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Abstract

Several situations when one can prove weak uniqueness of solutions of Itd equations with
discontinuous or/and degenerate coefficients are presented. In particular, the cases are considered
in which the set of discontinuity is a cone, or a straight line, or else a discrete set of points.
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1. Introduction

Let d €{1,2,...} be an integer, let
Rd:{x:(xl,...,xd):xiER, i=1,....,d}

be a d-dimensional Euclidean space, and let a(x)=(a"(x))¢

i j—1 be a symmetric nonnega-
tive matrix-valued and b(x) = (b”(x))l?":1 an R?-valued Borel functions given
on RY.

It may happen that, for an x € R?, there exists a probability space, a d-dimensional
continuous process x;, ¢ = 0, and a d-dimensional Wiener process w;, ¢ > 0, given on
this space such that w.;, — w, and o{x;, wy : 0 <s <t} are independent whenever

t,h>0 and (as.) for all 1 >0

x,:x—i—/t\/a(xs)dws—i—/tb(xs)ds, (1.1)
0 0
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where /a denotes the nonnegative definite square root of the matrix a. In that case
the problem arises as to whether the distribution of x depends on the probability space
and the particular Wiener process. If it does not, we say that weak uniqueness holds
for (1.1) at point x. We say that weak uniqueness holds for (1.1) if it holds at any
x € R

The problem of weak uniqueness arises in very many situations. One of them is the
problem of constructing diffusion processes, when concrete equations governing the
trajectories are not important and what counts is the finite-dimensional distributions of
trajectories. If we want our diffusion process to behave like a solution of (1.1) and
possess the Markov property, then we either have to prove that weak uniqueness holds
for (1.1) or else carefully choose “right” solutions among all possible solutions of
(1.1). Stroock and Varadhan (1979) and Ikeda and Watanabe (1981) are good sources
of information on the state of the problem in the last century and also good sources
of further references related to constructing diffusion processes by using Itd stochastic
equations.

One of strong motivations for this article was to present methods allowing us to
treat the following example.

Example 1.1. In Khasminskii and Krylov (2001) the authors encountered the prob-
lem of weak uniqueness in a particular situation in which d > 2, x = (x',x"), ' €R,
¥ €R!, and in Eq. (1.1)

1. a(x)=Ilssoa, (xX") 4+ Ly <oa_(x"), b(x) =Ly ~oby (x") + Ls <ob_(x"), b' = 0;
2. § <all(x") < K, where §,K €(0,00) are some constants;
3. the first and second order derivatives of a4 (x”) and b4 (x") are bounded.

Equations with such coefficients arose in Khasminskii and Krylov (2001) as limit
equations in an averaging problem. However, to be sure that not only subsequences
of processes under consideration converge weakly but the whole sequence does, it is
assumed in Khasminskii and Krylov (2001) that weak uniqueness holds in Example
1.1. As we will see later in Remark 3.1, this assumption holds automatically.

The matrix @ in Example 1.1 is discontinuous and degenerate. Generally, even if a
in (1.1) is uniformly nondegenerate but discontinuous, the problem of weak unique-
ness is highly nontrivial. Nadirashvili (1997) and see also an excellent exposition of a
generalization of that paper in Safonov (1999) gives an example in which d > 3, a is
uniformly nondegenerate and bounded, » = 0 and weak uniqueness just does not hold.
Hence, we can only hope to find subclasses of equations for which weak uniqueness
holds. Several of them are known for uniformly nondegenerate a. Weak uniqueness
always holds if d < 2 (see, for instance, Krylov, 1969). The continuity of a even if it
also depends on time is known to be sufficient since long ago as well (see Stroock and
Varadhan, 1979). The result of Bramanti and Cerutti (1993) shows that it is enough for
a to be in VMO rather than to be continuous. About 10 years ago the articles (Cerutti
et al., 1993; Krylov, 1992; Safonov, 1994) appear showing that weak uniqueness holds
if the set of discontinuity is discrete or more generally has zero a-Hausdorff measure
with sufficiently small o«. Other sufficient conditions are given when the set of
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discontinuity has special geometric structure: (i) in Bass and Pardoux (1987) where a
is piecewise constant on each polyhedron of a decomposition of R? into finite union of
them, (ii) in Gao (1993) where the set of discontinuity is a hyperplane of co-dimension
one.

However, none of the above references covers Example 1.1 just because ¢ may
degenerate. In a sense, our treatment of it is quite close to some arguments in Bass
and Pardoux (1987), we only add random time change and rely on stronger and more
general results. Some of these results deal with relating weak uniqueness problem
for stochastic equation (1.1) to weak uniqueness for the Dirichlet problem for the
operator L:

u— Lu,  Lu(x) = (1/2)a” (x )y (x) 4+ b'(x )iy (x)

(we use here and throughout the paper the summation convention over repeated in-
dices). This relation is important, in particular, because it allows us to use some results
stated in PDE terms for the problem of weak uniqueness for uniformly elliptic opera-
tors. In connection with this it is worth emphasizing that the nondegeneracy assumption
is not used in Theorems 2.18 and 2.19.

Our main results are stated in Section 2. A rather long discussion of them along with
the discussion of Example 1.1 is given in Section 3. Subsequent Sections 4—6 contain
the proofs of the main results. In the final Section 7 we discuss two general results
one of which is a criterion for weak uniqueness and another one says that a slight
“shaking” of any equation leads to an equation possessing weak uniqueness property.

We use the notation C=C([0,00), R?) for the Polish space of continuous R?-valued
functions given on [0, c0) with a concept of convergence which is equivalent to uniform
convergence on finite intervals. By smooth functions or domains we mean infinitely
differentiable functions and domains. If D is a domain in R, by C5°(D) we denote the
space of infinitely differentiable functions on D with compact support, L,(D) stands
for the Lebesgue space of functions f such that

A2, o) =/ |£(x)]” dx < oo.
D

We also need the Sobolev space W;(D) of functions u with finite norm defined by
d d

””HWE,(D) = ”“pr([)) + Z [t ||fp(D) + Z ||”x"x-f||fp(D)a
i=1 ij=1

where the derivatives u,:, u,,; are understood in the sense of distributions. Everywhere
in the article K, § are fixed constants, K, ¢ € (0, ).

The author is sincerely grateful to the referee for pointing out the article by
Gao (1993).

2. Main results

Unless explicitly stated otherwise, we always assume that for all x, 2 € R, we have

a(x)=a*(x), |la@)|| + [b(x)]* < K1+ |x[*), a’(x)A W = 6|A* (2.1)
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Remark 2.1. Under these conditions Eq. (1.1) has a solution on some probability space.
To show this we take any sequence of smooth a,, b, satisfying (2.1) which are such
that a,,b, — a,b as n — oo (a.e.) in R?. Then, for each n, denote by x!' a solution of

t t
w=xt [ Vatpant + [ b60ds (22)
0 0

defined on a probability space, naturally, with the condition that w} is a d-dimensional
Wiener process and wy,, —wy is independent of w{,x{, s < ¢ for any ¢, h > 0. Since,
the functions a,, b, are smooth and satisfy (2.1), the processes x; are well defined on
any probability space carrying a Wiener process and the set of distributions of x” on
C is precompact. The latter and Skorokhod’s embedding theorem allows us to assume,
if necessary upon passing to a subsequence, that, for all n, x” and w" are defined on
the same probability space and x” — x., w” — w. (a.s.) for certain processes x., w..
Then we pass to the limit in (2.2) and we prove that x, satisfies (1.1). This line of
argument is justified in Krylov (1977) if, additionally, a and b are bounded. In our case
they are allowed to have linear growth as |x| — co. The reader will easily make the
necessary adjustments after noticing that, for any T € (0,00), E sup,p|x/| is bounded
by a constant independent of n (see, for instance, Krylov, 1995).

It is convenient to localize the notion of weak uniqueness.

Definition 2.2. Let D be an open nonempty subset of R and x € D. For y. € C intro-
duce

p(y)=inf{r=0:y & D} (inf(:= c0).

