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Abstract

There is an extensive literature on models that integrate scheduling with batching decisions. Jobs may be batched if

they share the same setup on a machine. Another reason for batching occurs when a machine can process several jobs

simultaneously. This paper reviews the literature on scheduling with batching, giving details of the basic algorithms, and

referencing other signi®cant results. Special attention is given to the design of e�cient dynamic programming algo-

rithms for solving these types of problems. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the last decade, there has been signi®cant
interest in scheduling problems that involve an
element of batching. In this context, the motiva-
tion for batching jobs is a gain in e�ciency: it may
be cheaper or faster to process jobs in a batch than
to process them individually.

One situation where bene®ts may result from
batching occurs when machines require setups if
they are to process jobs that have di�ering char-
acteristics. The setup may re¯ect the need to
change a tool or to clean the machine. In a family
scheduling model, jobs are partitioned into families
according to their similarity, so that no setup is
required for a job if it belongs to the same family

of the previously processed job. However, a setup
time is required at the start of the schedule and on
each occasion when the machine switches from
processing jobs in one family to jobs in another
family. In this model, a batch is a maximal set of
jobs that are scheduled contiguously on a machine
and share a setup. Large batches have the advan-
tage of high machine utilization because the
number of setups is small. On the other hand,
processing a large batch may delay the processing
of an important job belonging to a di�erent family.

There are two variants of the family scheduling
model depending on when the jobs become avail-
able (either for dispatch to the customer or to be
processed on the next machine). Under batch
availability, a job only becomes available when the
complete batch to which it belongs has been pro-
cessed. For example, this situation occurs if the
jobs in a batch are placed on a pallet, and the
pallet is only moved from the machine when all of
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these jobs are processed. An alternative assump-
tion is job availability (usually known in the liter-
ature as item availability), in which a job becomes
available immediately after its processing is com-
pleted. Unless stated otherwise, we adopt the as-
sumption of job availability.

Another situation where batching may result in
improved e�ciency occurs when a batching ma-
chine is capable of processing several jobs simul-
taneously. For example, `burn in' operations in the
manufacture of circuit boards are performed in
ovens that can accommodate several jobs. Other
applications occur for chemical processes that are
performed in tanks or kilns. In these cases, a
batching machine processes a batch of jobs at the
same time, where there is sometimes an upper limit
on the batch size.

There are reviews of models which combine
scheduling with batching by Potts and Van Was-
senhove [63] and Webster and Baker [79]. In this
paper, we provide an updated review which in-
cludes many of the more recent results in this area.
Our review provides a classi®cation of problems as
polynomially or pseudopolynomially solvable, bi-
nary or unary NP-hard (NP-hard in the ordinary
or strong sense), or open. Also, we describe enu-
merative algorithms, heuristic procedures and lo-
cal search methods, and indicate their e�ciency
and e�ectiveness. Moreover, our review covers
approximation algorithms and their worst-case
performance.

The remainder of this paper is organized as
follows. In Section 2, we give a more formal de®-
nition of the models under consideration. Sec-
tion 3 explains how dynamic programming
algorithms can be designed to give e�cient algo-
rithms for several of the problems that we con-
sider. Sections 4 and 5 review the family
scheduling model and the batching machine
model, respectively. Finally, some concluding re-
marks are contained in Section 6.

2. Problem speci®cation

We consider problems involving the scheduling
of a single machine, of m parallel machines, and of
m-machine ¯ow shops, job shops and open shops.

For the case of parallel machines, the machines
may either be identical, uniform, or unrelated,
which means that the processing time of a job on a
machine depends only on the job, depends only on
the job and the speed of the machine to which it is
assigned, or depends both on the job and the
machine to which it is assigned, respectively. For
the ¯ow shop, each job has m operations, the ®rst
of which requires processing on machine 1, the
second requires processing on machine 2, and so
on, and the last requires processing on machine m.
For the job shop, each job has a given sequence of
operations on the machines, so that di�erent jobs
pass through the machines in a di�erent order. For
the open shop, each job has an operation on each
of the m machines, but the processing order of
these operations can be chosen.

Each machine may either be of a classical type
that can handle at most one job at a time, or it may
be a batching machine that can process several
jobs simultaneously. For a batching machine, the
processing time of a batch is the maximum of the
processing times of jobs or operations contained in
the batch. Further, each job or operation in the
batch has the same completion time, which is the
time that the batch completes processing.

Let f1; . . . ; ng denote the set of jobs to be
processed. For a single-machine problem, we de-
note the processing time of job j, for j � 1; . . . ; n,
by pj. (For other machine environments, we do not
need to introduce notation for processing times.)
Other parameters of job j that occur in some
problems include a release date rj, a deadline �dj, a
due date dj, and a weight wj.

In the family scheduling model, the jobs are
partitioned into F families. Let nf denote the
number of jobs in family f , for f � 1; . . . ; F . No
setup is required between jobs of the same family.
However, the family setup time on machine i when
a job of family g is immediately preceded by a job
of a di�erent family f is sifg, or si0g if there is no
preceding job. If, for each g, we can write sifg �
si0g � sig for all f 6� g, then the setup times on
machine i are sequence independent; otherwise,
they are sequence dependent. If, for each machine i,
sifg � sfg for all families f and g including the case
f � 0, then the setup times are machine indepen-
dent; otherwise, they are machine dependent. For
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the case of a single machine, setup times are, by
de®nition, machine independent. Further, we
make the reasonable assumption that the triangle
inequality holds for each machine i, which means
that sifh6 sifg � sigh, for all distinct families f , g
and h, including the case f � 0. Unless stated
otherwise, the setups are assumed to be anticipa-
tory, which means that a setup on a machine does
not require the presence of any job. When there
are release dates and for shop problems, we
sometimes allow setups to be non-anticipatory,
which means that the setup preceding the pro-
cessing of some batch cannot start on the current
machine before all jobs of this batch are released
and have completed their processing on any pre-
vious machine.

For the case of sequence-independent family
setup times and batch availability, there may be
two or more successive batches of the same family.
In such a case, a family setup time is required
before a batch is processed, even it is of the same
family as the previous batch.

If there is a maximum batch size for any ma-
chine i, we denote it bi. In the case of a single
machine, or if restrictions on batch sizes are the
same for all machines, we let b denote any maxi-
mum batch size that is imposed.

We de®ne the following variables for each job j
in a schedule:

The standard classi®cation scheme for sched-
uling problems (Graham et al. [38]) is w1jw2jw3,
where w1 indicates the scheduling environment, w2

describes the job and family characteristics and
any restrictive requirements, and w3 de®nes the
objective function to be minimized.

We let w1 � am, where m is the number of
machines, a 2 fP ;Q;R; F ; J ;Og for classical ma-
chines in identical, uniform and unrelated parallel-
machine, ¯ow shop, job shop and open shop en-
vironments, and a 2 f ~P ; ~Q; ~R; ~F ; ~J ; ~Og for batching

machines in identical, uniform and unrelated par-
allel-machine, ¯ow shop, job shop and open shop
environments, respectively. If m is not shown, then
the number of machines is arbitrary. In the case of
a single machine, we omit a, and m � 1 denotes a
classical machine and m � ~1 denotes a batching
machine. Under w2, we may have

The objectives that we consider under w3 re-
quire ®nding a feasible schedule such that one of
the following cost functions is minimized:

rj each job j has a release date rj;
�dj each job j has a deadline �dj;
pmtn preemption of jobs is allowed;
pj � p all jobs have a common processing

time p;
�dj � �d all jobs have a common deadline �d;
dj � d all jobs have a common due date d;
bi the maximum batch size on machine

i is bi;
b the maximum batch size on all ma-

chines is b;
F � k the number of families is a constant

k;
nf � n=F all families have the same number of

jobs n=F ;
sifg there are general family setup times;
sfg there are machine-independent fam-

ily setup times;
sif there are sequence-independent

family setup times;
sf there are machine- and sequence-

independent family setup times;
sf � s all families have a common (ma-

chine- and sequence-independent)
setup time s.

� the constant cost function, which is
minimized by any feasible schedule;

Cmax maxj�1;...;nfCjg, the completion time
of the last job, or the makespan;P�wj�Cj the total (weighted) completion time
of the jobs;

Lmax maxj�1;...;nfLjg, the maximum late-
ness of the jobs;P�wj�Uj the (weighted) number of late jobs;P�wj�Tj the total (weighted) tardiness of the
jobs.

Cj � the completion time of job j;
Lj � Cj ÿ dj, the lateness of job j;

Uj � 1; if job j is late; i:e:; Cj > dj;
0; if job j is early; i:e:; Cj6 dj;

�
Tj � maxfCj ÿ dj; 0g, the tardiness of job j.
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An example of the classi®cation scheme is
problem ~F 2jb1 � 1; b2 � 2jCmax, which denotes the
minimization of makespan in a two-machine ¯ow
shop, where the ®rst machine is a classical ma-
chine, and the second is a batching machine that
can process up to two jobs at the same time. An-
other example is problem 1jsfgj

P
Cj, which de-

notes the minimization of total completion time on
a single (classical) machine, where there are job
families and sequence-dependent family setup
times.

Throughout the paper, we assume that all data
that de®ne a problem instance are integers.

