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Abstract

We show how to reduce ontology entailment for the OWL DL and OWL Lite ontology languages to knowledge base satisfiability
in (respectively) th&sHOZN(D) andSHZF(D) description logics. This is done by first establishing a correspondence between
OWL ontologies and description logic knowledge bases and then by showing how knowledge base entailment can be reduced
to knowledge base satisfiability.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction they will be used as a source of shared and precisely
defined terms that can be used in such metgdafa
The aim of the Semantic Web is to make web re- The importance of ontologies in semantic markup
sources (not just HTML pages, but a wide range of web has prompted the development of several ontology lan-
accessible data and services) more readily accessible taguages specifically designed for this purpose. These
automated processes. This is to be done by augmentingnclude OIL[7], DAML+OIL [13] and OWL [4,16].
existing presentatiormarkup withsemanticmarkup, OWL is of particular significance as it has been devel-
i.e., meta-data annotations that describe their contentoped by the W3C Web Ontology Working Group, and
[2]. According to widely known proposals fora Seman- is now an official W3C recommendation.
tic Web architecture, ontologies will play a key role as The OWL recommendation actually consists of
three languages of increasing expressive power: OWL
[ Lite, OWL DL and OWL Full. Like OWL's predecessor
* This is a revised and extended version of a paper of the same DAML + OIL, OWL Lite and OWL DL can be viewed
name that was presented at ISWC-2003 in October 2003. as expressive description logics with an RDF syntax.
* Corresponding author. Tel.: +44 161 275 6133; They can therefore exploit the considerable existing
fax: +44 161 275 6236/6203. o . .
E-mail addresseshorrocks@cs.man.ac.uk body of description qulc resegrch. In particular, thes_,e
(I. Horrocks): pfps@research.bell-labs.com two languages can utilize previous work reported on in
(P. Patel-Schneider). the description logic literature to define their semantics
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and to understand their formal properties such as the forming these inference tasks into ontology (graph) sat-

decidability and complexity of key inference problems
[6]. OWL Full provides a more complete integration
with RDF, but its formal properties are less well under-

stood, and key inference problems would certainly be

muchharder to computé.This paper, therefore, con-

isfiability requires full negation, which is not available
in either RDF or RDF Schema, and is not directly sup-
ported in OWL Lite.

The obvious solution to the first difficulty is to de-
fine a mapping that decomposes OWL axioms into one

centrates on the provision of reasoning services for or more description logic axioms. It turns out, how-

OWL Lite and OWL DL, and does not consider rea-
soning in OWL Full.

1.1. OWL reasoning

Reasoning with ontology languages will be impor-
tant in the Semantic Web if applications are to exploit

ever, that the RDF syntax used in OWL cannot be di-
rectly translated into any “standard” description logic
because it allows the use of anonymous individuals in
axioms asserting the types of and relationships between
individuals. The obvious solution to the second diffi-
culty is to reduce entailment to satisfiability. Doing this
naively would, however, require role negation, and this

the semantics of ontology based metadata annotationsis not supported in any implemented description logic
For example, if semantic search engines are to find reasoner.

pages based on the semantics of their annotations rather
than their syntax, then they need to perform seman-

In this paper we will show that, in spite of these dif-
ficulties, ontology entailment in OWL DL and OWL

tic reasoning in the language of the annotations. As Lite can be reduced to knowledge base satisfiability in

well as providing insights into OWL's formal proper-

ties, OWL's relationship to expressive description log-
ics provides a source of algorithms for solving key in-
ference problems, in particular satisfiability. Moreover,
in spite of the high worst case complexity of reasoning
in such description logics, highly optimised implemen-

the SHOZN(D) and SHZF(D) description logics re-
spectively. This is achieved by mapping OWL to an
intermediate description logic that includes a novel ax-
iom asserting the non-emptiness of a class, and by using
amore sophisticated reduction to satisfiability that both
eliminates this constructor and avoids the use of role

tations of these algorithms are available and have beennegation.

shown to work well with realistic problems. Two diffi-

culties arise, however, when attempting to use such im-

plementations to provide reasoning services for OWL.:

1. OWL's RDF syntax uses frame-like constructs that
do not correspond directly to description logic ax-
ioms; and

2. asin RDF, OWL inference is defined in terms of on-
tology entailment rather than ontology satisfiability.