Let x;,, ¢t = 0, be a solution of
t t
X =x+ / a(xs)[s<rp(x.) dWs + / b(xs)ls<rg(x.) ds (23)
0 0

defined on a probability space carrying a Wiener process w;, ¢ = 0, and introduce P as
the distribution of x. on C. We say that weak uniqueness holds for (2.3) at point x if P,
the law of x., is the same for all solutions of (2.3) perhaps given on different probability
spaces. Sometimes the domain D under consideration needs to be emphasized. Then
instead of saying that weak uniqueness holds for (2.3) at point x we say that weak
uniqueness holds for (2.3, D) at point x. We say that weak uniqueness holds for (2.3)
or for (2.3, D) if it holds at any point in D. In the latter case we also say that weak
uniqueness holds for (1.1) until first exit time from D.

As in the case of Eq. (1.1) while speaking about solutions of (2.3) we always assume
that w,;, —w, and o{x;, wy : 0 < s < ¢} are independent whenever 7, & > 0.

Remark 2.3. Observe that if x; is a solution of (1.1), then obviously Xiqy ) is a
solution of (2.3). However, if we know that weak uniqueness holds for (2.3) with D
replaced with a larger domain, say R¢, formally, we cannot conclude that it holds for
(2.3) as it is. Yet under the standing assumption (2.1) weak uniqueness of solutions
defined on larger time intervals implies that on smaller ones. To be more precise, fix
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T €(0,00) and assume that weak uniqueness holds for (2.3). Also let x;, # > 0, be a
continuous process which satisfies (2.3) only for 7€ [0, 7] with a Wiener process w;
defined perhaps also only for # € [0, T]. Then it turns out that the distribution of x.Ar
on C is uniquely determined by a, b, D, and T.

Indeed, according to Krylov (1973a,b), there exists a function P,(B) defined for
y€R? and Borel B C C such that P,(B) is Borel in y for every Borel B and, for
every y € RY, P, is the distribution on C of a solution of (1.1) with y in place of x.
By “piecing together” the distribution of x.,, and P,, where y =y(x.) =T A tp(x.),
one gets a measure P on C corresponding to a process which “behaves” before y
as x.n, and after y as a solution of (1.1) starting at point x,. A rigorous way to
do the “piecing” can be found in Krylov (1973a,b) or Stroock and Varadhan (1979)
(see Theorem 6.1.2 in Stroock and Varadhan, 1979), where one also finds that P
corresponds to a solution of (1.1), say x.. Then X, := X;ac,¢) is a solution of (2.3).
By the assumption the distribution of X. is uniquely determined by @, b, and D. By
construction the distributions of x.r,x.) and X.A,) coincide and it only remain to
notice that X.x,z) = X.Ao7 wWhereas x.nyx.) =X.A7r SINCe X;ncpx) =X, for t < T.

Remark 2.4. Let x € D. Then weak uniqueness holds for (2.3) at x if weak uniqueness
holds for (2.3, Q) at x for any smooth bounded domain Q such that xe 0 c O C D.

Indeed, take any increasing sequence of smooth bounded domains D" such that
x€D" C D and U, D" = D. Also let x; be a solution of (2.3). Then

X. =X Atp(x.) = ngr{.lox-/\r,)n(x.)

in the sense of convergence in C. Furthermore, x/r,.(x.) solves (2.3) with D" in place
of D, so that if the distribution of x;ar,.(x.) is independent of the solution, the same
holds for the distribution of x..

Here are the main results of the article, the first of which is stated for any domain
D C R? perhaps coinciding with R9.

Theorem 2.5. Assume that 0 € D. Then the following statements are equivalent:

(a) weak uniqueness holds for (2.3),

(b) for any bounded subdomain Q C O C D\ {0} with boundary of class C*>, weak
uniqueness holds for (2.3, Q);

(¢) weak uniqueness holds for (2.3) at 0;

(d) for each point y € D there is an open ball B,(y) of radius r > 0 centered at y
such that weak uniqueness holds for (2.3,B,(y)).

Remark 2.6. The implication (b) = (a) generalizes Theorem 5.5 of Bass and Pardoux,
1987 in which a is assumed to depend only on x/|x|.

Remark 2.7. The implication (d) = (a) would follow almost immediately from The-
orem 6.6.1 of Stroock and Varadhan (1979), at least for bounded a and b if we knew



42 N.V. Krylov/ Stochastic Processes and their Applications 113 (2004) 37-64

that one can continue the coefficients outside of each B,(y) so that new equations
in the whole R? possess weak uniqueness. One could also prove this implication by
“piecing together” solutions in each ball in the spirit of Remark 2.3. We prefer to give
a rather short proof based on Theorems 2.14 and 2.11, which relate weak uniqueness
for stochastic equations to that for elliptic operators.

Remark 2.8. It is well known that if a, b are locally Lipschitz continuous in D, then
any solution is a measurable function of w. and hence weak uniqueness holds. In that
case the third condition in (2.1) is not needed. Theorem 2.5 implies that, even if the
local Lipschitz condition is satisfied only in D\ {0}, still weak uniqueness holds (but
then the nondegeneracy condition is required).

Remark 2.9. There is another “classical” statement saying that weak uniqueness holds
for (2.3) if and only if it holds for (2.3) with 0 in place of b.

This fact follows almost immediately from Girsanov’s theorem. We show how to
derive the “only if” part leaving the “if” part to the reader. Let X, be a solution of
(2.3) with 0 in place of b. Then by Girsanov’s theorem for any 7 € (0,00) and Borel

function f(y.) =0, y. € C, depending only on y,, t < T, we have

T
Ef(X)=Ef(x.)exp (— /O Licoperb™a™" (x) dx,

T
+(1/2)/0 ]t<1:D(x.)|a1/2b(xt)|2dt)s (24)

where x; is a solution of (2.3) for #€[0,7T]. By Remark 2.3 the distribution of x.7
is uniquely determined by a,b,D, and T, so that by (2.4) the same holds for E f(x.).
Since this is true for any 7, the distribution of X. is uniquely determined by a,b,D,
that is, weak uniqueness indeed holds for (2.3) with 0 in place of b.

Wider sufficient conditions for weak uniqueness for (2.3) to hold can be obtained
on the basis of the theory of elliptic equations.

Let ¢ = c(x) be a nonnegative Borel bounded function on R?. It is well known that
if a,b,c are smooth and D is a bounded C*°-domain, then there exists a unique (up
to equivalence in y) Green’s function of the operator L — ¢ in D with zero boundary
data, that is there exists a Borel nonnegative function g(x, y), x, yGD_, such that for
any f € C>(D) the unique solution u € C°°(D) of the problem

Lu—cu=—f in D, u=0 on dD

is represented as

u(r) = /D 4. ) f(7)dy, xeD,

Definition 2.10. Let D be a bounded C*°-domain, x € D, and let g be a function of
class Lgjqa—1)(D). We call g a Green’s function of L —c¢ (in D with pole at x) and we



N.V. Krylov/ Stochastic Processes and their Applications 113 (2004) 37—-64 43

write g € G(D,L — ¢,x) if there exists a sequence of functions
an = (ai,j)lc{j:]a b, = (bln )?:15 Cn
given and infinitely differentiable in D satisfying
ap=a’, d70V =012 a4+ |bal +cn <K, =0 (2.5)

in D for all 2€R? and such that a,,b,,c, — a,b,c in D (ae.) and g,(x,") — g
weakly in Lg/qa—1)(D), where g,(x,y) is the Green’s function in D corresponding to
the operator L, — ¢,, with L,u := affux:x/ +blu.

We say that weak uniqueness at x holds for the operator L — ¢ in D if there is only
one (up to equivalence) Green’s function of L — ¢ in D with pole at x. We say that
weak uniqueness holds for the operator L — ¢ in D if it holds at any x € D.

This definition can be found in Krylov (1992), few results of which will be also
used in what follows quite often without direct citation. For instance, we know that,
for each x € D, the set G(D,L — ¢,x) is a nonempty closed convex compact subset of
Lgja—1y(D). Furthermore, for g € G(D,L — c,x)

||gHLd/(d—l)(D) <N, (2.6)

where N depends only on d, K, and D. Also, obviously g = 0 (a.e. D) if g€ G(D,
L —c,x).

Definition 2.10 is naturally extended to the case D = RY. However, in this situation
we require that @ and » be bounded and ¢ be bounded away from zero in order to
be sure that the set G(R?,L — ¢,x) is a nonempty closed convex compact subset of
Ld/(d_l)(Rd) and (26) holds.

Integrals of Green’s functions over subsets I" C D are known to be expected times
which corresponding diffusion processes spend in I" before exiting from D. The average
of occupation measure for a process x. seems to be a rather weak characterization of its
distribution in C. On that account the equivalence (a) < (d) in the following theorem
may look rather surprising.