3. Dynamic programming

For many of the family scheduling and batch-
ing machine models with a single machine that we
consider, the sequencing and batching aspects of
the problem can be decoupled. More precisely,
analysis may show that there exists an optimal
schedule in which the jobs within a family appear
in a certain sequence. An even stronger result can
be established for some single-family models under
batch availability and batching machine models:
there exists an optimal schedule in which all jobs
appear in a given sequence. In both cases, dynamic
programming is often found to be a useful tech-
nique for partitioning the jobs (of a family) into
batches.

We illustrate the use of dynamic programming
for the case that the jobs are to be sequenced in
the order �1; . . . ; n� (possibly after reindexing). To
construct a schedule, either a single job or a
batch is added to some previous (partial) sched-
ule. In a forward algorithm, job j is appended to
a previous schedule (either placing it in the
same batch as job jÿ 1, or starting a new
batch) comprising jobs 1; . . . ; jÿ 1, or a batch
containing jobs i� 1; . . . ; j is appended to a pre-
vious schedule comprising jobs 1; . . . ; i, where
06 i < j6 n. On the other hand, a backward al-
gorithm either inserts job j at the start of some
previous schedule (either placing it in the same
batch as job j� 1, or starting a new batch with
job j� 1 so that job j ends the previous batch)
comprising jobs j� 1; . . . ; n, or a batch contain-

ing jobs j; . . . ; k ÿ 1 is inserted at the start of
a previous schedule comprising jobs k; . . . ; n,
where 16 j < k6 n� 1. Below we discuss the
relative merit of forward and backward algo-
rithms. However, the choice between appending/
inserting jobs or batches tends to be problem
speci®c, and it is di�cult to provide any general
guidelines.

Consider a forward recursion where job j is
appended to some previous schedule comprising
jobs 1; . . . ; jÿ 1. (Similar comments apply if a
batch, rather than a job, is appended.) To eval-
uate the objective function contribution of job j,
it is necessary to know when this job is com-
pleted. This can be achieved by including, as a
state variable, the time t that the schedule com-
prising jobs 1; . . . ; jÿ 1 completes. In general,
this will produce an algorithm with pseudopoly-
nomial time complexity. In some cases, know-
ledge of numbers of setups allows t to be
computed, thus enabling replacement of the state
variable t to obtain a polynomial time complexi-
ty.

Alternatively, consider a backward recursion in
which job j is inserted at the start of some previous
schedule comprising jobs j� 1; . . . ; n, where a
setup or processing for this schedule starts at time
zero. (Similar comments apply to the case that a
batch is inserted.) Let s be the delay to the com-
pletion of jobs j� 1; . . . ; n that is caused by the
insertion. For the

P
wjCj objective, the total

weighted completion time of jobs j� 1; . . . ; n is
increased by s

Pn
h�j�1 wh, and for the Lmax objec-

tive, the maximum lateness of jobs j� 1; . . . ; n is
increased by s, as a result of the insertion. For
other objectives, the e�ect of an insertion may be
impossible to evaluate without knowledge of the
schedule.

To summarize, problems involving the
P

wjCj

or Lmax objectives are amenable to a backward
dynamic programming algorithm. On the other
hand, problems with the

P�wj�Uj or
P�wj�Tj

objectives are best tackled with a forward recur-
sion. For the

P
Uj objective, a gain in e�ciency

can usually be achieved by choosing the number of
late jobs as a state variable in a forward algorithm,
so that the makespan of the schedule of early jobs
is stored as a function value.
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4. Family scheduling models

In the ®rst four subsections, we consider family
scheduling models under the assumption of job
availability. Sections 4.1±4.3 deal with single-ma-
chine, parallel-machine and shop problems, re-
spectively, and Section 4.4 addresses problems
where each family contains identical jobs that may
di�er among families. Batch availability problems
are considered in Section 4.5. Sections 4.6 and 4.7
discuss single-machine problems in which jobs are
delivered to customers in batches, and in which
each job comprises several operations in di�erent
families, respectively.

4.1. Single machine

Monma and Potts [59] study family scheduling
problems for a single machine with various ob-
jective functions. Some of their algorithms have
been improved, and our review gives the most ef-
®cient algorithm that is known. In the description
of these algorithms, it is useful to denote the jth
job of each family f (f � 1; . . . ; F ) by the pair
�j; f �, for j � 1; . . . ; nf .

4.1.1. Total weighted completion time
Monma and Potts [59] show that, for problem

1jsfgj
P

wjCj, there exists an optimal schedule in
which the SWPT rule of Smith [66] applies within
each family f (jobs are sequenced in non-de-
creasing order of p�j;f �=w�j;f �). Since jobs within
each family f are sequenced in SWPT order, we
reindex the jobs so that

p�1;f �=w�1;f �6 � � � 6 p�nf ;f �=w�nf ;f �:

Ghosh [35] proposes a backward dynamic
programming algorithm with job insertion for
problem 1jsfgj

P
wjCj. Let G�q1; . . . ; qF ; g� denote

the minimum total weighted completion time for
schedules containing jobs �qf ; f �; . . . ; �nf ; f � for
f � 1; . . . ; F , where job �qg; g� is the ®rst job to be
processed, and its processing starts at time zero.
Note that qg6 ng, and the setup for the batch of
jobs of family g at the start of the schedule is not
currently included. The initialization for f �
1; . . . ; F is

G�n1 � 1; . . . ; nF � 1; f � � 0

and the recursion for qf � nf � 1; nf ; . . . ; 1 and
f � 1; . . . ; F , and g � 1; . . . ; F , where qg 6� ng � 1,
is

G�q1; . . . ; qF ; g�

� min
g0�1;...;F

G�q01; . . . ; q0F ; g
0�

(

� �p�qg ;g� � sg;g0 �
XF

f�1

Xnf

j�qf

w�j;f � ÿ sg;g0w�qg ;g�

)
;

where q0f � qf for f 6� g, q0g � qg � 1 and sg;g0 � 0
if g � g0. The minimization selects a previous
schedule into which job �qg; g� is inserted at the
start. If the ®rst job of the previous schedule is
from family g, then this previous schedule is de-
layed by time p�qg ;g�. On the other hand, if the ®rst
job of the previous schedule is from family g0,
where g0 6� g, then the delay is equal to
p�qg ;g� � sg;g0 , since the ®rst job in the previous
schedule starts a batch and the associated setup is
also inserted. The optimal solution value is then
equal to

min
g�1;...;F

G�1; . . . ; 1; g�
(

� s0;g

XF

f�1

Xnf

j�1

w�j;f �

)
;

where the ®nal term in the minimization accounts
for the delay that results from inserting the rele-
vant setup at the beginning of the schedule. The
time complexity of the algorithm is O�nF �, which is
polynomial for ®xed F . For problem 1jsfgj

P
Cj,

Ahn and Hyun [2] propose a forward dynamic
programming algorithm with job appending that
also requires O�nF � time.

Rinnooy Kan [67] shows that problem
1jsfgj

P
Cj is unary NP-hard for arbitrary F .

However, the complexity status of 1jsf j
P

Cj and
1jsf j

P
wjCj is open for arbitrary F .

Mason and Anderson [57] and Crauwels et al.
[24] propose branch and bound algorithms for
problem 1jsf j

P
wjCj. Mason and Anderson use a

forward branching rule, and make extensive use of
dominance rules to restrict the size of the branch
and bound search tree. Their lower bound is de-
rived using objective splitting: the total weighted
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completion time can be partitioned into contribu-
tions from the processing times and from the setup
times, which are optimized separately. Crauwels et
al. obtain a lower bound by performing a Lag-
rangean relaxation of the machine capacity con-
straints in a time-indexed formulation of the
problem. Values of the multipliers are obtained
either by a constructive `multiplier adjustment'
method or by subgradient optimization. The ®rst
of their algorithms uses a forward branching rule
that incorporates numerous dominance rules, and
the multiplier adjustment method for obtaining
lower bounds. Their second algorithm uses a bi-
nary branching rule that ®xes adjacent jobs (with
respect to the SWPT ordering) in the same family
to be in the same or in di�erent batches, and
subgradient optimization for computing lower
bounds. Computational results show that the al-
gorithm which uses forward branching rule and
the multiplier adjustment method solves instances
with up to 70 jobs, and is more e�cient than both
Mason and Anderson's algorithm, and the algo-
rithm which uses binary branching and subgradi-
ent optimization.

For problem 1jsf j
P

Cj, heuristics are proposed
by Gupta [39], Williams and Wirth [80] and Ahn
and Hyun [2]. Gupta's heuristic builds schedules
by successively appending jobs, where each job is
chosen so that it has the smallest completion time.
A similar approach is adopted by Williams and
Wirth, but they use the dominance rules of Mason
and Anderson [57] to eliminate some candidates,
and allow certain interchanges of batches and
backward insertions of jobs into previous batches.
Ahn and Hyun propose a descent heuristic in
which sub-batches are moved to earlier or later
positions in the sequence of batches. Computa-
tional results show that the heuristics of Williams
and Wirth, and Ahn and Hyun generate better
quality solutions than those obtained with Gupta's
heuristic. An alternative heuristic approach, as
suggested by Liao and Liao [55] for a more general
problem, is to introduce complete families one by
one into the current schedule using dynamic pro-
gramming.

