associate with every
node & of the tree a one-machine problem and a
lower bound f(S). The upper bound f, is the value
of the best solution known so far,

Brunching. We consider the node of the tree with
the lowest bound and apply the Schrage algorithm
to the one-machine problem associated with it.

If ¢ does not exist, the schedule is optimal (by
the theorem): otherwise, the distance to the opti-
mum is less thun o, and either ¢ will be processed
before all the jobs of J, or ¢ will be processed after
all the jobs of J.

We consider two new problems (Fig. 4): in the
first problem, we require job ¢ to be processed
belore all jobs of J by setting

q.= Mux( g >d+ q,,) H

red
in the second problem. we suppose that job ¢ is
processed after all the jobs of J by setting

a, = Max{a‘. Mina, + 3 d,)‘
it red

The lower bound of the new nodes will be the
maximum of f{3), A(J) and MJ U {c}): a new
node will be added to the tree only if its lower
bound is less than the upper bound .

Upper bound. Every time we apply the Schrage
algorithm, we compare the makespan to f,. More-
over, we build another schedule by conserving the
order of jobs except for job ¢ that is processed
after J.

&
|——. Studied problem }
S 5y
=
First problem: Second problem:
¢ before J. cafter S

Fig, 4. Branching,



46 J. Carlier j The one-machine sequencing preblem

Tests. The two tests below increase the efficiency
of this method.
Let

K={k/k&l~Jandd, >f,—h(J)}:

if k€K, then job & has to be processed either
before all jobs of J, or after all jobs of J.

Tesr LIfkE R and a, +d, +2,,,d,+q,> [,
then job k will be processed after all the jobs of J
in an optimaj schedule: so we set:

a; ?:Mux(uk. Mina, + 2 d,).
- red

Test 2. M k€ K and

Ming, +d, + 3 d,+ ¢, > fi.

et e d

then job & will be processed before all the jobs of j
in an optimal schedule: so we sel:

g = Max( g, Ming, + 3 d,).
red res

Treatment of the example. The makespan of the
Schrage schedule is 53 (see Fig. 1): moreover ¢ =
and J = {2, 3,4}, If we process ¢ before J, i(J U
{1})= 53: so, we suppose that ¢ is processed after
J by setting o) = 28,

We now apply the algorithm anew; the makes-
pan of the schedule is now 50 (Fig. 5): we have

Fig. 5. Optimal schedule,

c=3andJ = {2}. If ¢ is before J the lower bound
is 50: if ¢ is after J the lower bound is 51: so Fig. §
shows the optimal schedule,

6. Relaxed problem

Florian et al. {5]. Lageweg et al, {8} also build
Schrage schedules and define particular sets J, in
order to calculate a lower bound. Baker and Su [2}
allow preeraption in order to bound the make-
span: in other words a job can be preempted and
continued later from the point in its processing
when interruption occurred. This problem is solved
by a preemptive algorithm: we apply the Schrage
algorithm, but we stop the processing of job /
when a job i with higher priority becomes availa-
ble.

Proposition 3. The mukespan of the preempiive
schedule is V= Max, (1)) so this preemptive
schedule is optimal.

Proof. (1) V= Max,\c,h(l,)_ This is true since
h(1) is also a lower bound on the makespan for
the preemptive problem.

V< Mux,.uh( 1,). The idea is to shaw that
there exists £, so that ¥V =k(1,). We replace each
job i by d, ‘new jobs® with processing times equal
1o 1, release data g, and tail g, We apply the
Schrage algorithm to this new problem: the sched-
ule is optimal since all ths processing times are
equal to 1. The makespan is equal to

3 d,+ Ming,.
ret

V= Mina,+
res res

If a*new job’ £ is the son of job /, then every son r’
of i belongs 10 J; otherwise if K=J U {r'}.
hK)=Mina,+ 3 d,+Ming,=V+1

reK rex rek
would be a lower bound on the makespan. a
contradiction. Let /,; the set of jobs having a son in
Ji we have A(1,))= V.

Proposition 3 illustrates the interest of using
preemption to calculate a lower bound: preempt-
ion was allowed in order 10 improve our bound.

Proposition 4. The ber of preemptions of the
preemptive algorithm is not greater than n — 1,
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Proof. There ure no more than 2Zn — 1 starts or
restarts of jobs, since they take place either when a
job is inserted in set S (no more than n times: a
job is inserted once), or when a job is achieved (no
more than # =1 times: the machine is idle when
the last job is achieved). The number of starts of
jobs is equal to 7. so there are no more than n— |
restarts and preemptions.

Corollary L. The complexity of the preempiive algo-
rithm is O(n log n).

Proof. The complexity is O((2n — 1) log n}= O(n
log n) (Proposition 4).

Corollary 2. The bound n —~ | can be reached.

Proof. When the increasing order of o, and the
increasing order of ¢, are two identical strict orders,
and when d, > Max, . ¢, = Min,, ;a,. there will be
n— | preemptions.

Remark. The makespan of the preemptive sched-
ule for the example is equal to 49: 50 49 is a lower
bound on the optimal makespan (J = {2.3.4}).

7. Rosults

The branch and bound method was coded in
FORTRAN on an [RIS 80 and tested initizlly on
1060 problems. For each problem with # jobs, 3n
integers were generated with uniform distributions
between 1 and @, dounr G

We Sel dypyy = 50, Ay = G = oty K and
tried 50 values for K and 20 values for n: K= 1. 2,
3.....25; K'=30, 35,....100; X = 110, 120....,200:
0, 100.....1000. Of the 1000 problems, 999
were solved optimally. The problem with parame-
ters K= 19 and n =850 was not solved; the tree

was stopped with 1 nodes, the lower bound was
equal to 29800, and the mukespan of the best
schedule was 29802 (the distance to the optimum
was 0, 1 or 2). The hardest problems take place
when K== 18, 19 and 20. In nine cases out of ten,
cither the Schrage solution, or the schedule when ¢
is after J was optimal. In most examples, the
cardinal of J is cither equal to 1 {nearly every time
when K= 15), or equal to n (nearly cvery time
when K= 12). We also rested 12 instances with
n = 4000, 7000, 10000 and K = 10, 20, 30, 40: cach
of these problems was solved optimally with only
one node in the tree,
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