Theorem 2.11. Let D be a bounded C*°-domain and let 0 € D. Then the following
statements are equivalent:

(a) weak uniqueness holds for equation (2.3);

(b) weak uniqueness holds for the operator L — 1 in D;

(c) weak uniqueness holds for the operator L — ¢ in D,

(d) weak uniqueness at 0 holds for the operator L — 1 in D.

If a and b are bounded, these statements are also equivalent when D = R and in
(c) we only take ¢ bounded away from zero.
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Remark 2.12. It follows from Definition 2.10 that if g € G(D,L —c,x) and u € C*(D)
and u =0 on 0D, then

u(x) = — /D g(y)(Lu — cu)(y) dy. @.7)

In turn this fact and (2.6) imply that if the set I := {Lu — cu : u€ C=(D), u|op = 0}
is dense in Ly(D), then weak uniqueness holds for L — ¢ in D and, owing to Theorem
2.11, it also holds for the stochastic equation (2.3).

Remark 2.13. Assume that D is smooth and bounded or else D = R? and then a and
b are bounded. Assume that for any f € L;(D) there exists a u & W‘?(D) vanishing on
the boundary (if D # R?) such that Lu —u = f. In that case obviously the set L from
Remark 2.12 is dense in L,;(D) and therefore weak uniqueness holds for (2.3).

It is well known (see, for instance, Gilbarg and Trudinger, 1983) that if D is smooth
and bounded and « is uniformly continuous in D, then the above solvability assumption
is satisfied. Thus, weak uniqueness holds for (2.3) if a is uniformly continuous in D
and D is smooth and bounded. Then Theorem 2.5 allows us to extend the result
to unbounded D. We thus get a particular case of results of Stroock and Varadhan
(1979), where time inhomogeneous equations are considered. According to Bramanti
and Cerutti (1993) the continuity of a can be relaxed to the condition a € VMO. Below
we will see other examples when the solvability is known.

Our study of the relationship between weak uniqueness for (2.3) and weak unique-
ness for the operator L — ¢ in D is based to a very large extent on the following two
theorems.

Theorem 2.14. Let Q be a domain in RY. Let D be a bounded C*-domain, x € D C Q,
and let g be a nonnegative integrable function on D such that (2.7) holds for any
ue C=(D) with u=0 on éD. Then there is a solution x, of (2.3) with Q in place of
D such that for any Borel bounded f

/ oV f () dy = E / f(xoexp(— / c(xs>ds) a, (2.8)
D 0 0

where t is the first exit time of x, from D. In particular (when Q = D), (a) = (c)
in Theorem 2.11.

Theorem 2.15. Let D be a bounded C*°-domain, let x, be a solution of (2.3) with
x €D, T its first exit time from D, and let y <t be a stopping time with respect to
the filtration of F,=0{xsp. : s < t}. Then there exists a function g(y)=g(w,y) such
that

(a) for almost any w, g€ G(D,L — c,x;);
(b) for any bounded Borel function f given on D, we have almost surely

E{/ J(x)exp (—/ c(xr)dr) dtﬁ"-,} :/Dg(y)f(y)dy. (2.9)
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Eq. (2.9) is highly nontrivial even if y =0 since the set G(D, L — ¢,x) is defined by
using approximations by operators with smooth coefficients and x; in (2.9) is just a
solution of (2.3) obtained perhaps not as in Remark 2.1, but say by piecing together
different solutions.

The following result concerns, basically, the case of piecewise continuous coeffi-
cients. We borrow it from Gao (1993) and provide it with a shorter proof.

Theorem 2.16. There exists an ¢ =¢&(d,0,K) > 0 such that if
|a(x) — ax|[lenso <e (2.10)

in D (a.e.), where ay are some constant symmetric matrices, then weak uniqueness
holds for (2.3).

Proof. According to Lorenzi (1972) for any f eLd([R{d ) there exists a unique u €
W3(R?) such that Lu—u=f, where Lu=(a"1, Y10+ a’ Ly 2o)uyy. Furthermore, there
exists a constant N = N(d, J,K) such that

l[ull ey < NI Lu — ul|, gy

A trivial perturbation argument shows that in the above statements one can replace L
with @70%/0x'0x/ if d is a Borel symmetric matrix-valued function satisfying (2.10) in
R? (a.e.) for small enough e.

By Remark 2.13 weak uniqueness holds for (2.3, R?) with 4,0 in place of a,b,
respectively. Theorem 2.5 allows us to go from R? to D and assert that weak uniqueness
holds for (2.3, D) with 4,0 in place of a,b. By assumption it is possible to take a
coinciding with a in D. Since Eq. (2.3) constructed from different sets of coefficients
but coinciding in D, obviously have the same sets of solutions, we conclude that weak
uniqueness holds for (2.3) with 0 in place of b. After that Remark 2.9 allows us to
take any b. The theorem is proved.

In low dimensional cases no continuity of the coefficients is required.

Theorem 2.17. If d <2, then weak uniqueness holds for (2.3).

This theorem (proved in Krylov, 1969) follows from Theorem 2.5, Remark 2.13,
and the fact that in smooth bounded domains in one or two dimensions there is a
solvability theory in the Sobolev spaces W} for elliptic equations with measurable
coefficients (see, for instance, Ladyzhenskaya and Ural’tseva, 1964).

In the following two theorems the third condition in (2.1) is not needed. We will
see that from their proofs. Recall the notion of pseudo-inverse matrix defined for any
symmetric nonnegative matrix y as

«(—1).:1' ([ -2
Y 31301/(8+v),

where / is the unit matrix of the same dimensions as . The reader will understand
the idea behind Theorem 2.18 easier if he assumes that a;; = a;; = 0. This theorem
generalizes the main result of Cerutti et al. (1996) and also Theorem 4.3 of Bass
and Pardoux (1987), where a(x) is uniformly nondegenerate and is independent of x”,
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so that conditions (2.12) are automatically satisfied. We use Theorem 2.18 to discuss
Example 1.1 and therefore it is essential for us to admit degeneracy of a and its
dependence on x”.

Theorem 2.18. Let | <d' <d,d" =d —d',D=D" x R with a ball D' C RY. We
write x=(x',x""), where x' € R* , x" € R?". Represent a=(a" )l’?fl.:] as the block matrix

where
i o d'tijNdd
an = (@) j=1,.a,  an=(a" ") 0,

ap=ajy, ap=(" "
Assume that ay\(x) = a1 (x") and b'(x) =b'(x"), take an xj € D', and assume that at

x, weak uniqueness holds for the equation
t

t
x;:x(’)—i—/ [S<T,),(x_/)011(x;)dw;+/ IS<1D,(X_/)b’(x;)dS, (2.11)
0 0

where a1, = \/ay,. Finally, denote
o =ana' ", o =(an —anal; an)?
and assume that for j=1,2 and x' €D',y",z" € R?" we have
lo2;(x", ¥") — oo 2| S K[V = 2", oo, (0, v < K(1+ 7)),
|b//(xl’y/l) o b”(xl,ZH)| <K‘yl! 7211‘, |b”(.xl,y”)| <K(l + |y//‘) (2.12)
Then weak uniqueness for (2.3) holds at (x{,x{) for any xj € RY.

Various versions of the next result, which is quite useful, can be found in the
literature (see, for instance, Theorem 6.5.2 of Stroock and Varadhan, 1979). We give
it with a standard proof in order to make our discussion of Example 1.1 self contained.

Theorem 2.19. Take an xy € D and let h=h(x) be a real-valued Borel positive function
on RY bounded along with 1/h. Then weak uniqueness at xo holds for (2.3) if and
only if it holds for the equation constructed from ha and hb in place of a and b,
respectively.

Proof. Obviously, it suffices to prove the “only if” part. For y. € C and t,s > 0 intro-
duce

Flht,y) = F(i,y.) = /0 W) dr,

O(h,t,y.)=P(s,y.)=inf{t = 0: F(t,y.) = s}.