Note that entailment between ontologies (similarly,

entailment between RDF graphs) is a basic inference
task into which most other inference tasks can be trans-

formed: given an ontology, a classC is subsumed
by a classD with respect toO just in caseO entails
the ontology{SubClassOf (C D)}, andi is an instance
of C with respect toO just in case? entails the on-
tology{Individual  (itype (C))}. Moreover, trans-

1 Inference in OWL Full is clearly undecidable as OWL Full does

This is a significant result from both a theoreti-
cal and a practical perspective: it demonstrates that
computing ontology entailment in OWL DL (respec-
tively OWL Lite) has the same complexity as com-
puting knowledge base satisfiability i8HOZN(D)
(SHZIF(D)), and that description logic algorithms and
implementations (such as RACHR]) can be used
to provide reasoning services for OWL Lite. The de-
sign of “practical” algorithms folSHOZN(D) is still
an open problem, but one that is the subject of active
investigation.

2. The OWL Web ontology language

As mentioned above, OWI[4,16] is an ontology
language that has recently been developed by the W3C
Web Ontology Working Group. OWL is defined as an
extension to RDF in the form of a vocabulary entail-
ment[9], i.e., the syntax of OWL is the syntax of RDF

not include restrictions on the use of transitive properties which are and the semantics of OWL are an extension of the se-

required in order to maintain decidabilify1].

mantics of RDF.
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OWL has many features in common with descrip-
tion logics, but also has some significant differences.
The first difference between OWL and description log-
ics is that the syntax of OWL is the syntax of RDF.
OWL information is thus encoded in RDF/XML docu-
ments[1] and parsed into RDF Grapfs4] composed
of triples. Because RDF Graphs are such an impov-
erished syntax, many description logic constructs in
OWL are encoded into several triples. Because RDF
Graphs are graphs, however, it is possible to create cir-
cular syntactic structures in OWL, which are not pos-
sible in description logics. Subtle interactions between
OWL and RDF cause problems with some of these cir-
cular syntactic structures.

The second difference between OWL and descrip-
tion logics is that OWL contains features that do not fit
within the description logic framework. For example,
OWL classes are objects in the domain of discourse

and can be made instances of other concepts, including

themselves. These two features, also present in RDF,
make a semantic treatment of OWL quite different from
the semantic treatment of description logics.

2.1. OWL DL and OWL Lite

Fortunately for our purpose, there are officially-
defined subsets of OWL that are much closer to de-
scription logics.

Thelarger of these subsets, called OWL DL, restricts
OWL in two ways. First, unusual syntactic constructs,
such as descriptions with syntactic cycles in them, are
not allowed in OWL DL. Second, classes, properties,
and individuals (usually called concepts, roles and in-
dividuals in description logics) must be disjoint in the
semantics for OWL DL. These two restrictions make
OWL DL much closer to a description logic.

Because of the syntactic restrictions in OWL DL,
it is possible to develop an abstract syntax for OWL
DL [16] that looks much like an abstract syntax for
a powerful frame language, and is not very different
from description logic syntaxes. This is very similar to
the approach taken in the OIL langug@é. The ab-
stract syntax for OWL DL has classes and data ranges,
which are analogues of concepts and concrete datatype
in description logics, and axioms and facts, which are
analogues of axioms in description logics.

Axioms and facts are grouped into ontologies, the
analogue of description logic knowledge bases, which

Services and Agents on the World Wide Web 1 (2004) 3453357

Classes

A

intersectionOf(C ... Chp)

unionOf(Cy ...CY)

complementOf(C)

oneOf(o1 ...o0n)

restriction( R
{allValuesFrom(C)} {someValuesFrom(C')}
{value(o)} [minCardinality(n)]
[maxCardinality(m)] [cardinality(¢)])

restriction(7’
{allValuesFrom(D)} {someValuesFrom(D)}
{value(v)} [minCardinality(n)]
[maxCardinality(m)] [cardinality(¢)])

Data Ranges

B
oneOf(vy ...vy)

Fig. 1. OWL DL Description Constructors.

are the highest level of OWL DL syntax. Ontologies
canimport other ontologies in OWL, but this importing
should be handled outside of the semantics for OWL
and thus does not affect the reduction to description
logics.