There are two studies that develop local search
heuristics for problem 1jsf j

P
wjCj. Mason [56]

designs a genetic algorithm from the observation

that knowledge of the ®rst job in each batch en-
ables a solution to be constructed by ordering the
batches using a generalization of the SWPT rule.
Thus, he uses a binary representation of solutions,
where each element in the representation indicates
whether or not the corresponding job starts a
batch, to which standard genetic operators are
applied. Crauwels et al. [27] develop several
neighborhood search heuristics (descent, simulated
annealing, threshold accepting and tabu search).
They use a neighborhood that selects a sub-batch
of jobs at the beginning (end) of a batch and
moves this sub-batch to an earlier (later) position
in the sequence. The temperature in simulated
annealing follows a periodic pattern, and a descent
algorithm is applied before each temperature
change. Threshold accepting is applied in an
analogous way to simulated annealing. In their
tabu search method, sub-batches are restricted to
contain a single job, and a limited reordering of
batches according to a SWPT rule applied to
batches is used. Computational tests for problems
with 40, 50, 70 and 100 jobs, and 4, 6, 8 and 10
families, show that all local search methods gen-
erate solutions which are close in value to the
optimum. The best results are obtained with a
multi-start version of tabu search when the num-
ber of families is small, and with Mason's genetic
algorithm when the number of families is large.

Herrmann and Lee [42] propose a genetic al-
gorithm for problem 1jsfg; �djj

P
Cj. They use a

representation which consists of a binary encoding
of perturbations of the original deadlines. To ob-
tain a solution from the representation, a back-
ward scheduling heuristic is used which aims to
minimize the time spent on setups and to process
the longer jobs as late as possible. Since the re-
sulting schedule is not guaranteed to be feasible
with respect to the original (or the perturbed)
deadlines, a penalty function approach is used to
drive the solution towards feasibility.

4.1.2. Maximum lateness
A dynamic programming algorithm for prob-

lem 1jsfgjLmax can be developed using similar ar-
guments to those for problem 1jsfgj

P
wjCj. The

key property, which is derived by Monma and
Potts [59], shows that there exists an optimal
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schedule in which the EDD rule of Jackson [47]
applies within each family f (jobs are sequenced in
non-decreasing order of d�j;f �). Since jobs within
each family f are sequenced in EDD order, we
reindex the jobs so that d�1;f �6 � � � 6 d�nf ;f �.

A backward dynamic programming algorithm
with job insertion is proposed by Ghosh and Gu-
pta [36] for problem 1jsfgjLmax. Let G�q1; . . . ; qF ; g�
denote the minimum value of the maximum late-
ness for schedules containing jobs �qf ; f �; . . . ;
�nf ; f � for f � 1; . . . ; F , where job �qg; g� is pro-
cessed ®rst starting at time zero, and the setup for
the batch of jobs of family g at the start of the
schedule is not currently included. The initializa-
tion for f � 1; . . . ; F is

G�n1 � 1; . . . ; nF � 1; f � � ÿ1
and the recursion for qf � nf � 1; nf ; . . . ; 1 and
f � 1; . . . ; F , and g � 1; . . . ; F , where qg 6� ng � 1,
is

G�q1; . . . ; qF ; g�
� min

g0�1;...;F
maxfG�q01; . . . ; q0F ; g

0�
n

� p�qg ;g�

� sg;g0 ; p�qg ;g� ÿ d�qg ;g�g
o
;

where q0f � qf for f 6� g, q0g � qg � 1, and sg;g0 � 0 if
g � g0. The optimal solution value is then equal to

min
g�1;...;F

fG�1; . . . ; 1; g� � s0;gg:

The time complexity of the algorithm is O�nF �,
which is polynomial for ®xed F .

Bruno and Downey [8] show that, for arbitrary
F , problem 1jsf jLmax is binary NP-hard, even if
there are two jobs in each family, or all setup times
are one unit and there are three jobs in each
family. This problem is open with respect to unary
NP-hardness.

Hariri and Potts [40] propose a branch and
bound algorithm for problem 1jsf jLmax. They ob-
tain an initial lower bound by ignoring setups,
except for those associated with the ®rst job in
each family, and solving the resulting problem
with the EDD rule. This lower bound is improved
by a procedure that considers whether or not
certain families are split into two or more batches.
A binary branching rule ®xes adjacent jobs (with

respect to the EDD ordering) in the same family to
be either in the same or in di�erent batches.
Computational results show that the algorithm is
successful in solving instances with up to about 60
jobs. Schutten et al. [65] develop a branch and
bound algorithm for problem 1jsf ; rjjLmax. In the
presence of release dates, no results are known
about the order of jobs within a family. A key
component of their algorithm is the use of dummy
jobs to represent setups. Quickly computed lower
bounds are obtained by relaxing setups and solv-
ing the corresponding preemptive problem, and a
forward branching rule is used. Computational
results show that the algorithm is e�ective in
solving instances with up to about 40 jobs.

Hariri and Potts [40], Zdrzaøka [83] and Woe-
ginger [81] design approximation algorithms for
problem 1jsf jLmax under the assumption that due
dates are non-positive (to ensure that the objective
function is positive). The algorithm of Hariri and
Potts selects the better of two schedules, where the
®rst schedule assigns all jobs of a family to a single
batch, and the second schedule splits each family
into at most two batches according to the due
dates. This algorithm requires O�n logn� time, and
it generates a schedule with maximum lateness that
is no more than 5/3 times the optimal value.
Zdrzaøka's algorithm has a better performance
guarantee at the expense of extra computation.
The algorithm starts with a schedule in which each
batch contains all jobs from a family, and allows
each family to be split into at most two batches. At
each iteration, a job is removed from the ®rst
batch of its family and is inserted into the second
batch. The algorithm requires O�n2� time, and it
generates a schedule with maximum lateness that
is no more than 3/2 times the optimal value.
Moreover, these performance bounds of 5/3 and
3/2 are tight. Zdrzaøka observes that his algorithm
can be adapted to problem 1jsf ; rjjLmax to generate
a schedule with maximum lateness that is no more
than 5/2 times the optimal value. Woeginger de-
rives a polynomial-time approximation scheme,
which is a family of approximation algorithms
fA�g with the property that, for any � > 0, algo-
rithm A� generates a schedule with maximum
lateness that is no more than 1� � times the op-
timal value, and has a time requirement that is
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polynomial in the size of the input (but may be
exponential in 1=�).

4.1.3. Weighted number of late jobs
Monma and Potts [59] develop a forward dy-

namic programming algorithm with job appending
for problem 1jsfgj

P
wjUj. This algorithm uses the

property that there exists an optimal schedule in
which the early jobs within each family are se-
quenced in EDD order. Assume that the jobs
within each family f are reindexed so that
d�1;f �6 � � � 6 d�nf ;f �.

We present the algorithm of Monma and Potts
for problem 1jsfgj

P
Uj. Let G�q1; . . . ; qF ; u; g� de-

note the minimum makespan for schedules con-
taining early jobs selected from �1; f �; . . . ; �qf ; f �
for f � 1; . . . ; F , where u is the number of late
jobs, and the last (early) job in the schedule is from
family g. Note that qg P 1. In a forward dynamic
programming algorithm with job appending, the
initialization for qf � 0; 1; . . . ; nf and f � 1; . . . ; F ,
and u � 0; 1; . . . ;

PF
f�1 qf , is

G�q1; . . . ; qF ; u; 0� � 0; for u � PF
f�1

qf ;

1; otherwise;

8<:
and the recursion for qf � 0; 1; . . . ; nf and f �
1; . . . ; F , u � 0; 1; . . . ;

PF
f�1 qf , and g � 1; . . . ; F ,

where qg 6� 0, is

G�q1; . . . ; qF ; u; g�

� min G�q01; . . . ; q0F ; u
�

ÿ 1; g�;

min
g02H�q1;...;qF ;u;g�

fG�q01; . . . ; q0F ; u; g
0� � sg

�
;

where q0f � qf for f 6� g, q0g � qg ÿ 1, s �
sg0 ;g � p�qg ;g�, sg0;g � 0 if g � g0, and H�q1; . . . ;
qF ; u; g� � fg0jg0 2 f0; 1; . . . ; f g; G�q01; . . . ; q0F ;
u; g0� �s6 d�qg ;g�g. The minimum number of late
jobs is then equal to the smallest value u for which
minf�0;1;...;F fG�n1; . . . ; nF ; u; f �g <1. The time
complexity of the algorithm is O�nF�1�, which is
polynomial for ®xed F .