The function F(t, y.) is Borel in y. and continuous and strictly increasing in ¢. It fol-
lows that it is Borel in (¢, y.) as well as its time inverse @(z, y.). Below we also use
that the function (¢, y.) — y; is Borel measurable.
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Next let x, be a solution of (2.3) with (ha,hb) and x¢ in place of (a,b) and x,
respectively. Then according to well-known results about random time change (see,
for instance, Krylov, 1995) the process x; := X, with y(¢) = ®(¢,x.) is a solution of
(2.3) in its original form but with a new Wiener process and, of course, x¢ in place of
x. It follows that the distribution of x. in C is uniquely determined by (a,b,D). Now
observe that the formulas

_)Et = -xF(t,f.)’ F/(t,.f) = h()Et) = h(xF(t,x_.))a

t F(tX.)
t= / B (xpi))F/(s,%.) ds = / B (xy) ds
0 0
imply that t = F(h™', F(t,%.),x.), F(t,x.) = ®(h~",1,x.), and

Xt = Xp(h—1,t,x.)

Thus, x. is expressed as the result of application of a (deterministic) Borel function
to x.. This allows us to find the distribution of x. in terms of a,b,h, and D only and
proves the theorem.

3. Discussion of the main results

Our discussion is split into several remarks. Although we believe that each of our
main results is interesting in its own right the most interesting are applications of
their various combinations. We will see that there are infinitely many combinations in
which our main results play role of building blocks. It seems that one cannot formulate
a general result encompassing all the combinations and we confine ourselves only to
few examples.

Remark 3.1. Here we show that weak uniqueness holds in Example 1.1. We take
D = R? and use Theorem 2.19 with # = 1/a'' to conclude that the whole issue of
weak uniqueness in this situation is reduced to the case in which a'! = 1. After that
it suffices to use Theorem 2.18 with d’ =1 and notice that the square root of a twice
differentiable nonnegative matrix-valued function is Lipschitz continuous (see Freidlin,
1968, Phillips and Sarason, 1968).

Remark 3.2. We comment on Theorem 2.5. Remark 2.13 and the implication
(d) = (a) (in Theorem 2.5) show that weak uniqueness holds for (2.3) if a is only
continuous rather than uniformly continuous in D. After that from the implication (b)
= (a) we see that, actually, a need not be continuous at a fixed point xy € D, since if
a is continuous in D\ {x¢}, then weak uniqueness holds for any smooth subdomain of
D\ {xo}. Hence the discontinuity of a at only one point does not ruin weak uniqueness.

One can repeat the same argument for the case in which there are only two points
of discontinuity, say xo, yo. Then in any smooth subdomain of Q0 € O € D\ {y,} there
can be only one point of discontinuity, by implication (b) = (a), weak uniqueness
holds for (2.3, Q) and again by the same implication weak uniqueness holds for (2.3,
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D). By induction we obviously can get that weak uniqueness holds if ¢ has any finite
number of discontinuity points.

Suppose now that the set of discontinuities of a is countable and has only one cluster
point xo. Then in any smooth subdomain of Q € O C D\ {xo} there are only finitely
many points of discontinuity, so that weak uniqueness holds for (2.3, Q) and hence
weak uniqueness holds for (2.3, D).

By using the same argument we can go even further. Namely, if the set of disconti-
nuities of a has only two cluster points, say xy and yg, then in any smooth subdomain
of Q € O C D\ {y} there can be only one cluster point, by the above, weak
uniqueness holds for (2.3, Q) and hence, by the theorem, weak uniqueness holds for
(2.3, D). Of course, the case of finitely many cluster points now presents no diffi-
culty as well as the case of countably many cluster points having only one cluster
points.

One can keep going in an obvious way considering cluster points of “higher degree”.

Remark 3.3. Safonov (1994) proves that if a is continuous apart from a closed set of
o-Hausdorff measure zero and « is small enough, then weak uniqueness holds for L in
smooth bounded domains. This result, certainly, covers the result of Remark 3.2 but it
does not cover other situations considered below when weak uniqueness is known to
hold not because of continuity of the coefficients but for some other reasons.

In this connection it could be interesting to know if the single point {0} in part
(b) of Theorem 2.5 can be replaced with a set of o-Hausdorff measure zero (without
assuming any continuity).

Also notice that there is no control on o, so that we cannot say anything in the
general case if the set of discontinuity is a straight line, say x?-axis even if d = 3.
However, if the diffusion coefficients of x’ := (x',x*) depend only on x’ and other
coefficients are Lipschitz with respect to x*, then weak uniqueness holds as follows
from Theorems 2.17 and 2.18.

Remark 3.4. Let I be a C? surface in RY of co-dimension 1, orientable or not. We
assume that I" is “open” in the sense that each of its points has a ball containing it
which is split by I' into two disconnected parts. Let S be a subset of I' N D such that
S is open in the relative topology of I' and § C I'. Introduce the distance between
x,y€D\ S as the infimum of lengths of smooth curves connecting x and y and lying
in D\ S. Assume that not only « is continuous in D\ § in the usual sense but also
uniformly continuous with respect to the new distance. It turns out that in this case
weak uniqueness holds for (2.3).

To show this we use Theorem 2.16 and the implication (d) = (a) in Theorem 2.5.
Since a is continuous in the open set D\ S, Remark 2.13 guarantees that for each
y€D\ S there is an » > 0 such that weak uniqueness holds for (2.3, B,(»)).

If y € D happens to be on the relative boundary of S, then for small » > 0 the new
distance between x1,x; € B.(y) \ S is, obviously, smaller than 3r. Therefore, for any
& > 0 there is a small ball B,(y) such that ||a(x;)—a(x,)| < ¢ for all x1,x; GBr(y)\S,
in particular, for almost all x;,x; € B,(y). Then Theorem 2.16 with aL = a(xy), where
Xo is any fixed point in B,(y) \ S, yields weak uniqueness for (2.3, B.()).
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Finally, let y € D be in the relative interior of S. If for all small » the set B.(y)NS is
flat, then weak uniqueness for (2.3, B,(y)) with sufficiently small » follows immediately
from Theorem 2.16 and the uniform continuity of a in each halfball of B.(y)\ S. In
the general case it suffices to do a C? smooth one-to-one change of coordinates which
flattens S near y and observe that, although Eq. (2.3) will change, this transformation
in no way affects weak uniqueness.

We see that for any y €D there is an » > 0 such that weak uniqueness holds for
(2.3, B,(y)). Now our assertion follows from Theorem 2.5.

Remark 3.5. Observe that if in the situation of Remark 3.4 we take a y€S, r >0
and replace S and D with S’ =S\ B,(y) and D' =D \ B,(y), respectively, then a is
uniformly continuous in D’ \ 5 with respect to the distance constructed from D’ and

S’. This is true since the latter distance is just bigger than the one constructed from D
and S.

Remark 3.5 and Theorem 2.5 lead to the following generalization of Remark 3.4.

Remark 3.6. In the situation of Remark 3.4 allow I' to lose C?> smoothness at a point
Xo €8 and require a to be uniformly continuous with respect to the new distance only
in (D\ S)\ B.(xo) for any » > 0. Then weak uniqueness holds for (2.3).

For instance, if @ is uniformly continuous inside and outside of the cone 2|x!| > |x]|,
then weak uniqueness holds for (2.3, R?).

If I' loses smoothness only at two points xp, yo €S and a is uniformly continuous
with respect to the new distance only in (D \ S)\ (B.(xo) U B,(3)), for each r > 0,
then again weak uniqueness holds for (2.3). To see this it suffices to repeat the corre-
sponding part of Remark 3.2. Then naturally come the case of infinitely many points
of nonsmoothness of I" having only one cluster point, the case of infinitely many such
cluster points having only one cluster point of their own, and so on.

Remark 3.7. In Remark 3.6 the surface I' could be composed of finitely many pieces
whose closures are disjoint. In that case the argument just does not change. Theorem
2.5 allows us to extend the result to I" consisting of infinitely many components having
only one point of attraction, that is a point xo € D such that for any » > 0 only finitely
many components of I' are not contained in B,(xo). Now one can repeat the same
drill going to finitely many points of attraction of components, infinitely many points
having only one cluster point and so on.

Remark 3.8. Theorem 2.18 allows us to increase the number of examples in which
weak uniqueness holds by using “stratification”. For instance, consider the system con-
sisting of (1.1) and the following equation in a Euclidean space R?!

t t
yw=y+ / Va(xs, ys) dBs + / b(xs, ys) ds,
0 0

where @ is a symmetric d| X d| matrix valued function, b an R -valued function, and
B; a d;-dimensional Wiener process independent of w.. Assume that ¢ and b are Borel
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in (x, y), Lipschitz continuous in y uniformly with respect to x, that they satisfy linear
growth condition with respect to (x,y), and a4 is uniformly nondegenerate. Finally,
assume that weak uniqueness holds for (1.1) = (2.3, R?). Then weak uniqueness
holds for our system as well.