The constructors used to form OWL DL descriptions
and dataranges are providedFig. 1; in the figureAis a
class nameC (possibly subscripted) is a clasgpossi-
bly subscripted) is an individual nanf@(possibly sub-
scripted) is an object property (also called abstract or
individual-valued properties}, (possibly subscripted)
is a datatype properfyB is a datatypeD (possibly
subscripted) is a data rangg(possibly subscripted) is
a data value, and, m, n are non-negative integers. A
data value is either of the form*""d, where d is the
name of a supported datatype and a lexical form in
that datatype, or an untyped string with an optional lan-
guage tag. For example, “4*xsd:integer denotes the
integer 1, whereas both “2™xsd:string and “1” de-
note one-character strings. An OWL DL or OWL Lite
reasoner may support many datatypes,hustsup-
port at least the XML Schema datatypes xsd:integer
and xsd:string. Data values of the for{""d, where
d is not a supported datatype, are also allowed in OWL
DL and OWL Lite. The denotation of these data values
are unconstrained.

Elements enclosed in braces (ifelement) can be

Sfepeated zero or more times and elements enclosed in

2 An object property is one that associates pairs of individuals; a
datatype property associates an individual with a data value.
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Class Axioms
Class(A partial C1 ...C)
Class(A complete C1 ...Ch)
EnumeratedClass(A o1 ...0n)
DisjointClasses(C1 ...Ch)
EquivalentClasses(C'; ...Ch)
SubClassOf(C; Cs)
Property Axioms
DatatypeProperty(1" super(17) ... super(1’,) [Functional]
domain(C') ...domain(C, ) range(D1) ...range(Dy))
ObjectProperty(R super(R1) ...super(R,,) [inverseOf(Ro)]
[Functional] [InverseFunctional] [Symmetric] [Transitive]
domain(C) ...domain(C,, ) range(D1) ...range(Dy))
EquivalentProperties(1} ...T5)
SubPropertyOf(1; 1)
EquivalentProperties(R; ... Ry,)
SubPropertyOf(R1 R2)

Facts
Individual([o] type(C1) ...type(Cy,)
value(pr x1) ... value(pn zn))
Samelndividual(o; ...o0,)
DifferentIndividuals(os ...05)

Fig. 2. OWL DL Axioms and Facts.

square brackets (i.e., [element]) are optional. A more
leisurely description of these constructors can be found
in the OWL documentatiof#,16].

Names in OWL are officially URI references, but all

that matters here isthat they are treated in our semantics

as atomic names.

Classes and data ranges can be used in OWL DL
axioms and facts to provide information about classes,
properties, and individual§ig. 2 provides the syntax
of these axioms and facts. In this figure, the same con-
ventions are used as Fig. 1 with the addition that
value(p; x;) is a value condition where; is either a
datatype property, in which casgis a data value, or
an object property, in which casg is either an indi-
vidual name or an individual fact.

To preserve decidability of reasoning in OWL DL,
complexobject properties cannot be specified to be
transitive. An object property is complex if either

1. it is specified as being functional or inverse-
functional,

2. there is some cardinality restriction that uses it,

3. it has an inverse that is complex, or

4. it has a super-property that is complex.

Again, a more leisurely description of these construc-
tors can be found in the OWL documentatighl16].
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Fig. 2ignores annotations and deprecation, which al-
low uninterpreted information to be associated with
classes and properties, but which are not interesting
from a logical point of view.

Because of the syntactic restrictions in OWL DL,
metaclasses and other notions that do not fit into the
description logic semantic framework can be ignored.
In fact, OWL DL has a semantics that is very much
in the description logic style, and that has been shown
to be equivalent to the RDF-style semantics for all of
OWL [16]. The semantics for OWL DL will be pre-
sented below.

There is a subset of OWL DL, called OWL Lite, the
motivation for which is increased ease of implementa-
tion. This is achieved by supporting fewer constructors
than OWL DL, and by limiting the use of some of these
constructors. In particular, OWL Lite does not support
theoneOf constructor (equivalent to description logic
nominalg, as this constructor is known to increase the-
oretical complexity and to lead to difficulties in the de-
sign of practical algorithmgLO]. In Section 5we will
examine the differences between OWL DL and OWL
Lite in more detail, and explore their impact on the
reduction from OWL entailment to description logic
satisfiability.