Problem 1jsfgj
P

wjUj is pseudopolynomially
solvable for ®xed F . This result follows from the
observation that the above dynamic programming
algorithm generalizes to minimize the weighted

number of late jobs in O�nF W � time, where
W �Pn

j�1 wj. An alternative dynamic program-
ming algorithm in which the completion time of
the schedule of early jobs is a state variable, and
the weighted number of late jobs is a function
value, has a pseudopolynomial time complexity of
O�nF minfdmax; Pg�, where dmax � maxj�1;...;nfdjg
and P �Pn

j�1 pj �
PF

g�1 ng maxf�0;1;...;F fsfgg.
The binary NP-hardness of problem 1jsf j

P
Uj

for arbitrary F follows from the corresponding
result for problem 1jsf jLmax. However, Rote and
Woeginger [64] show that if all jobs in the same
family have a common due date, then problem
1jsf j

P
Uj is solvable in O�n2� time by dynamic

programming. Problems 1jsf j
P

Uj and 1jsf jP
wjUj are open with respect to unary NP-hard-

ness.
Crauwels et al. [25] propose branch and bound

algorithms for problem 1jsf j
P

Uj. They develop
two lower bounding schemes. In the ®rst of these
schemes, the setup times are relaxed, except for
one setup time for each family which is distributed
among the job processing times, and the resulting
problem is solved using the algorithm of Moore
[61]. The second lower bounding scheme uses due
date relaxation. After setting each due date to be
equal to dmax, the largest among all original due
dates, the resulting problem is solved by dynamic
programming. These lower bound are incorpo-
rated in branch and bound algorithms that either
use a standard forward branching rule, or use
ternary branching. In the ternary branching rule,
each job is either set to be late, set to be early and
start a batch, or set to be early and not start a
batch. Forward branching has the advantage of
allowing numerous dominance rules to be applied,
although ternary branching is more ¯exible.
Computational results for the di�erent combina-
tions of lower bounding schemes and branching
rules show that the most e�cient algorithm has a
lower bound based on setup time relaxation and
uses forward branching. Moreover, this algorithm
is successful in solving instances with up to about
50 jobs.

Crauwels et al. [26] propose multi-start versions
of descent, simulated annealing and tabu search,
and a genetic algorithm, for problem 1jsf j

P
Uj.

The neighborhood search algorithms use either a
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job or batch neighborhood. In the job neighbor-
hood, a job is removed from the sequence of early
jobs, and an attempt is made to insert one or more
late jobs into the resulting sequence so that all jobs
are early. The batch neighborhood is similar ex-
cept that a complete batch is removed and then
insertions of late jobs are attempted. The genetic
algorithm uses a representation in which two bi-
nary elements are associated with each job, one
indicating whether the job is early or late, and the
other indicating whether the job ends a batch. To
obtain a corresponding schedule of early jobs, a
due date is associated with each batch of early
jobs, and the batches are sequenced in EDD order.
If the resulting solution is infeasible, the algorithm
of Moore [61] is applied to remove the smallest
number of batches. In computational tests with 30,
40 and 50 jobs, and 4, 6, 8 and 10 families, all
heuristics perform well. The best quality solutions
are obtained with a version of the genetic algo-
rithm, which includes a procedure that attempts to
improve each solution of the ®nal population.

4.2. Parallel machines

As observed by Monma and Potts [59], the
orderings of jobs within each family that are used
to derive dynamic programming algorithms for
problems 1jsfgj

P
wjCj, 1jsfgjLmax and 1jsfgjP�wj�Uj also apply to each machine for identical

parallel-machine scheduling. By including state
variables to store the total setup plus processing
time on each machine, forward dynamic pro-
gramming algorithms with job appending can be
developed for problems P jsfgj

P
wjCj, P jsfgjLmax

and P jsfgj
P�wj�Uj, which require pseudopolyno-

mial time for ®xed m and F .
Most NP-hardness results for scheduling an

arbitrary number of families of jobs on parallel
machines are deduced from the corresponding re-
sults for classical parallel-machine scheduling. An
exception is for problem P jsf j

P
Cj, which Web-

ster [77] shows to be unary NP-hard. However, the
complexity of the corresponding problem with a
®xed number of machines is open.

Monma and Potts [59] show that problem
P2jsf ; pmtnjCmax is binary NP-hard. In another

paper [60], they propose an approximation algo-
rithm for problem P jsf ; pmtnjCmax that resembles
McNaughton's algorithm [58] for the classical
scheduling problem P jpmtnjCmax. This algorithm
requires O�n� time, and it generates a schedule
with makespan that is no more than 2ÿ
1=�bm=2c � 1� times the optimal makespan. For a
special class of instances in which the setup plus
total processing time for each single family does
not exceed the optimal makespan, Monma and
Potts [60] and Chen [10] show that this perfor-
mance can be improved through the use of an
approximation algorithm that ®rst uses list
scheduling for complete families, and then splits
families between selected pairs of machines. In
particular, Chen's algorithm requires O�n log n�
time, and it generates a schedule with makespan
that is no more than maxf3m=�2m� 1�;
�3mÿ 4�=�2mÿ 2�g times the optimal makespan.
Each of these performance bounds is tight.

4.3. Shop problems

For the classical two-machine ¯ow shop prob-
lem F 2jjCmax, there exists an optimal permutation
schedule (the job sequence is the same on all ma-
chines). However, the issue of whether this prop-
erty extends to problem F 2jsifgjCmax remains
unresolved. Potts and Van Wassenhove [63] ob-
serve that, for anticipatory setups, the search for
an optimal permutation schedule may be restricted
to schedules in which the jobs within each family
are sequenced according to the algorithm of
Johnson [48]. In this case, similar arguments to
those in Sections 4.1.1 and 4.1.2 can be used to
develop a backward dynamic programming algo-
rithm with job insertion, which ®nds an optimal
permutation schedule in O�nF � time.

Kleinau [50] shows that problem F 2jsif jCmax,
with machine-dependent and sequence-indepen-
dent setup times, is binary NP-hard for both an-
ticipatory and non-anticipatory setups. However,
this problem is open if setup times are machine
independent. Kleinau also proves binary NP-
hardness of problem O2jsf jCmax, even if there are
only two families. For other objective functions,
NP-hardness results for scheduling an arbitrary
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number of families are deduced from the corre-
sponding results for classical shop scheduling.

Chen et al. [11] propose two approximation
algorithms for problem F 2jsif jCmax, each of which
requires O�n log n� time. The ®rst algorithm as-
signs all jobs of a family to a single batch, and then
schedules the batches. This schedule has makespan
that is no more than 3/2 times the optimal make-
span. The second algorithm uses properties of the
schedule created by the ®rst algorithm to generate
another schedule by splitting each family into at
most two batches. The better of the two schedules
has makespan that is no more than 4/3 times the
optimal makespan. Moreover, these performance
bounds of 3/2 and 4/3 are tight.

Vakharia and Chang [74] and Skorin-Kapov
and Vakharia [71] propose simulated annealing
and tabu search methods, respectively, for the
permutation ¯ow shop problem F jsif jCmax, but
restrict their attention to schedules in which each
family is processed as a single batch. Sotskov et al.
[72] compare heuristics for the permutation ¯ow
shop problems F jsif jCmax and F jsif j

P
Cj in which

the search is restricted to schedules with the same
batches and with the same processing order of
batches on each machine. They develop construc-
tive heuristics that are based on the successive in-
sertion of jobs into the sequence, and local search
methods (simulated annealing, threshold accepting
and tabu search). Their neighbourhood is similar
to that used by Crauwels et al. [27] (see Sec-
tion 4.1.1). In computational tests with 40, 60 and
80 jobs, and 5 and 10 machines, the best results are
obtained with simulated annealing and tabu
search, with the former providing slightly better
quality solutions.

4.4. Identical jobs in each family

In this subsection, setups are assumed to be
sequence and machine independent. Moreover,
family f contains nf identical jobs, each with
processing time pf , and where appropriate dead-
line �df , due date df , and weight wf , for
f � 1; . . . ; F .

For problems 1jsf j
P

wjCj and 1jsf jLmax, Dob-
son et al. [29] and Santos [68], respectively, show
that there exists an optimal schedule in which no

family is split. Further, the batches that are formed
from complete families of jobs are sequenced ac-
cording to a generalization of the SWPT rule, and
according to the EDD rule, respectively. Thus,
these problems are both solvable in O�F logF �
time.

A variety of polynomial time algorithms and
NP-hardness proofs are available for various spe-
cial cases of problem 1jsf j

P
wjUj. Speci®cally, the

problem is proved to be binary NP-hard for the
following cases: 1jsf ; pj � 1; dj � djPUj and
1jsf � s; dj � djPUj [52]; and 1jsf � s; pj � 1;
dj � djPwjUj [51]. Moreover, O�F log F � algo-
rithms, in the same spirit as the algorithm of
Moore [61], are available for the following cases:
1jsf � s; pj � pjPUj [52]; 1jsf ; nf � n=F ; dj �
djPUj and 1jsf � s; nf � n=F ; pj � pjPUj [16].
Also, problem 1jsf � s; nf � n=F ; pj � p; dj �
djPwjUj is solvable in O�n logn� time. However,
the complexity of some special cases with general
due dates remains open.

Pseudopolynomial dynamic programming al-
gorithms are proposed by Kovalyov et al. [52] and
Cheng and Kovalyov [16] for problems 1jsf j

P
Uj

and 1jsf j
P

wjUj, respectively. Using rounding
techniques, both algorithms can be used to derive
a fully polynomial approximation scheme, which is
a family of approximation algorithms fA�g with
the property that, for any � > 0, algorithm A�

generates a schedule with weighted number of late
jobs that is no more than 1� � times the optimal
value, and has a time requirement that is polyno-
mial in n and 1=�. Based on the scheme of Ko-
valyov et al. [52], but improved by an idea of
Hassin [41], algorithm A� has a time complexity of
O�n3=�� n3 log log n�. As a by-product of their
analysis, Kovalyov et al. [52] also derive an
O�n log n� algorithm for the problem of minimiz-
ing the maximum number of late jobs in each
family.