Indeed, first observe that the system is written as one equation with block-diagonal

diffusion matrix (‘6 2) and drift term (2) This corresponds to the case aj; =ay; =0

in Theorem 2.18. Furthermore, d2; = 0 and 02, = V/@ satisfies the Lipschitz condition
in y uniformly with respect to x since the same is true by assumption for & and a
is uniformly nondegenerate. After that it only remains to notice that weak uniqueness
holds for (2.3, D) for any bounded domain D (Theorem 2.5), then weak uniqueness
holds for our system until first exit time from D x R? by Theorem 2.18, and finally
weak uniqueness holds for the system again by Theorem 2.5.

Now we can follow an already familiar pattern. Namely, let d@,b be Lipschitz con-
tinuous in y only for (x,y) outside of any neighborhood of a closed countable set
I ={(x;,yi), i=1,2,...}, which has only finitely many cluster points. Of course we
allow the Lipschitz constant to depend on the neighborhood. Then, for any neigh-
borhood, the coefficients can be easily modified throughout it so that new functions
become uniformly Lipschitz in y in R?'. Then weak uniqueness holds for the modified
coefficients, by Theorem 2.5 weak uniqueness holds for the original system until first
exit time from the complement of the closure of any neighborhood of I'. After that
Theorem 2.5 allows us to conclude that weak uniqueness for our system holds until
first exit time from (R? x RY)\ (I' \ {(x1, »1)}) if (x1, 1) is an isolated point of TI.
By following the argument of Remark 3.2 we can eliminate all of I and therefore
weak uniqueness for our system holds again. Of course, I' could also be a closed
set having only countably many cluster points, which in turn have only finitely many
cluster points, and so on.

Remark 3.9. The result of Remark 3.8 admits a localization (by Theorem 2.5) so that
we get yet another sufficient condition for week uniqueness until first exit time from
domains. Also, it is worth noticing that the above stratification can be repeated few
times each time increasing the dimension of the process and each time before and after
stratifying one can also use time change (Theorem 2.19) with arbitrarily discontinuous
functions 4.

Remark 3.10. By having few sufficient conditions for weak uniqueness to hold until
first exit time from domains we also have sufficient conditions for weak uniqueness to
hold until first exit time from small balls. By relying on statement (d) of Theorem 2.5,
and specifying the structure of the coefficients in each ball we can get numerous results
on weak uniqueness, which in turn can be localized and fed back into the scheme of
balls.

Now, what happens if for each point y € D but one there is an » > 0 such that
we can prove that weak uniqueness holds for (2.3, B,(y))? Theorem 2.5 says that
still weak uniqueness holds for (2.3, D). If there are only two “suspicious” points the
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result is the same. One can keep going already familiar way and this argument seems
to imply that no matter how general but concrete conditions we find on the coefficients
guaranteeing that weak uniqueness holds, there always is a possibility to make them
even more general.

In conclusion we discuss one of the main results of Bass and Pardoux (1987). This
is the following.

Theorem 3.11. Suppose R? can be divided up into finitely many polyhedra so that
a is constant in the interior of each polyhedron. Then weak uniqueness holds for
(2.3, RY).

Proof. In Bass and Pardoux (1987) this theorem is proved by using stratification and
the implication (b) = (a) in Theorem 2.5. Below we, basically, reproduce the argument
from Bass and Pardoux (1987) with some shortcuts made possible by our other results.

First, one gets rid of b by using Girsanov’s theorem. Then we use induction on d.
If d =1 the result follows either from Theorem 2.5, or Theorem 2.17, or else Theorem
2.19 with A=1/a. Actually, for d =1 the function a has bounded variation, so that the
solution is even strong (see Nakao, 1972). Assuming that the result is true for d — 1
we show that apart from finitely many point for each point y € R? there is an » > 0
such that weak uniqueness holds for (2.3, B,(y)). This is enough owing to the above
discussion of Theorem 2.5.

To describe the set of points to be excluded we denote by {/;, i=1,...,k} the finite
set of hyperplanes each of which contains at least one of the d —1 dimensional faces of
the polyhedra. Also let n; be the unit normal vector to /;. Then we exclude all points
y each of which belongs to the intersection of at least one subset {/;,m=1,..., p}
of {¢;,i=1,...,k} such that the corresponding set of {n; ,m=1,..., p} generates RY.
Obviously, we exclude only finitely many points (some of which can be even inside
of some polyhedra).

Now, in a neighborhood of a point y, lying in the interior of a polyhedron, a is con-
stant and weak (and even strong) uniqueness until first exit time from the neighborhood
is trivial.

Let y belong to the boundary of a polyhedron and be not an exceptional point.
Then the set {/;,,m =1,..., p} of all planes containing y has the property that the
set {n; ,m=1,..., p} does not generate R?. Without losing generality we assume that
y=0,{n,m=1,..,p} CRIT={xeR’:x! =0} and according to the notation
from Theorem 2.18 we write x = (x/,x”"), where x”/ = x?.

Now we claim that if x is close enough to y =0, then a(x) depends only on x'.
Indeed, for a(x) to change, x should cross one of /;’s. However, going in the direction
of the x?-axis, which is perpendicular to {n;, ,m = 1,..., p} and therefore parallel to
each of /;,,,m =1,..., p, will certainly not lead to crossing either of them. Other
hyperplanes will not be crossed either if we keep |x’| and x” small enough, since y=0
is at a positive distance from each of them.

After having proved our claim, we take » > 0 so small that a(x) in B,(0) depends
only on x” and for |x’| < r we introduce d(x") := a(x’,0). Observe that a keeps the same
value unless x’ with |x/| < r crosses the trace on R?~! of at least one of /; ,m=1,..., p.
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These traces naturally produce a partition of R?~! into finitely many (conic) polyhedra
and 4 is constant in the intersection of each of them with {|x’| < r}. The latter property
allows us to extend a to all of R?~! keeping it constant in each new conic polyhedron.
We use the same notation for the extended d.

Next we take D = B,(0) and observe that (2.3) with this choice of D becomes

t
Xt :xJF/ \/d(Ts/‘)[s<w(X-)dWS'
0

If here in place of D we take R?, then we get an equation for which weak uniqueness
holds by Theorem 2.18 and the induction hypothesis. By localization statement in
Theorem 2.5 weak uniqueness holds for (2.3, D)=(2.3, B.(y)).

As is explained in the beginning of the proof now the assertion of our theorem
follows from Theorem 2.5. The theorem is proved.

4. Proof of Theorem 2.18

We need several auxiliary facts which allow us to reduce Eq. (2.3) to a triangular
form. This reduction is commonly done in filtering theory (see, for instance, Rozovskii,
1990).

The first assertion of the following lemma is a general property of symmetric non-
negative matrices, and the second one is easily proved by passing to the diagonal form.

Lemma 4.1.

(1) We have az, > azlaﬁl)alz in the matrix sense, so that oy, is well defined.

(11) For i = 1,2 deﬁne H,‘ = O'l'iO'(--il). Then H,‘O’ji = Oiji, 0'(71)0'1-14 = Hi = 0'(71)0'4240'(71),

—1) _(-1) 1) —1) ii il ii il
Oy 0y =4y 50 din =011

Next, let x; be a solution of (2.3) with xo=(x{, xg ) in place of x. Take a d-dimensional
Wiener process B, independent of x., w. and introduce

; t
f,z/ Li<ey o/ a(xy) dwy = x, —xo_/ Li <0, ()D(xs) ds,
0 0
t 1 t
W) = / Ly o0t VD) A, + (arar — T (x])) dBJ] + / Lz ar) B,
A 0
! 1
Wy = / 0% V() <oy o) [AF) — 021(x,) dd]
0

t t
+/([d’/xd’/ —Hz(x.s))1s<rD,(x{)dB§/+/ I,y dBY,
0 0

where and below by I;x; we mean the unit £ X k£ matrix.
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Lemma 4.2.

(i) The process W, = (W), w;') is well defined.

ii e processes X, and W; are F,-martingales, where F, is the completion o
The p d 7, tingal here F, th iplet
o{xs, ws, Bs s < t}.

iii ith respect to the filtration {ZF;} we have (W, W); = tly«q, so that, évy’s
With respect to the filtrat F h 7 that, by Lévy
theorem, (W;, #,) is a Wiener process.