2.2. Semantics for OWL DL

OWL DL has two forms of semantic specifica-
tion: a direct model-theoretic semantics, and an RDF-
compatible model-theoretic semantjds]. The two
are said to have “a strong correspondence”, but the
specification explicitly states that the direct model-
theoretic semantics takes precedence. We will, there-
fore, only consider the direct model-theoretic seman-
tics, and from now on when we refer to the semantics
for OWL DL (or OWL Lite), this can be taken to mean
the direct model-theoretic semantics.

The semantics for OWL DL is fairly standard by de-
scription logic standards. The OWL semantic domain
is a set whose elements can be disjointly divided into
abstract objects (the abstract domain, writtef) and
datatype values (the datatype or concrete domain, writ-
ten A% and often called concrete objects). Datatypes
in OWL are derived from the built-in XML Schema
datatyped3], with inappropriate datatypes removed,
although as mentioned iSection 2.1 an OWL DL
or OWL Lite reasoner may not support all of these
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datatypes. Datatype values are denoted by special lit-be interested in description logic knowledge bases de-
eral constructs in the syntax, as indicated above. rived from OWL ontologies. More details of OWL DL

In order to be closer to the RDF semanfi@f an in- semantics can be found in the OWL documentation
terpretation in the semantics for OWL DL is officiallya [16].
sextuple consisting of the abstract domain, the concrete  The main semantic relationship in OWL DL is
domain, a mapping from class names into subsets of theentailment—a relationship between pairs of OWL on-
abstract domain and from datatype names into subsetstologies. An ontology01 entails an ontology», writ-
of the concrete domain, a mapping from object proper- ten 01 = O3, exactly when all interpretations that sat-
ties to sets of pairs over the abstract domain and from isfy O1 also satisfyO». This semantic relationship is
datatype properties to sets of pairs from the abstract different from the standard description logic relation-
domain and the concrete doma&ia, mapping from in- ships, such as knowledge base and concept satisfiabil-
dividual names to values in the abstract domain, and a ity. The main goal of this paper is to show how OWL
mapping from literals to values in the concrete domain. DL entailment can be transformed into DL knowledge
This does not quite match up with the description logic base (un)satisfiability, and that the two problems have
method of using a two-tuple consisting of the domain the same complexity.
(written AT) and a single mapping (writtef) for con-
cepts, properties, and individuals, with datatypes han-
dled as an external parameter. There is, however, an3. SHOZAN(D) and SHZF(D)
obvious isomorphism between the two methods, and
so either one can be used for our purposes. The main description logic that we will be using

In OWL DL all classes are interpreted as subsets in this paper isSSHOZMD) , which is similar to the
of the abstract domain, and for each constructor the well known SHOQ(D) description logid10], but is
semantics of the resulting classis defined interms of the extended with inverse role€) and restricted to un-
semantics of its components. For example, given two qualified number restrictions\().

classe€’1 andC», the interpretation of the intersection In description logics, a datatype theddyis a map-
of C1 andC> is defined to be the intersection of the ping from a set of datatypes to a set of values, e.g., from
interpretations o’ andC; (i.e., C17 N C7). xsd:integer to the integers, plus a mapping from data

OWL DL axioms and facts result in semantic condi-  values to their denotation which must be one of the set
tions on interpretations. For example, an axiom assert- of values, e.g., from/**"xsd:integer to the integer 1.
ing thatD; is a subclass oD, results in the semantic  The datatype (or concrete) domain, writtad, is the
condition that the interpretation @; must be a sub-  union of the mappings of the datatypes.
set of the interpretation ab,, (written D1 c D5?), Given a datatype theoil, letA , R4, Rp, andl be
while a fact asserting that has typeD results in the  pairwise disjoint sets afoncept namesabstract role
semantic condition that the interpretationaahust be names datatype (or concrete) role hameand indi-
an element of the set that is the interpretatiorDof  vidual name$ The set ofSHOZN(D) -roles isR4 U
(writteno? € D), just as happens in description logic  {R~ | R € R4} URp. In order to avoid considering
semantics. roles such a®~~ we will definelnv(R) s.t. Inv(R) =

An OWL DL ontology O is satisfied by an inter- R~ and Inv(R™) = R. The set of SHOZN(D) -
pretationZ just when all of the semantic conditions concepts is the smallest set that can be built using the
resulting from the axioms and facts @ are satisfied  constructors irFig. 3.
by Z, just as is the case in description logic knowledge Fig. 3also gives the axiom syntax f{6HOZN " (D),
bases. Because this part of the semantics for OWL DL an extension afHOZAMD) with theconcept existence
is so close to the semantics of description logics, it will axiom (the lastaxiomifig. 3), whichis used internally
not be further provided here; instead, we will use the in our translation. Concept existence axioms will be
description logic semantics directly, as we will mainly