Problems P2jsf ; pj � pjPCj are P jsf j
P

Cj are
shown by Cheng and Chen [12] and Webster [77]
to be binary and unary NP-hard, respectively. Due
to di�erent size of the input, the result for problem
P2jsf ; pj � pjPCj does not imply NP-hardness of
the corresponding problem without the restriction
of identical jobs [78]. As indicated in Section 4.2,
the complexity of problem P2jsf j

P
Cj is open.
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Brucker et al. [7] establish the computational
complexity for various special cases of the unre-
lated parallel-machine problem Rjsf ; �djj� of ®nding
a schedule that is feasible with respect to the
deadlines. Speci®cally, problem P2jsf � 1; pj � 1;
�dj � �dj� is binary NP-hard, whereas problems
P jsf � 1; pj � 1; �dj � �dj� and Qjsf � 1; nf � n=F ;
pj � 1; �dj � 1j� are unary NP-hard. The latter
problem is solvable in O�m � m!� time by a modi-
®cation of the wrap around rule of McNaughton
[58], and therefore is polynomially solvable for a
®xed number of machines m. Moreover, polyno-
mial solvability by this algorithm also applies
to problem Qmjsf � s; nf � n=F ; pj � p; �dj � �dj�
when s is a multiple of p. For the case of identical
machines, an iterative algorithm with O� logm�
time complexity is derived. In each iteration of this
algorithm, the maximal possible batch size is
computed, and batches of this size are assigned to
all machines. Kovalyov and Shafransky [53] prove
that, without a common deadline, these problems
with an arbitrary number of machines become
unary NP-hard, even for problem P jsf � 1;
pj � 1; nf � n=F ; �djj�. Note that, for scheduling
families of identical jobs on parallel machines, the
binary (or unary) NP-hardness of a special case
implies that the corresponding general problem is
binary (or unary) NP-hard. Thus, NP-hardness
results for problems with identical parallel ma-
chines, and with the zero cost function, imply
corresponding results for unrelated parallel-ma-
chine problems, and for the other objective func-
tions introduced in Section 2, respectively. The
only open questions are the complexities of certain
problems with sf � s and pj � p, where s is not a
multiple of p.

For problem, Rjsf ; �djj�, Brucker et al. [7] pres-
ent a family of approximation algorithms fDP�g.
For any � > 0, algorithm DP� generates a schedule
for which Cj6 �1� ��dj for j � 1; . . . ; n, if there
exists a feasible schedule. The time requirement of
algorithm DP� is O�F 2m�1=�2m�.

4.5. Batch availability

Batch availability in the case of a single ma-
chine or parallel machines means that all jobs of

the same batch are completed together when the
last job in this batch has ®nished its processing.
Similarly, for shop problems, batch availability
stipulates that all jobs of a batch become available
for processing on the next machine, or are com-
pleted if they have no further operations, at the
time that the batch completes its processing. In
both cases, jobs in a batch are processed sequen-
tially, so that the processing time of a batch is
equal to the sum of the processing times of its jobs
or operations. Single-machine, parallel-machine
and shop problems are discussed in separate sub-
sections. Note that most of the complexity results
apply to the case of a single family.

4.5.1. Single machine
We ®rst consider problem 1jsf � s;

F � 1jPCj. Since Co�man et al. [23] show that
there exists an optimal schedule in which jobs are
sequenced in SPT order, we reindex the jobs so
that p16 � � � 6 pn.

A backward dynamic programming algorithm
with batch insertion is proposed by Co�man et al.
[23] for problem 1jsf � s; F � 1jPCj. Let Gj de-
note the minimum value of the total completion
time for schedules containing jobs j; . . . ; n, where
the schedule starts at time zero with a setup time
followed by the processing of a batch that contains
job j. The initialization is

Gn�1 � 0;

and the recursion for j � n; nÿ 1; . . . ; 1 is

Gj � min
k�j�1;...;n�1

Gk

(
� �nÿ j� 1� s

 
�
Xkÿ1

h�j

ph

!)
:

The minimization selects a batch fj; . . . ; k ÿ 1g to
insert at the start of the previous schedule con-
taining jobs k; . . . ; n. Batch fj; . . . ; k ÿ 1g com-
pletes at time s�Pkÿ1

h�j ph, and the processing of
the batches containing jobs k; . . . ; n is delayed by
time s�Pkÿ1

h�j ph as a result of the insertion. The
optimal solution value is then equal to G1. Under
the most natural implementation, the algorithm
requires O�n2� time.

Co�man et al. [23] provide an implementation
that solves the above recursion in O�n� time once
the jobs have been reindexed. Thus, problem
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1jsf � s; F � 1jPCj is solvable in O�n log n� time.
In this more e�cient implementation, a queue
stores the jobs k that are candidates to start the
second batch, where the ®rst batch starts with
job j, for j � n; nÿ 1; . . . ; 1. By deriving various
properties of the dynamic program, Co�man et al.
show that the queue can be initiated and main-
tained in O�n� time. Alternatively, an implemen-
tation that uses the geometric techniques of van
Hoesel et al. [75] provides the same time com-
plexity.

Albers and Brucker [3] prove that problem
1jsf � s; F � 1jPwjCj is unary NP-hard. They
also show that, for a given job sequence, a dynamic
program of the type given above solves problem
1jsf � s; F � 1jPwjCj in O�n� time. Since Albers
and Brucker show that problem 1jsf � s; F �
1; pj � pjPwjCj has an optimal schedule in which
jobs are sequenced in non-increasing order of
weights, this problem with a common processing
time is solvable in O�n log n� time.

Cheng et al. [14] consider problem 1jsf j
P

Cj

with an arbitrary number of families. They show
that there exists an optimal schedule in which the
jobs within each family are sequenced in SPT or-
der. Using ideas from Monma and Potts [59] and
Co�man et al. [23], Cheng et al. [14] propose a
backward dynamic programming algorithm with
batch insertion that requires O�nF � time, which is
polynomial for ®xed F .

For problem 1jsf � s; F � 1; pj � pjPCj in
which all jobs are identical, a solution can be ob-
tained in O�n� time using the above dynamic
programming algorithm. However, this is not a
polynomial algorithm, since the input comprises
only n, s and p. A key to the development of a
polynomial algorithm is provided by Santos [68]
and Santos and Magazine [69] who analyze a
continuous relaxation in which batch sizes are not
constrained to be integer. Speci®cally, they show
that the optimal number of batches is
B � b �������������������������

1=4� 2np=s
p ÿ 1=2c, and that optimal

batch sizes are n=B� s�B� 1�=�2p� ÿ ks=p for
k � 1; . . . ;B. Shallcross [70] derives an
O� log p log�np�� algorithm for the discrete prob-
lem. Although there are resemblances between the
integer and continuous solutions, the algorithm is
rather intricate.

Hurink [46] compares tabu search algorithms
for problem 1jsf j

P
wjCj. He represents solutions

as sequences, and uses the above O�n� dynamic
programming algorithm to partition the sequence
into batches. Initial results indicate that this rep-
resentation is superior to one in which solutions
are represented as a set of batches, that are then
sequenced using a generalization of the SWPT
rule. The transpose neighbourhood is compared
with a restricted version of the insert or shift
neighborhood. For the transpose neighbourhood,
two adjacent jobs are interchanged; Hurink derives
an O�n� algorithm to ®nd a best transpose neigh-
bour. For the restricted insert neighbourhood, a
job is removed from its current position in the
sequence and reinserted in a new position so that
the absolute di�erence of the positions is at most 3,
5 or 10. Computational results for instances with
up to 200 jobs show that di�erences in perfor-
mance between the two methods are small.
Moreover, the best quality solutions are obtained
with a combined method that iterates between the
two neighbourhoods.

We now turn our attention to the maximum
lateness objective function. For problem
1jsf � s; F � 1jLmax, Webster and Baker [79] show
that there exists an optimal schedule in which jobs
are sequenced in EDD order. We reindex the jobs
so that d16 � � � 6 dn.

A backward dynamic programming algorithm
with batch insertion is proposed by Webster and
Baker [79] for problem 1jsf � s; F � 1jLmax. Let Gj

denote the minimum value of the maximum late-
ness for schedules containing jobs j; . . . ; n, where
the schedule starts at time zero with a setup time
followed by the processing of a batch that contains
job j. The initialization is

Gn�1 � ÿ1
and the recursion for j � n; nÿ 1; . . . ; 1 is

Gj � min
k�j�1;...;n�1

max Gk

((
� s�

Xkÿ1

h�j

ph; s�
Xkÿ1

h�j

ph

ÿ dj

))
:

The optimal solution value is then equal to G1. The
algorithm requires O�n2� time.
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For problem 1jsf � s; F � 1; �djj� in which it is
required to ®nd a feasible schedule with respect to
given deadlines, a more e�cient algorithm is pro-
posed by Hochbaum and Landy [43]. Assume that
the jobs are indexed in EDD order with respect to
the deadlines. The ®rst batch contains jobs 1; . . . ; j,
where j is the maximum number of jobs that can
be included in the ®rst batch without exceeding the
deadline �d1. Similarly, the second batch contains a
maximum number of jobs with the smallest indices
(excluding those in the ®rst batch) that can be
scheduled so that they complete by time �dj�1. This
process is repeated until job n is included in some
batch, in which case a feasible schedule is ob-
tained, or until some job cannot be included in a
batch without violating the deadline of this batch,
in which case no feasible schedule exists. The al-
gorithm requires O�n log n� time for reindexing the
jobs, and O�n� time for constructing the batches.