Proof. Assertion (i) means that the stochastic integrals defining w, exist, that is that
the corresponding quadratic variation processes are finite. This is proved in the proof
of assertion (iii) below, where we compute the quadratic variations. After that assertion
(i) follows from properties of stochastic integrals.

To prove assertion (iii) observe that

AW, W) =aly It<rD/(x N (A7, 7Y )el Y + I <oy oy Uarxar — 1) dt

+1t>rD/(x g xqr dt
= 011 It<1:D/(\f )a11011 ) de + L <oy oy Uarscar — T1) dt
iz larxar dt
= Ly ear d1,
where and below we drop the argument xt Also

Al ~I1

d<W,,W > 70_22 [t<ID/(X')(dV)622

+ Uarrxarr — o) <oy oy At + Tz, oy lar xar d, (4.1)
where for ¢ < tp/(x)
dv, .= (df;/ — 071 dvf/;)(df;/ — 021 dvf/:)*

= d(@", 1), — o2 d(W,X"), — (d(F,W))05, + 02107 dr.
Here, for t < tp/(x’)

AdE" 2", = andt, oy dW,2"), = ano'; Vel VA, 2", = anal; Van di,

-1
02105, :agla(ll Day,.
It follows that for ¢ < rD/(x’ )
-1 (—1 -1
O’ 2 )(dV)Gz ) = 0'22 )(6122 — agla(ll a12)0'22 )dl =11, dt,
Al AI/>

so that, owing to (4.1), d(W’
dW “A’N>t —1t<TD/(x )‘711 [d<_l _//> - (d<f{awl> )0'21]0'22 b

¢ = Iy «q» dt. Finally,

—1 —1
:It<‘rD/(x_/)O-§1 )[azi allail )051]052 ' dt
and a3, — 01105, = (Lo xar — 113 )a21, so that
1 —1
Uil )[@1 - all("il )021] —011 Hl[aZI —01103]=0

and d(w/, W), =0. The lemma is proved.
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Lemma 4.3. We have

t

t
x,’:x{)—l—/ 1y<rD,(x{)011(X;)dW.i+/ Ty<ep, )b (xy) ds, (4.2)
0 0

t
1 I Al
X, =X +/ Is <2, (1021 (X5) dVig
0

!

t
+/ [s<rD/(xf)O-22(xs)dw;/+/ Is<rD/(x_’)b//(xS)dS' (43)
0 0

Proof. Denote by ¥, the stochastic integral in (4.2) and by X, the sum of the stochastic
integrals in (4.3). Notice that

A, 7Y = 011l <y oy d (W, X),

—1
= 011l (y0Yy an i = Ihan L <oy oy A = @il <oy o) di.
Also by using some computations from the proof of Lemma 4.2 we obtain that

A - —1 - - Al =
A0 Z"Y, = I <y (0 AGELF Y — o0 d (W, 5),]
=1 (=1) _ (1) dr=1 d
=li<0, )0y (axn —axiay "ap)dt =1 ,uH020dt,

AW, %) =1Li<c),(x)03) dt.

This and the fact that x; stays the same after tp/(x’) allow us to find easily the quadratic
variation of the martingales ¥; — X, and £;' — ¥, and show that these are zeros. The
lemma is proved.

The following statement and its proof are almost identical to the corresponding
arguments in Bass and Pardoux (1987). We give the proof for the sake of completeness
and because our situation is yet more general.

Lemma 4.4. The processes x' and W' are independent.

Proof. Let t,h = 0, A € #;, where %, is introduced in Lemma 4.2, and let B€ 7 gl; =
a{W, — W, : r >t}. Notice that 4 and Iz(W,,, — W;) are independent since W. is
a Wiener process relative to .%,. Also the processes W’ and w” are independent as
different components of the Wiener process w.. It follows that

ELdg(W,, ), — W,) = P(A)EIg(W,,, —W;) =0.
In particular, if C 692;’ =a{W :r <t} (CF,), then
ELdsnc(Wi,y — W1) = ELincls(W;,, — Ww;) =0.

A standard measure-theoretic argument allows us to conclude that for any F € 97&/ =
a{Ww” : r = 0} such that P(F) > 0, we have

ErLy(W,,, —W}) =0,

where Ey is the expectation sign with respect to the conditional probability Pgr(-) :=
P(:|F). In other words, (W, #;) is a martingale with respect to the new measure Pp.
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The quadratic variation of w. remains the same since it can be defined through the
limit of sums of increments and Pg is absolutely continuous with respect to P. It
follows that (w;, #;) is a Wiener process with respect to the new measure Pr. Since
we assumed that weak uniqueness holds for (2.11) and x] satisfies (4.2) we conclude
that, for each Borel H C C

Pr(x' €¢H)=P(x'cH).

This is just another way to state the assertion of the lemma, which is thus proved.
Now we pass directly to the proof of Theorem 2.18. For n = 0,1,2,... and
t = 0 introduce x,'(0) = x{,

t
©n+ 1) =2 + / Tocey ey (! (n)) 0
0

t t
+/ ]S<TD/()C_/)O-22(X<‘5X;I(”))dw;,+/ Iycop b (x(,x] (1)) ds,
0 0

n=0.

One notices that
t

t
~ —1
/1s<ru/(xf)021(XZ,XZ'(H))d%:/ Lycry nyanaly D (xlxl (n)) dx)
0 0

and by the induction on n one proves that x;'(n) is measurable with respect to the
completion of a{x/,w! : s < t}, that is, for each ¢ there exists a Borel function f such
that (x/,x;(n))=f(x/,w") (a.s.). Owing to Lemma 4.3 and the fact that the distribution
of x/ is uniquely determined by ai;, b, and D’ we conclude that the distribution of
(x/,x"(n)) is uniquely determined by a, b, D, and n.

To prove the theorem now it only remains to show that x)'(n) — x, as n — oo in
probability. However, by the inequality (a + b)* < 2a*> + 2b? and Holder’s inequality

t
Elx/(n+1)—x/"]* < ZE/ Ly cap e[l 021 (56 x] (1)) — 021 ()|
0
+ o2, x! (1) — 02(x,)|*1ds

t
+2tE / Loy, |0 (x,x) (n)) — b (x)|* ds
0

t
<N +0E [ P ds
0

where N is independent of n and ¢. By induction this implies that E|x/'(n) — x)'|> <
N™(1 4 ¢)*/n! — 0 as n — oo and this brings the proof of the theorem to an end.

5. Proof of Theorems 2.11, 2.14, and 2.15

Proof of Theorem 2.14. As usual it suffices to prove (2.8) only for f € C*(D). By
Lemma 3.1 of Krylov (1992) the assumption of the theorem concerning g means
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that g is a Green’s function of L — ¢ in D with pole at x. Next we proceed in
three steps.

Step 1: First we prove (5.3), where x; and 7" are to be introduced below. Let
Ay, by, c, be as in Definition 2.10. Since Green’s functions in D of operators with
smooth coefficients are independent of the values of the coefficients outside of D, we
either redefine or continue a,,b,,c, outside of D keeping their smoothness in such a
way that they satisfy conditions (2.1) in all of R¢ and the convergence a,,b,,c, —
a,b,c holds in R? (a.e.). After that we take x!,wi, x;, w, from Remark 2.1 such that
x" — x. and x, satisfies (1.1).

It is known (see, for instance, Krylov, 1985) that there exists a constant N indepen-
dent of n such that for any nonnegative Borel f

g/fvmm<mvmm, 5.1)
0

where t” is the first exit time of x] from D.

Next, let L, be the elliptic operator corresponding to a,,b, and let g"(x, y) be the
Green’s functions of L, — ¢, in D with zero boundary data. Then for any f € C>(D)
the function

un(z) = /D oz () dy, zeD (52)

is smooth in D and satisfies L,u, — c,u, = — f in D and u, =0 on 0D. It follows by
1t6’s formula that

() = E /0 T f(x,”)GXP<— /0 t c,,<x;’)ds) .