3 This mapping is also used to provide meaning for annotations, * Datatype roles names are generally referred to as concrete role
which are not considered in this paper. names in the description logic literature.
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Constructor Name Syntax Semantics
atomic concept A A AT C AT
datatype D D DP C AL
abstract role R 4 R RT C AT x AT
datatype role Rp U U% C AT x AL
individuals I o ot e AT
data values v vt =P
inverse role R~ ()T = (RT)~
top T 7T = AT
bottom 1 1T={
conjunction C1MCy (cin Cz)I =ctnct
disjunction ChucCy (Ciuc)yt =ctuct
negation -C (-C)F = AT\ ¢*
oneOf {o1,...,0n}{01,...,00n}F = {oT,..., 0%}
exists restriction JR.C AR.CYE = {z | Fy.
(x,y) € R and y € C7}
value restriction VR.C (VR.C) = {z | Vy.
(z,y) € R* -y e C}
atleast restriction 2nR (=nR)T ={z]t({y.
(z.) € B*}) > n)
atmost restriction <nR (<nR)* = {2 | t{y.
(z,y) € R*}) < n}
datatype exists 3U.D (3U.D)* = {z | Fy.
(z,y) € UT and y € DP}
datatype value vU.D (VU.D)T = {z | Vy.
(z,y) € UT — y € DP}
datatype atleast >nU =nU)* = {z | t{y.
(x,y) € UT}) = n}
datatype atmost <nU (£nU)? = {z | 1({y.
(z.y) € U}) < n}
datatype oneOf {v1,...} {or,.. Y ={f, .}
Axiom Name Syntax Semantics
concept inclusion Ci C Oy ctcc?
object role inclusion Ry C Ry R C RZ
object role transitivity | Trans(R) RT = (RT)*
datatype role inclusion| U; C U» U II - UQI‘
individual inclusion a:C ot et
individual equality a="b at =b"
individual inequality a#£b at £ b7
concept existence ac HCH) > 1

Fig. 3. Syntax and semantics S OZN* (D) .

eliminated in the final step of our translation, leaving

only SHOZN(D) axioms.

A SHOINT(D) knowledge bas& is a finite set
of SHOZN* (D) axioms. We will use to denote the
transitive reflexive closure af on roles, i.e., for two
rolesS,Rin £, SERINKif S=R, SCReK,
Inv(S) C Inv(R) € K, or there exists some rol®
such thatSE Q9 in K andQ E R in K. A role R
is calledsimplein K if for each roleS s.t. S E R
in IC, Trans(S) ¢ K andTrans(Inv(S)) ¢ K. To main-
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The semantics afHOINT (D) is given by means
of an interpretatiorZ = (A%, -7) consisting of a non-
empty domainaZ, disjoint from the datatype domain
AL, and a mapping?, which interprets atomic and
complex concepts, roles, and nominals according to
Fig. 3 (InFig. 3 ¢ is set cardinality.)

An interpretation Z = (AZ, 1) satisfies a
SHOIN' (D) -axiom under the conditions given
in Fig. 3. An interpretation satisfies a knowledge base
K iff it satisfies each axiom iC; we will often call
such an interpretationraodelof K. A knowledge base
K is satisfiable (unsatisfiablg iff there exists (does
not exist) a model ofC. A SHOTIN' (D) -concept
C is satisfiable with respect to a knowledge b#se
iff there is a modelZ of K with CT # ¢. A concept
C is subsumedby a conceptD with respect tokC
iff ¢ZC D in every modelZ of K. Two concepts
are said to be equivalent with respectkoiff they
subsume each other with respecttto A knowledge
basekC; entails a knowledge bagé; iff every model
of K1 is also a model oK.

Although this is not usually done in description log-
ics, we define a notion of entailment 8HOZN" (D)
in the same way as it was defined for OWL DL. One
SHOINT (D) knowledge base entails another, writ-
ten K = K, if every model of the first knowledge
base,K is also a model of the secontf;. It is easy
to show thatC = K’ iff K = A for every axiomA
in K.

The description logiSHZF(D) is justSHOIN(D)
without the oneOf constructor and with the atleast
and atmost constructors limited to 0 and 1. We define
SHIFT(D) as SHIF(D) extended with the concept
existence axiom.