We now consider the (weighted) number of late
jobs objective. For problem 1jsf � s; F �
1jPwjUj, Hochbaum and Landy [43] show that
there exists an optimal schedule in which early jobs
are sequenced in EDD order, following by any late
jobs. We reindex the jobs so that d16 � � � 6 dn.

Brucker and Kovalyov [6] propose a forward
dynamic programming algorithm with job ap-
pending for problem 1jsf � s; F � 1jPUj. Let
Gj�u; h� denote the minimum makespan for
schedules containing early jobs selected from
1; . . . ; j, where u is the number of late jobs, and h is
the ®rst job in the ®nal batch of early jobs. If there
are no early jobs in the schedule, then we set h � 0,
and de®ne d0 � 0. The initialization is

G0�0; 0� � 0

and the recursion for j � 1; . . . ; n, u � 0; 1; . . . ; j
and h � 0; 1; . . . ; j is

Gj�u; h� �

min

Gjÿ1�uÿ 1; h�; if h < j;

Gjÿ1�u; h� � pj; if h < j and Gjÿ1�u; h�
� pj6 dh;

min
h02Hj�u�

fGjÿ1�u; h0�g
�s� pj; if h � j;

1; otherwise;

8>>>>>>>>><>>>>>>>>>:

where Hj�u� � fhjh 2 f1; . . . ; jÿ 1g; Gjÿ1�u; h��
s� pj6 djg. The three terms in the minimization
correspond to the decisions that job j is late, job j
is early but does not start a batch, and job j is early
and starts a batch, respectively. The minimum
number of late jobs is then equal to the smallest
value of u for which minh�0;1;...;nfGn�u; h�g <1.
The time complexity of the algorithm is O�n3�.

Problem 1jsf � s; F � 1jPwjUj is pseudopoly-
nomially solvable in O�n2W � time, where
W �Pn

j�1 wj, by a straightforward generalization
of the above algorithm. An alternative backward
dynamic programming algorithm with job insertion
is proposed by Hochbaum and Landy [43], which
requires O�n2 minfdmax; Pg� time, where dmax �
maxj�1;...;nfdjg and P � ns�Pn

j�1 pj. For problem
1jsf � s; F � 1; pj � pjPwjUj, this algorithm can
be implemented in O�n4� time. Using standard
rounding techniques, the dynamic programming
algorithm of Brucker and Kovalyov [6] leads to a
fully polynomial approximation scheme: the time
complexity to generate a schedule with weighted
number of late jobs that is no more than 1� � times
the optimal value is O�n3=�� n3 log log n�.

Cheng and Kovalyov [17] study various prob-
lems with a maximum batch size. In particular,
they consider special cases of problems

1jsf ; F � 1; bj
X

wjCj;

1jsf � s; F � 1; bjLmax;

1jsf � s; F � 1; bj
X

wjUj and

1jsf � s; F � 1; bj
X

wjTj:

They show that there exists an optimal schedule in
which jobs with the same processing time are se-
quenced in EDD order for problems

1jsf � s; F � 1; bjLmax;

1jsf � s; F � 1; bj
X

wjUj and

1jsf � s; F � 1; bj
X

Tj;

where the result for the second problem applies to
the schedule of early jobs, and are sequenced in
non-increasing order of weights for problems

1jsf � s; F � 1; bj
X

wjCj and

1jsf � s; F � 1; b; dj � dj
X

wjTj:
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Further, there exists an optimal schedule in which
jobs with the same due date are sequenced in SPT
order for problems

1jsf � s; F � 1; bjLmax;

1jsf � s; F � 1; bj
X

wjUj and

1jsf � s; F � 1; bj
X

Tj;

where the result for the second problem applies to
the schedule of early jobs.

Suppose that there are either q distinct pro-
cessing times or q distinct due dates. Using the
ideas of Monma and Potts [59] for family sched-
uling problems, forward dynamic programming
algorithms with batch appending are derived by
Cheng and Kovalyov [17] for problems

1jsf � s; F � 1; bj
X

wjCj;

1jsf � s; F � 1; bjLmax;

1jsf � s; F � 1; bj
X

Tj and

1jsf � s; F � 1; b; dj � dj
X

wjTj:

These algorithms require O�bqnq�1� time, which is
polynomial for ®xed q. Further, a forward dy-
namic programming algorithm with job appending
for problem 1jsf � s; F � 1; bjPwjUj requires
O�bq2nqW � time if there are q distinct due dates,
and O�bqnq�1W � time if there are q distinct pro-
cessing times, where W �Pn

j�1 wj. If q is ®xed,
these time requirements are polynomial for prob-
lem 1jsf � s; F � 1; bjPUj, and pseudopolyno-
mial for problem 1jsf � s; F � 1; bjPwjUj.

4.5.2. Parallel machines
There are two relevant studies for parallel-ma-

chine scheduling under batch availability. Cheng et
al. [13] derived a backward dynamic programming
algorithm with batch insertion for problem
P jsf � s; F � 1jPCj, which is based on the ideas
of Co�man et al. [23] that are described in the
previous subsection. It uses the properties that
there exists an optimal schedule in which the jobs
on each machine are sequenced in SPT order, and
that each batch contains adjacent jobs (with re-
spect to the SPT ordering). The time requirement
of the algorithm is O�mnm�1� time, which is poly-
nomial for ®xed m. Cheng et al. also show that

when there is a common processing time, problem
P jsf � s; F � 1; pj � pjPCj reduces to a single-
machine case, and therefore is solvable in poly-
nomial time using the algorithm of Shallcross [70].

Problem Rjsf � s; F � 1; �djj� is studied by
Cheng and Kovalyov [18]. They derive a dynamic
programming algorithm and a family of approxi-
mation algorithms fA�g. For any � > 0, algorithm
A� constructs a schedule in which the completion
time of each job is at most �1� �� times the value
of its deadline if there exists a feasible schedule
with respect to the deadlines. The time complexity
of A� is O�n2m�1=�m�. Cheng and Kovalyov also
study special cases of which most are NP-hard,
since the corresponding classical parallel-machine
problems with s � 0 are NP-hard. Moreover,
problem Qjsf � s; F � 1; pj � p; �djj� is unary NP-
complete, unlike its classical counterpart with s �
0 which is polynomially solvable. A dynamic
programming algorithm with a time complexity of
O�m2n2m�1� is presented for this problem. The
special case of problem P jsf � s; F � 1; pj �
p; �djj� for which s � p is solvable in O�n log n�
time.

4.5.3. Shop problems
Glass, Potts and Strusevich [37] provide com-

plexity results and approximation algorithms for
problems

F 2jsif ; F � 1jCmax and O2jsif ; F � 1jCmax:

Speci®cally, problem F 2jsif ; F � 1jCmax is unary
NP-hard, and has an optimal solution with the
same batches on each machine (the batches are
consistent). They also develop an approximation
algorithm for problem F 2jsif ; F � 1jCmax that
generates a schedule with makespan that is no
more than 4/3 times the optimal value, and this
bound is tight. Problem O2jsif ; F � 1jCmax is
shown to be binary NP-hard, and has an optimal
solution with one, two or three consistent batches
on each machine. By demonstrating that problem
O2jsif ; F � 1jCmax is closely related to one of
minimizing makespan on two and on three iden-
tical parallel machines, they prove that problem
O2jsif ; F � 1jCmax is pseudopolynomially solvable.
Moreover, approximation algorithms for schedul-
ing two and three identical parallel machines to
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minimize the makespan provide corresponding
performance guarantees for problem O2jsif ;
F � 1jCmax. Cheng and Wang [21] consider a spe-
cial case of problem F 2jsif ; F � 1jCmax in which
the setup time on the ®rst machine is zero, so
that there is a batch for each job's ®rst operation.
The problem is shown to be binary hard for both
anticipatory and non-anticipatory setups, and
some polynomially solvable special cases are pre-
sented.

Cheng et al. [20] study problem F 2jsif ; F �
1jCmax in which the setups are non-anticipatory,
but with a constraint that batches are consistent.
The problem is shown to be NP-hard even if, for
each job, the processing time on the ®rst machine
does not exceed the processing time on the second
machine, or vice versa. It is solvable in O�n2� time
when all jobs have a common processing time on
the ®rst machine or all jobs have a common pro-
cessing time on the second machine by algorithms
of Cheng et al. [20], and in O� ���np � time when all
operations have a common processing time by an
algorithm of Tanaev et al. [73]. However, the latter
time complexity is not polynomial, and therefore
the problem with a common processing time for all
operations is open. Tanaev et al. [73] adapt all of
these results to the case that setups are anticipa-
tory.

The heuristics of Sotskov et al. [72], that we
describe in Section 4.3 for the permutation ¯ow
shop problem F jsif j

P
Cj, are also applied, with

some minor variations, to the corresponding
problems with batch availability and mixed avail-
ability (some machines operate under job avail-
ability and others operate under batch
availability). Results are similar to those for job
availability, although tabu search is slightly pre-
ferred to simulated annealing in the case of batch
availability.