We pass to the limit in this formula as » — oco. Observe that by virtue of (5.1)
and the assumed bounded convergence: ¢, — ¢ (a.e.), the limit will not change if we
replace ¢, with c. Also use (5.2), the definition of g, and the fact that x] — x, for any
t (a.s.). Then we get

" t
[ anroidy=time [ f(Xz)exp(— / c(xs>ds) dt. (5.3)
D n—oo 0 0
Step 2: Now we prove that
lim E|t" — 1] =0, (5.4)
n—o00

where 7 is the first exit time of x;, from D. To do this we denote by v, the smooth
solutions of L,v,=—1 in D with zero boundary condition. By It6’s formula v,(x)=FEt"
and by (5.1) the functions v, are uniformly bounded. Furthermore, as always, the
convergence x” — x. implies that, for any & > 0,

lim 7 < 7t < lim 7",

n—00 n—00
where 17 is the first exit time of x]' from D(¢) := {z € D : dist(z,@D) > ¢}. In particular,
by Fatou’s lemma Et < oo and, since (t — "), <,

lim E(t — "), <Elim (t — ")y = E(t — lim t"), = 0.
n—00 n—00 H— 00
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It follows that to prove (5.4) it suffices to show that

lim Et" = Et. (5.5)

n—r o0

By Fatou’s lemma, for any constant 7, ¢ & (0, 00),

lim E(T At)) < ET < lim ET. (5.6)
n— 00

n— oo

1t6’s formula yields
Et" = v,(x) = Et} + Ev,(x},), E(t" — 1) < sup{v,, dD(¢e)}.

By Lemma 5.1 below we conclude that sup,E(t" — 1}) — 0 as ¢ | 0. Hence, from
(5.6) we infer that
lim E(T At") < Et < lim Et". (5.7)
n—oo n— o0
Eq. (5.5) would now follow if we knew that t” are uniformly integrable or even more
that sup,E(1")* < oo.
However, denote by ¥, the smooth solution of L,V;, = —v, with zero boundary
condition. Then v, and ¥, are uniformly bounded owing to (5.1). By It6’s formula

Evn(x;l)[t<r” = _E[Un(xg") - Un(xtn)]lt<r” = E(Tn - t)]l‘<‘t”a

Vn(x):E/OT Un(x;“)dt:E/OT (t" — t)dt = (1/2)E(z")?

and hence E(t")? are bounded indeed. Therefore, by letting T — oo in (5.7) we get
(5.5) and this yields (5.4).

Step 3: Egs. (5.4) and (5.3) lead to (2.8). It only remains to note that (2.8) will
not change if we replace x; with y, := x;a¢,(x.) and that y, is a solution of (2.3) with
O in place of D. The theorem is proved.

Proof of Theorem 2.15. Denote by P, = P,(-)=P,(w,-) a regular conditional distribu-
tion of x. on C given %,. In other words,

(i) P,(w,B) is a probability measure on Borel subsets B of C for any w,
(i1) Py(w,B) is #,-measurable in w for any Borel B C C,
(iii) for any nonnegative or bounded Borel function % given on [0,00) x C, we have

B0} = [ 1G.0)P @) (@s)

Convenient theorems guaranteeing existence of regular conditional probabilities can be
found, for instance, in Stroock and Varadhan (1979) and Krylov (1973a,b).
It is proved in Krylov, 1977, that for any bounded Borel f given on D

e{ [ reess(= [ o) aiz } < i

7

Lq(D) (a.s.),
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where N is independent of f and w. A standard measure-theoretic argument allows us
to infer that there is a set Q' having full probability such that for v € Q' and bounded
Borel f given on D we have

on(y.) t
/C / f(yz)exp<— / c(yr)dr) AP, (.dy.) < N||f |-

() (@)
By the Riesz representation theorem it follows that for w € Q' there exists a nonnegative
g(y) = g(w,y) with Lgy4_1)(D)-norm bounded by the constant N and such that for
any bounded Borel f given on D Eq. (2.9) holds. This proves assertion (b) of the
theorem.
To prove (a) observe that by It6’s formula for any smooth u vanishing on JD, we
have (a.s.)

E {/T(c — L)u(x;) exp (—/t c(yr)dr> dt|97y} = u(x,).

Hence, owing to assertion (b) of the theorem, perhaps for somewhat reduced Q' but
still having full probability we get that for any w € Q' and any smooth u vanishing on
oD

u(x,) = /D g(y)c — Lyu(y)dy.

By Lemma 3.1 of Krylov (1992) this means that for w € Q' the function g(w, y) is a
Green’s function of L — ¢ in D with pole at x,(w). The theorem is proved.

Proof of Theorem 2.11. The last statement of the theorem can be proved by a rather
easy modification of the proof for the case that D is a smooth bounded domain. As a
matter of fact, for D = R? the equivalence of (a) and (b) is proved as Theorem 3 in
Krylov (1985) and the equivalence of (b), (c), and (d) can be proved as this is done
for bounded domains in Krylov (1992).

The proof for smooth bounded D consists of three lemmas. First we recall that
the implication (a) = (c) is proved in Theorem 2.14 and we state a standard and
well-known result, which is usually proved by using simple barriers.

Lemma 5.1. Let D be a bounded C>®-domain in R? and let a,b,c be functions
of class C>(D) satisfying (2.5). Let uc C>®(D) be a solution of Lu — cu = —f
in D with zero boundary condition, where [ is a smooth bounded function. Then
|u(x)| < Ndist(x,dD)sup| f|, where the constant N depends only on 6,K, and D.

The next result is just a restatement of Lemma 4.1 from Krylov (1992) and part of
Theorem 2.1 from Krylov (1992).

Lemma 5.2. Weak uniqueness holds for the operator L—1 in D if and only if it holds
for L — ¢ in D and if and only if it holds at 0 for L — ¢ in D. In particular, (b) <
(¢) & (d) in Theorem 2.11.

We now see that to finish proving Theorem 2.11, it suffices to prove the following
lemma.
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Lemma 5.3. Assume that for each constant 1 =0, weak uniqueness holds for the
operator L — A in D. Then for Eq. (2.3) weak uniqueness holds in D.

Proof. We closely follow the corresponding argument in Krylov (1985). Take an x € D,
a solution x, of (2.3) and use the notation from Theorem 2.15. Also denote by g,(z, y)

the (unique) Green’s function of L — 4 in D with pole at z and introduce G, f(z) =
J59:(z,¥)f(y)dy. Then by Theorem 2.15

L <E {/ e_i(s_[)f(xs)dﬂgt}
¢

=E {/f e_i(s—t/\r)f(xs)d3|97t/\r} =G, f(xin) =1L <G, f(x;) (as.).

Also notice that G, f(z) is Borel (actually, Holder continuous, see, for instance, Krylov,
1992; Safonov, 1994).

In particular, for any n > 1, partition 0 = 7y < ¢ <--- < ¢, = ¢ and bounded con-
tinuous fy,..., fu, / given on D

/0 e_AsEfO(xfo) coee fu(e ) f (s Mg <o ds
:Efo(xto) R fn(xt,, )Glf(xt,, )It,,<‘r~

By using the induction on n and uniqueness of the Laplace transform of continuous
functions we easily conclude that the expressions E fo(xs) - -« - fu(x;, )i, < Will not
change if we take a different solution of (2.3). The same is true for

Efo(xs)----- Jalx, )Itn<1:<tn+1
=Efo(xy) o Sl My, <o — Efo(xg) - Sn@e )M, <o

where ¢,.1 > t,, and for

EfO(xto) """ fn(xt,, )]t,,<rh(xr)
:rl_igc;Efo(xto) e fa G Mt < <tpGir e (X 1)

if & is bounded and continuous. Hence the formula

EfO(xto/\‘r) """ ifn(xt,i/\r)
n—1
=Y Efo(xy) - [l <es hilxe) + Efoley) - -+ fal ), <o
i=0

where h;= fi11----- f, for i < n, shows that the distribution of x. =x.5. is the same for
all solutions of (2.3) and this finishes the proof of the lemma and Theorem 2.11. [
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6. Proof of Theorem 2.5

Theorem 2.1 of Krylov (1992) says that, if D is smooth and bounded, then the
following statements are equivalent:

(a’) weak uniqueness holds for L — 1 in D, }
(b") weak uniqueness holds for L — 1 in any smooth domain Q C O C D\ {0},
(¢’) weak uniqueness holds for L — 1 in D at 0.

Now, Theorem 2.14 shows that if (a) (of the theorem) is true, then weak uniqueness
holds for L — 1 in Q, where Q is any bounded smooth subdomain of D. Then, the
implication (a’) = (b’) entails that (a) = (b’), which along with Theorem 2.11 yields

(a) = (b).