4. From OWL DL entailment to SHOZN(D)
unsatisfiability

We will now show how to translate OWL DL entail-
ment intoSHOZN(D) unsatisfiability. The first step of
our process is to translate an entailment between OWL
DL ontologies into an entailment between knowledge
basesiEHOIN' (D). ThenSHOIN (D) entailment
is transformed into unsatisfiability o§HOZN(D)
knowledge bases. Note that concept existence axioms

tain decidability, a knowledge base must have no num- are eliminated in this last step, leavingSaOZN(D)
ber restrictions on non-simple rolfkl].

knowledge base.
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From now orD will be a particular kind of datatype
theory, namely for the well-behaved XML Schema
datatyped3] plus a datatype for untyped OWL lit-

W(C,) andV(C1)n...nV(C,) C A, whereV is the
obvious translation from OWL classes to description
logic concepts, again very similar to the transformation

erals plus one other datatype, whose extension is thedescribed by Decker et 4b]. Similarly, an OWL DL

entire datatype domain, and using the OWL syntax for axiomDisjointClasses(

data values. (See the OWL documentafib®y for the
particulars of which XML Schema datatypes are well-

C1...Cy) istranslated
into the SHOZN* (D) axioms V(C;) & —W(C;) for
1 <i < j < n. The translation from OWL DL classes

behaved and why.) The extra datatype, which cannot to SHOZN(D) classes is given ifig. 4and the trans-
occur in the ontologies being translated, will be used lation from OWL DL axioms toSHOZN(D) axioms

as a way to write unknown data values.

is given inFig. 5.

It is easy to see that these datatypes comprise a The translation of OWL DL facts t6HOZN (D)

datatype theory.

4.1. From OWL DL tSHOZN* (D)

An OWL DL ontology is translated into a
SHOINT (D) knowledge base by taking each axiom
and fact in the ontology and translating it into one or
more axioms in the knowledge base.

For OWL DL axioms, this translation is very natu-
ral, and is almost identical to the translation of OIL de-
scribed by Decker et gdb]. For example, the OWL DL
axiom Classf completeC;...C,) is translated into
the pair of SHOZN™ (D) axiomsA E V(Cy)M...N

axioms is more complex. This is because facts can be
stated with respect to anonymous individuals, and can
include relationships to other (possibly anonymous)
individuals. For example, the fact Individual(ty@)(
value(R Individual(typeD)))) states that there exists an
individual that is an instance of clag€sand is related
via the propertyR to an individual that is an instance of
the clasD, without naming either of the individuals.
The need to translate this kind of fact is the reason
for introducing theSHOZN* (D) existence axiom. For
example, the above fact can be translated into the ax-
iom 3(C n 3IRD), which states that there exists some
instance of the conceg M3RD, i.e., an individual

OWL fragment F

Translation V(F)

A, OWL class name

B, OWL datatype name

R, OWL object property name
T, OWL datatype property name
0, OWL individual name

v, OWL data value

intersectionOf(Cy ...C})
unionOf(C ...Ch)
complementOf(C)

oneOf(o01 ...0p)

restriction(R r1 r2 ...75)
restriction( R all ValuesFrom(C'))
restriction( R someValuesFrom(C'))
restriction( R value(o))
restriction( R minCardinality(n))
restriction(/2 maxCardinality(n))
restriction( R cardinality(n))
restriction(7" 71 72 ... 7T5)
restriction(7" allValuesFrom(D))
restriction(7” some ValuesFrom(C"))
restriction(7" value(v))
restriction(7” minCardinality(n))
restriction(7” maxCardinality(n))
restriction(7" cardinality(n))

<< e N W

(C)N...NY(Cy)
V(Ci)U...uV(Ch)
-V(C)

V(restriction(R 1)) ..

VV(R).V(C)
AV(R).V(C)
W(R){V(0)}
>nV(R)

<nV(R)
>nV(R)N<nV(R)

V(restriction(7 r1)) M.