4.6. Batch delivery scheduling

In this subsection, we assume that there is a
single family of jobs, and a setup time is required
before each batch is processed. All jobs of a batch
are delivered when the processing of the last job in
the batch is complete. For any schedule in which

job j belongs to some batch k, we de®ne
Hj � Dk ÿ Cj, where Dk is the completion time of
batch k, to be the holding time during which job j is
waiting to be delivered.

Cheng et al. [15] show that single- and parallel-
machine problems with criteria dependent on job
holding times Hj, for j � 1; . . . ; n, are equivalent to
classical parallel-machine problems. Therefore,
existing algorithms for parallel-machine schedul-
ing can be suitably adapted. Cheng et al. [19] prove
that the single-machine problem of minimizingPn

j�1 wjHj � �1=B�PB
k�1 Dk, where B is the (un-

known) number of batches, is unary NP-hard, but
is solvable in O�n2� time when all jobs have a
common weight or a common processing time.

Yang [82] studies single-machine problems in
which D16 . . . 6DB are given batch delivery
dates, where DB �

Pn
j�1 pj. The jobs are to be as-

signed to the B batches so that batch k is com-
pleted no later than time Dk, for k � 1; . . . ;B, and
the objective is either to minimize either the total
weighted holding time

Pn
j�1 wjHj, or the maximum

weighted holding time maxj�1;...;nfwjHjg. He
proves that these problems are unary NP-hard,
and are binary NP-hard when B � 2 and all
weights are equal. For the case of a common
processing time, the problems are shown to be
solvable in O�n logn� time.

4.7. Multi-operation jobs

This subsection considers the single-machine,
multi-operation job model in which each job j
comprises one operation in family f , for
f � 1; . . . ; F , which has processing time pjf (al-
though some of these operations may be missing).
The completion time of a job is the time when the
processing of its last operation is complete. As
observed by Julien and Magazine [49], this model
arises when a job contains several orders that must
be delivered to the customer at the same time.
Other applications that are described by Gerodi-
mos et al. [32] occur when di�erent components
are manufactured for subsequent assembly into a
®nal product, or ingredients are produced for
subsequent blending or mixing into a ®nal prod-
uct. In this context, we assume that the time
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required for ®nal assembly or the blending stage is
negligible, so that the problem reduces to one of
scheduling a single machine. We modify our
problem classi®cation scheme that is described in
Section 2, by allowing the entry multi-op in w2 to
indicate the presence of multi-operation jobs.

Gerodimos et al. [34] provide complexity results
for several single-machine multi-operation job
problems. They point out an equivalence between
problem 1jsf ;multi-opjLmax and the single-opera-
tion problem 1jsf jLmax that is formed by treating
operations as jobs and assigning to each operation
the due date of the corresponding job. Using the
results in Section 4.1.2, this equivalence establishes
that problem 1jsf ;multi-opjLmax is binary NP-hard
for arbitrary F from the result of Bruno and
Downey [8], but is solvable in O�nF � time by the
dynamic programming algorithm of Ghosh and
Gupta [36]. Gerodimos et al. also show that
problem 1jsf � s;multi-opjPUj is binary NP-
hard, even if there are only two families, and
problem 1jsf � 1;multi-opjPUj is unary NP-
hard, even if all operations (except those that are
missing) have a processing time of one unit.
However, for ®xed F , a backward dynamic pro-
gramming algorithm solves problem 1jsf ;
multi-opjPwjUj in O�ndF

max� time, where dmax is
the largest due date. The key observation is that
when the ®nal operation of a job is scheduled, the
other operations are placed in a sub-batch that
waits to be scheduled, and it is su�cient to store
the processing time of such sub-batches as state
variables. For a special case of problem 1jsf ;
multi-opjPCj in which the processing times of
operations between families are agreeable (there is
a job indexing for which p1;f 6 � � � 6 pn;f for
f � 1; . . . ; F ), a similar dynamic programming al-
gorithm provides a solution in O�nF � time. How-
ever, the complexity of the general case of problem
1jsf ;multi-opjPCj is open. Co�man et al. [22]
show that the two-operation problem
1jsf � s;multi-opjPCj is solvable in O� ���np � time
when all operations in the ®rst family have a
common processing time and all operations in the
second family have a common processing time,
although this time complexity is not polynomial.
Gerodimos [31] shows that the above NP-hardness
results also hold under the assumption of batch

availability. Moreover, the dynamic programming
algorithms for problems 1jsf ;multi-opjLmax and
1jsf ;multi-opjPwjUj can be adapted to the case
of batch availability with a slight increase in time
complexity.

Several complexity results are available for a
special case of the two-operation job model that is
introduced by Baker [4]. For this special case, each
job has a standard and a speci®c operation. Each
standard operation is in the same family, whereas
each speci®c operation has its own family. Ge-
rodimos et al. [33] derive several structural prop-
erties that allow dynamic programming algorithms
to be developed. Speci®cally, for a special case of
problem 1jsf ;multi-opjPCj in which the pro-
cessing times of the two operations are agreeable,
they propose a backward dynamic programming
algorithm that requires O�n2� time, which im-
proves on an O�n3� algorithm Vickson of et al.
[76]. A similar algorithm solves problem 1jsf ;
multi-opjLmax in O�n2� time. Gerodimos et al. [33]
also show that problem 1jsf ;multi-opjPUj is bi-
nary NP-hard, but is solvable by a forward dy-
namic programming algorithm in O�n2dmax� time.
Further, the special case of problem 1jsf ;multi-
opjPUj in which each standard operation has a
common processing time is polynomially solvable,
and problem 1jsf ;multi-opjPwjUj is pseudo-
polynomially solvable. Under batch availability,
Gerodimos et al. [32] show that there exits an
optimal schedule in which the standard operation
of any job precedes its speci®c operation (which
does not hold under job availability). For problem
1jsf ;multi-opjPCj under batch availability, with
the above assumption of agreeability, an O�n logn�
algorithm of Co�man et al. [23] improves upon a
previous O�n2� algorithm of Baker. Results of
Gerodimos et al. [32] show that the complexity
results listed above for problems 1jsf ;
multi-opjLmax and 1jsf ;multi-opjP�wj�Uj under
job availability, also apply for batch availability,
although the algorithms and proofs are di�erent.

5. Batching machine models

Recall that a batching machine processes jobs
of the same batch in parallel, so that the processing
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time of a batch is equal to the maximum of the
processing times of its jobs or operations. All jobs
or operations of the same batch begin processing
at the same time, and they all have a common
completion time, which is the time that the longest
job or operation in this batch completes its pro-
cessing. In this section, we assume that there are
no setup times. The three subsections consider a
single batching machine, parallel batching ma-
chines, and shop problems with batching ma-
chines, respectively.

5.1. Single batching machine

Brucker et al. [5] study the complexity of
scheduling a single batching machine both for
unrestricted batch sizes, and for batches that can
contain at most b jobs. If B is a set of jobs that
form a batch, then its processing time is
maxj2Bfpjg, and the completion time of every job
in B is the time at which the processing of batch B
®nishes.

Assume that jobs are indexed according to the
SPT rule, so that p16 � � � 6 pn. An SPT-batch
schedule, is one in which adjacent jobs in the se-
quence �1; . . . ; n� may be grouped to form batches.
For example, a possible batch schedule for a 10-
job problem is the sequence of four batches spec-
i®ed by �f1; 2; 3g; f4g; f5; 6; 7; 8g; f9; 10g�. For
problems ~1jjw3, where there is no restriction on the
batch size and w3 is any objective functions in-
troduced in Section 2, Brucker et al. [5] use a
straightforward argument to show that there exists
an optimal solution that is an SPT-batch schedule.

Brucker et al. [5] propose dynamic program-
ming algorithms for several problems where no
restriction on the batch size is imposed. These al-
gorithms, together with other relevant results, are
reviewed below.

5.1.1. Total weighted completion time
For problem ~1jjPwjCj, Brucker et al. [5] pro-

pose a backward dynamic programming algo-
rithms with batch insertion. Let Gj be the
minimum total weighted completion time for SPT-
batch schedules containing jobs j; . . . ; n where
processing of the ®rst batch in the schedule starts
at time zero. The initialization is

Gn�1 � 0;

and the recursion for j � n; nÿ 1; . . . ; 1 is

Gj � min
k�j�1;...;n�1

Gk

(
� pkÿ1

Xn

h�j

wh

)
:

The minimization selects a batch fj; . . . ; k ÿ 1g,
which has processing time pkÿ1, to be inserted at
the start of a previous schedule comprising jobs
k; . . . ; n. The optimal solution value is then equal
to G1. Under the most natural implementation, the
algorithm requires O�n2� time. However, since this
dynamic program has a structure which allows the
geometric techniques of van Hoesel et al. [75] to be
applied, the time complexity can be reduced to
O�n logn�.

In the case of a restricted batch size b, Brucker
et al. [5] develop an O�nb�bÿ1�� dynamic program-
ming algorithm for problem ~1jbjPCj. However,
for arbitrary b the complexity of ~1jbjPCj is open,
as is the complexity of ~1jbjPwjCj for ®xed and
arbitrary b. For problem ~1jbjPCj when there are
q distinct processing times, dynamic programming
algorithms are developed by Chandru et al. [9],
Hochbaum and Landy [44] and Brucker et al. [5].
The most e�cient is the latter, which has a time
complexity of O�b2q22q�.