Furthermore, by Theorem 2.11 (b) < (b’), which along with (b’) = (a’) proves
that if (b) is true, then weak uniqueness holds for (2.3) with any smooth bounded
domain in place of D. Remark 2.4 now allows us to conclude that

(b) = (a) = (¢).
Next, owing to Theorem 2.14, (¢) implies that weak uniqueness holds for L — 1 in
Q at 0, where Q is any smooth bounded subdomain of D. The implication (¢’) =

(a’) shows that if (c) is true, then weak uniqueness holds for L — 1 in Q, which by
Theorem 2.11 and Remark 2.4 leads to

(c) = (a).
Also notice that due to the above proved fact that (a) = (b), we obviously have
(a) = (d). (6.1)

To finish with combining obvious implications, observe that by virtue of Theorem
2.11 and Remark 2.4 to prove the remaining implication (d) = (a) it suffices to prove
that for bounded smooth D we have (d) = (a’). In other words, it only remains to
check that weak uniqueness holds for L—1 in a smooth bounded D under the additional
assumption that

(A) for each y €D there is an open ball B.(y) such that weak uniqueness holds
Jor (2.3,B,(y)).

Below (A) is supposed to be fulfilled. Without losing generality (c.f. (6.1)) we may
also assume that for the balls in (A) we have B,(y) C D.

For f € C>®(D) define

G(fix)=  sup /D 9N () dy.

gEG(D,L—1,x)

We need to prove that, for any x € D, the set G(D,L — 1,x) is a singleton, which
obviously is equivalent to the fact that

6(rn = int | [ a0 dy=—G(=.n) (6:2)

for any x €D and f € C>®(D).
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Fixan f € C"O(?). By Lemma 3.2 of Krylov (1992) there is a Borel function g(x, y)
defined for x, y € D such that, for any x € D, we have

g(x,-) € G(D,L — 1,x), /Dg'(x,y)f(y)dy = G(f.,x).

Furthermore, G(f,x) is a (Holder) continuous function in D. Therefore, there exists
an xo € D such that

G(f>x0) + G(=f,x0) = max, ¢ 5[G(f, %) + G(—f,x)] =: m.

If xg € 0D, then G(f,x0) = G(—f,x0) =0, m=0. )
In the second case xo € D and there exists 7o > 0 such that B, (xo) C D and weak
uniqueness holds for (2.3, B, (xo)). By Theorem 2.14

GUJM=A@MJVWNy=€Afmk”m

T0 T
=E / f(x,)e_’dt-i-Ee_“’E{ / f(x[)e_(t_"’)dt|ﬁ7m},
0 To

where x; is a solution of (2.3) with initial condition x¢, T and 7 are first exit times of

x; from D and B,,(xo), respectively. Invoking also Theorem 2.15 we get
7o

G(fix0) <E | flx)e™ di + Ee ®G(f,xs,). (6.3)
0

Observe that x;r;, is a solution of (2.3) with xo and B, (xp) in place of x and D,
respectively. Therefore, by assumption (A) and the choice of ry it is weakly unique.
We conclude that, for Borel bounded functions iy and ¢ the quantities

E/TO Y(x)e "dr and  Ee "¢(x)
0

are independent of what solution x, we take. Therefore, by applying (6.3) to —f in
place of f, then adding up the results and recalling the definition of m we obtain

m < Ee”°[G(f,xg,) + G(—f,%x;,)] < mEe™™.
Since Ee~™ < 1, we get m =0. Thus, G(f,x) + G(—f,x) <0 on D. Since obviously

G(f1,x)+ G(f2,x) = G(f1 + f2,x), we conclude 0 < G(f,x)+ G(—f,x) <0. This is
equivalent to (6.2) and the theorem is proved. [

7. Concluding remarks

Here we briefly discuss two facts known to the author for at least a quarter of a
century which he could not apply in any single case. However, they still shed some
additional light on the problem. The first fact is a necessary and sufficient condition for
weak uniqueness and the second one says that if we slightly “shake” the coefficients,
the solutions of any equation become weakly unique.

Remark 7.1. According to Krylov (1973a,b) there is at least one Markov process in R?
corresponding to the operator L. If a is bounded and b(x)= —x/|x| for large x, then as
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easy to see any Markov process corresponding to L has a unique invariant probability
measure. Due to Alexandrov’s estimate these measures are absolutely continuous. Let
1 be one of them. Then for the corresponding semigroup 7; and any u € C(?C(IR" ) we
have [(Tu — u)pu(dx) =0 for # > 0. By dividing this equation by ¢ and letting ¢ | 0,
we easily get that

/ Lu(x) p(dx) =0. (7.1)
Rd

It turns out that, for our coefficients, weak uniqueness holds for (1.1) if and only if
there is only one probability measure such that (7.1) holds for all u € C°(R?).

Indeed, if u satisfies (7.1), then according to Theorem 2 of Krylov (1985), u is an
invariant measure of a Markov process corresponding to L. This, obviously, proves the
“only if” part.

On the other hand, assume that there is only one probability measure p satisfy-
ing (7.1) for all u€ C$*(R?). Fix u€ C{°(R?) and A > 0 and take Markov solutions
of (1.1) for which Ryu(x) := E [}~ e *u(x,)dt = [;° e *T,u(x)dt is maximal at all
x€RY or minimal at all x € R? between all solutions of (1.1). That such Markov
processes exist follows from Krylov (1973a,b) or Krylov (1986). Their invariant mea-
sures by assumption coincide with u. Hence, [ R;u u(dx), which equals ="' ['u pu(dx),
is uniquely defined no matter R,u is maximal or minimal. Since one of them is always
bigger, we get that they coincide p-(a.s.). Furthermore, R;u are Holder continuous (see
Remark 1.1 in Krylov, 1986), and obviously, p charges any ball. Hence R u(x) is the
same at all points for any solution of (1.1). Now one concludes as in the proof of
Lemma 5.3.

Remark 7.2. Consider the following case of equation with time dependent coefficients

x,:/ \/a(s,xs—l—fs)dws—i—/ b(s,xs + f5)ds (7.2)
0 0

assuming that f. is a deterministic function belonging to C and « and b are Borel
functions satisfying (2.1), with a(z,x) and b(¢,x) in place of a(x) and b(x), for all
t,x, A. It turns out that for any 7,¢ > 0 there exists an f such that | f;| < ¢ and weak
uniqueness holds for solutions of (7.2) on the time interval [0, T'].

To explain this, take a Borel bounded real-valued function A(z,x) equal to zero for
large ¢ and introduce

' h=supE exp/ h(t,x; + f;)dt,
0

where the sup is taken over all solutions of (7.2) given on all possible probability
spaces. By using the same arguments as in Krylov (1973a, b) we see that n/ % is a
Borel (upper semicontinuous) function of f. and there exists a Borel function P/ on
C with values in the set of probability measures on C such that for each f., P/ is
the distribution of a solution of (7.2) and

nh= /C (exp /0 h(t, y; + ft)dt> P/ (dy.). (7.3)
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Now let B, be a d-dimensional Wiener process given on a probability space (€2, %, P)
and let v > 0 be a constant. At this point it is convenient to remember the martingale
characterization of solutions of (7.2). Then it is easy to see that with respect to the
measure P'2(“)(dy.)P(dw) on Q x C the processes X, = x,(w,y.) := y, and z, =
z(w,y.) = x; + vB,(») satisfy

t t
X, = / va(s,xs + vBg)dwg + / b(s,xs + vB;)ds,
0 0
t t
zZ; = / voa(s,zg)dws + vB; + / b(s,zy)ds,
0 0

where w. is a Wiener process independent of B.. Furthermore,
En'B h = E exp / h(t,z;)dt. (7.4)
0

However, the process z;/v has diffusion as close to the unit matrix as we wish if we
just take v large enough. We fix such a v that according to Stroock and Varadhan
(1979) the distribution of z. is uniquely defined by a and 4. Then the right-hand side
of (7.4) is uniquely defined as well. Now if instead of sup we take inf in (7.3) we
will come again to (7.4), implying that, for almost any trajectory f. of vB.,

Eexp/ h(t,x, + f;)dt
0

is independent of what solution of (7.2) we take. This conclusion we have for each
particular /. By using the separability of C and C§°(R?), we obtain that for almost any
trajectory f. of vB., the distribution of x. is independent of which solution of (7.2) we
take. It only remains to observe that with positive probability v|B,| < ¢ for ¢ € [0, T].
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