VV(T). V(D)
IV(T).V(D)
IV(T).A{V(v)}
>nV(T)

<nV(T)
>nV(T)N<nV(T)

. M V(restriction(R 5,))

.. M V(restriction(T 7,,))

oneOf(vy ...vn)

V(1),...,V(vn)}

Fig. 4. Translation from OWL classes and name§#OZN/(D) .
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OWL fragment £

Translation V(F')

Class(A partial Cy ...Ch,)
Class(A complete C; ...C))
EnumeratedClass(A 01 ...0n)
DisjointClasses(Cy ...Ch)
EquivalentClasses(C' ...Ch)
SubClassOf(Cy C2)

AT V(O N... V()
ACV(C)N...AV(C,), V(C) M ... NV(C,) E A
AC {(V(01),...,V(on)}, {V(01),..., V(on)} EA
V(C:) C-V(C;),1<i<j<n

Cz) = V(CiJrl),l <i<n

DatatypeProperty(T 1 72 ... 75)
DatatypeProperty(T super(17))
DatatypeProperty(7" Functional)

DatatypeProperty(T' r1)), . . ., V(DatatypeProperty(T r,,))
T) CV(Ty)
TE<1V(T)

(
(
(C1) EV(Ch)
(
(

TS

DatatypeProperty(7" domain(C))
DatatypeProperty(7 range(D))
ObjectProperty(R 1 72 ...70)

ObjectProperty(R domain(C'))
ObjectProperty(R range(C))
EquivalentProperties(7h ...Ty)
SubPropertyOf(Th T2)
EquivalentProperties(Ry ... Ry)
SubPropertyOf(R; R2)

2 1V(T) CV(C)
T CwW(T).V(D)
V(ObjectProperty(R r1)), . . .,

ObjectProperty(R super(R1)) V(R) C V(R1)
ObjectProperty(R inverseOf(Ro))  |V(R) C V(R)™
ObjectProperty( R Functional) TC<K1V(R)
ObjectProperty(R InverseFunctional)| T C <1 V(R)
ObjectProperty(R Symmetric) V(R) CV(R)™
ObjectProperty(R Transitive) Trans(V(R))

21V(R) CV(C)

T CYW(R)V(O)

V(T:) EV(T;),1<4,5<n
V(T1) EV(Th)

V(B:) CV(R;),1<4,j<n
V(R1) C V(1)

V(ObjectProperty(R 1))

Fig. 5. Translation from OWL facts t§HOZN*(D) .

OWL fragment F’ Translation F (F')

Individual(z;...2,) HF(z1) ... O F(zn))
type(C) V(C)

value(R x) 3R.F(x)

value(7" v) IT{V(v)}

0 {V(o)}

Samelndividual(o; ...o0,)
DifferentIndividuals(o; ...

V(0i) =V(0j), 1 —i < j+n
V(0i) # V(05),1 —i < jn

0n)

Fig. 6. Translation from OWL facts t§HOZN* (D) .

that is an instance & and is related via the rol® to
an instance of the concept Fig. 6 describes a trans-
lation F that transforms OWL Individual facts into
SHOINT (D) existence axioms (and the other OWL
facts intoSHOZN(D) axioms).

Theorem 1. The translation from OWL DL to
SHOIN* (D) preserves satisfiability. That is, an OWL
DL axiom or fact is satisfied by an interpretati@nif
and only if the translation is satisfied

5 The statement of the theorem here ignores the minor differences
between OWL DL interpretations adtH OZN* (D) interpretations.
A stricter account would have to worry about these stylistic differ-
ences.

Proof. A simple recursive argument based on the se-
mantics of OWL DL andSHOZN* (D) shows that the
extension of OWL DL classes, data ranges, and pieces
of Individual facts is maintained in the translation. Sim-
ilarly, a simple semantics based argument shows that
the translation of OWL DL axioms and facts preserves
satisfaction. O

The above translation increases the size of an on-
tology to at most the square of its size. It can easily
be performed in time linear in the size of the resultant
knowledge base.

4.2. From entailment to unsatisfiability

The next step of our process is to trans-
form SHOZN*(D) knowledge base entailment to
SHOIN(D) knowledge base unsatisfiability. We do
this to relate our new notion of description logic entail-
ment to the well-known operation of description logic
knowledge base unsatisfiability.