5.1.2. Maximum lateness
For problem ~1jjLmax, Brucker et al. [5] propose

a backward dynamic programming algorithm with
batch insertion that is similar to the one in the
previous subsection and the algorithm for the
batch availability problem 1jsf ; F � 1jLmax that is
described in Section 4.5.1. Let Gj be the minimum
value of the maximum lateness for SPT-batch
schedules containing jobs j; . . . ; n, where process-
ing starts at time zero. The initialization is

Gn�1 � ÿ1
and the recursion for j � n; nÿ 1; . . . ; 1 is

Gj � min
k�j�1;...;n�1

max Gk

��
� pkÿ1; max

h�j;...;kÿ1
fpkÿ1

ÿ dhg
��

:

The optimal solution value is then equal to G1. The
algorithm requires O�n2� time.
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In the case of a restricted batch size b, Brucker
et al. [5] show that problem ~1jbjLmax is unary NP-
hard. Lee et al. [54] analyze the complexity of
several special cases of problem ~1jb; rjjLmax that
arise by making assumptions about the release
dates, processing times and due dates.

5.1.3. Weighted number of late jobs
For problem ~1jjPUj, Brucker et al. [5] propose

a forward dynamic programming algorithm with
job appending. Let Gj�u; k� be the minimum
makespan for SPT-batch schedules containing
jobs 1; . . . ; j, where u is the number of late jobs in
the schedule, and the ®nal batch is assigned a
processing time pk because it is to contain jobs
j� 1; . . . ; k, but not job k � 1, where j6 k. The
initialization for k � 0; 1; . . . ; n is

G0�0; k� � 0; if k � 0;
1; otherwise;

�
and the recursion for j � 1; . . . ; n, u � 0; 1; . . . ; j,
and k � j; . . . ; n is

Gj�u; k� �

min

Gjÿ1�u; k�; if Gjÿ1�u; k�6 dj;

Gjÿ1�uÿ 1; k�; if Gjÿ1�uÿ 1; k�
> dj;

Gjÿ1�u; jÿ 1� � pk; if Gjÿ1�u; jÿ 1�
� pk 6 dj;

Gjÿ1�uÿ 1; jÿ 1� � pk; if Gjÿ1�uÿ 1; jÿ 1�
� pk > dj;

1; otherwise:

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
The minimum number of late jobs is then equal

to the smallest value u for which Gn�u; n� <1.
The time complexity of the algorithm is O�n3�.

For problem ~1jjPwjUj, the above dynamic
programming algorithm generalizes to minimize
the weighted number of late jobs in O�n2W � time,
where W �Pn

j�1 wj. An alternative pseudopoly-
nomial dynamic programming algorithm of the
type given in the following subsection gives a so-
lution in O�n2P � time, where P �Pn

j�1 pj. Brucker
et al. [5] show that this problem is binary NP-hard.

The unary NP-hardness of problem ~1jbjPUj

follows from the corresponding result for problem
~1jbjLmax. Lee et al. [54] also consider special cases

of problem ~1jb; rjj
P

Uj under a variety of di�er-
ent assumptions about the release dates, process-
ing times and due dates.

5.1.4. Total weighted tardiness
For problem ~1jjPwjTj, Brucker et al. [5] pro-

pose a forward dynamic programming algorithm
with batch appending. Let Gj�t� be the minimum
total weighted tardiness for SPT-batch schedules
containing jobs 1; . . . ; j, where the last batch
completes at time t. The initialization is

G0�t� � 0; if t � 0;
1; otherwise;

�
and the recursion for j � 1; . . . ; n and t �
pj; . . . ;

Pj
k�1 pk is

Gj�t� � min
h�0;1;...;jÿ1

Gh�t
(

ÿ pj�

�
Xj

k�h�1

wk maxft ÿ dk; 0g
)
:

The optimal solution value is then equal to
mint�pn;...;PfGn�t�g, where P �Pn

j�1 pj. The algo-
rithm requires O�n2P � time.

Brucker et al. [5] show that problem ~1jjPwjTj

is binary NP-hard. Also, problem ~1jbjP Tj is
unary NP-hard, due to the corresponding result
for problem ~1jbjLmax.

5.2. Parallel batching machines

For the case of m identical parallel batching
machines and an arbitrary regular objective func-
tion, where there is no restriction on the batch size
for any machine, Brucker et al. [5] observe that
there exists an optimal solution comprising an
SPT-batch schedule on each machine. For a ®xed
number of identical parallel machines, therefore,
the dynamic programming algorithms for single-
machine problems generalize to give pseudopoly-
nomial algorithms.

5.3. Shop problems with batching machines

Potts et al. [62] study the complexity of mini-
mizing the makespan in open shops, job shops and
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¯ow shops with two batching machines. For the
open shop, they show that problem ~O2jjCmax is
solvable in O(n) by forming two batches according
to whether or not the processing time of a job is
less on the ®rst machine than on the second, and
then scheduling these batches on the two ma-
chines. On the other hand, problem ~O2jb1jCmax is
binary NP-hard for ®xed b1, where b1 P 1. How-
ever, by showing that problem ~O2jb1jCmax has an
optimal solution with a maximum of three batches
on the second machine, Potts et al. [62] develop a
pseudopolynomial dynamic programming algo-
rithm. Moreover, they derive an O�nb2�b2ÿ1�� algo-
rithm for problem ~O2jb1 � 1; b2jCmax, which can
be implemented in O�n log n� time when b2 � 2.
For the ¯ow shop and job shop, they show that
problems ~F 2jjCmax, and ~J2jjCmax in which there are
at most two operations per job, are solvable in
O�n logn� time by forming schedules with at most
two batches and at most three batches on each
machine, respectively. Binary NP-hardness is es-
tablished for problems ~F 2jb1; b2jCmax and
~J2jb1; b2jCmax for ®xed b1 and b2, where
maxfb1; b2gP 2, and for ®xed b1, where b1 P 2
and b2 P n. Problem ~F 2jb1 � 1jCmax can be for-
mulated as a single-machine problem ~1jjLmax for
which the O�n2� algorithm of Brucker et al. [5], as
described in Section 5.1.2, can be applied. The
corresponding job shop problem ~J2jb1 � 1jCmax

with at most two operations per job is also poly-
nomially solvable with a more complicated dy-
namic programming algorithm. Note that, by
symmetry, the complexity results for shop prob-
lems with the makespan objective also hold when
b1 and b2 are interchanged.

Ahmadi et al. [1] consider the problem of
scheduling a two-stage ¯ow shop in which one or
both of the stages may comprise a batching ma-
chine. In their model, the processing time of a
batch on a batching machine is ®xed (and is
therefore independent of the jobs that it contains).
They provide a full complexity classi®cation for
the Cmax and

P
Cj objectives. For the case of a

batching machine at the ®rst stage and the
P

Cj

objective, Hoogeveen and van de Velde [45] pro-
pose a lower bounding scheme that is based on a
Lagrangean relaxation of the constraints that re-
late the completion times of the operations at the

two stages. They also design an approximation
algorithm that generates a schedule with total
completion time that is no more than 5/3 times the
optimal value.

Dannenberg et al. [28] consider the permutation
¯ow shop problems ~F jsif ; bjCmax and ~F jsif ;
bjPwjCj in which jobs up to b of the same family
can be processed in a batch, and the search is re-
stricted to schedules with the same batches and
with the same processing order on each machine.
Following a similar approach to Sotskov et al.
[72], they evaluate insertion heuristics and classical
local search methods (multi-start descent, simu-
lated annealing and tabu search) and a `multi-
level' simulated annealing approach in which a
neighbour is obtained by performing a move in a
relatively large neighbourhood and then descent is
applied in a smaller neighbourhood. Computa-
tional tests for problems with 40, 60, 80, 100 and
120 jobs, and 5 and 10 machines, show that in-
sertion heuristics are e�ective, and that a multi-
level approach is preferred to the other local
search methods.

6. Concluding remarks

This paper reviews research on two types of
scheduling models that require batches to be
formed. In the family scheduling model, similar
jobs may be batched if they share the same setup.
On the other hand, the batching machine model
forms batches of jobs that are processed at the
same time. Analysis of these models shows that, in
some cases, the sequencing and batching of jobs
can be decoupled. Once a sequence of jobs (within
a family, in the family scheduling model) is known,
dynamic programming is shown to be a useful
technique for solving the batching problem.

Many of the problems discussed in this paper
are known to be polynomially solvable or NP-
hard. Among the few open problems, many have
the total (weighted) completion time objective
function. For the NP-hard problems, the number
of studies on the design of branch and bound and
approximation algorithms is limited. In view of the
interest in scheduling with batching, research e�ort
in designing algorithms for NP-hard problems is
worthwhile.
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There are other models involving both batching
and scheduling that do not fall within the scope of
this review. For instance, suppose that jobs are
delivered to customers in batches. In this model,
forming large batches saves on delivery costs, but
increases job completion times (under the natural
assumption of batch availability). Another exam-
ple where batching decisions are necessary is
pointed out by Fazle Baki and Vickson [30]. They
consider multi-machine problems with a single
operator, where each operation requires the oper-
ator to be present. When the operator moves be-
tween machines, a time delay, which can be
regarded as a setup, is incurred.
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