We recall fromSection 3that K =K' iff L= A
for every axiomAin K'. We therefore define (iRig. 7)

a translationG , such thatlC = A iff LU {G(A)} is
unsatisfiable, foilC a SHOZN™" (D) knowledge base
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Axiom A|Transformation G(A)
cCd z:cl-d
Jde TLC —e
Trans(r) [z : Ir.3r.{y} N =3Ir.{y}
rCs |z:3r{y}Nn-3s{y}
rc x : 3f{b} M —3g.{b}
=9 for bafresh data value of the extra datatype
a=b |a#b
a#b la=b

Fig. 7. Tanslation from Entailment to Unsatisfiability.

andAaSHOTIN ' (D) axiom. In this transformation we
have need of names of various sorts that do not occur
in the knowledge base or axiom; following standard
practice we will call these fresh names. Throughout
the translationy andy are fresh individual names.

Most of the translations ig are quite standard and
simple. For example, an object role inclusion axiom
r C s is translated into an axiom: 3r.{y} N —3s.{y}
that requires the existence of an individual that is re-
lated to some other individual lmput not bys; a knowl-
edge basf& U {x : Ir.{y} n —3s.{y}} will clearly be un-
satisfiable iff = r C s. The only unusual translation
is for datatype role inclusiong C g. We have included
an extra datatype, whose semantics are purposely left
underdefined, precisely to serve as a source of fresh
values whose denotation can be arbitrarily adjusted.

The translatiorg increases the size of an axiom by
at most a constant amount. It can easily be performed
in time linear in the size of the axiom.

The translatiorg eliminates concept existence ax-
ioms from the knowledge bag on the right-hand side
of the entailment. Our last step is to eliminate concept
existence axioms from the knowledge baSen the
left-hand side of the entailment. We do this by applying
a translatior£(K) that replaces each axiom of the form
3C e K with an axioma : C, for a a fresh individual
name. It is obvious that this translation preserves sat-
isfiability, can be easily performed, and only increases
the size of a knowledge base by a linear amount.

Theorem 2. Let K and K’ be SHOTIN™ (D) knowl-
edge bases. Thefi &= K’ iff the SHOZN(D) knowl-
edge bas€(K) U {G(A)} is unsatisfiable for every ax-
iomAink'.

Proof. Firstly, K &= K’ iff £(K) &= K'. This follows
from the obvious correspondence between models of
K and models of(K): amodelZ of £(K) is also a model
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of IC, because for every axiom of the fod@' € K there
is an axioma : C € £(K), soa’ € T and #(?1) > 1;
a modelZ of I can be trivially extended to a model of
E(K) by interpreting each fresh individual ain an axiom
a : Cin&(K) as an element @’ (such an element must
exist as there is a corresponding axig@in ).
Giventhat(K) = K'iff £(K) = A forevery axiom
Ain K’, we only need to show th&(K) = A iff £(K) U
{G(A)} is unsatisfiable for any given axiom A. We can
do this on a case by case basis for the seven kinds of
axiom described iffrig. 7. In most cases the proofis a
trivial consequence of the semantics, and of the fact that
the fresh individuals introduced by the transformation
can be interpreted as any elementdf (because they
are not mentioned elsewherefiC)). In the following,
¢, d are concepts; s are rolesga, b are individuals, d
is a data valuey, y are fresh individualsy, w, z are
elements ofAZ andi is an element oft%. We will often
refer to an extension of an interpretatibmeaning an
interpretatior?’ in whichAZ = AT and-Z is extended
to interpret fresh individuals.

e EK)EcCdiff EK)U{x:cn—d} is not satis-
fiable. If £(K) = ¢ £ d then in every model of
E(K), ¢ < d* and ¢ N —d)? = @, soT cannot sat-
isfy x : ¢ —d. For the converse, if is a model
of £(K) in which ¢ g dZ, then there exists some
w € (¢ —d)t, andZ can be extended t@ such
thatx? = w. T therefore satisfies : ¢ 1 —d, and it
is still a model of(K) because: is not mentioned
in £&(K), soZ is a model of£(K) U {x : ¢ 1 —d}.
E(K) = Jciff E(K) U{T C —c}is not satisfiable. If
E(K) [= 3c, then in every model of £(K), ¢ # @,
so (~¢)t ¢ AT andZ does not satisfyT = —c. For
the converse, iE(KC) U {T C —c} is not satisfiable,
then c)? ¢ A andc? # @ in every modelZ of
E(K).

E(K) = Trans(r) iff ER) U {x: Irar{y} N
—3r.{y}} is not satisfiable. IfE(K) &= Trans(r),
then in every modell of £(K), r* = (#1)*, and
(<, w), (w, y1)} < rF implies &7, y*) € rf, soT
cannot satisfyx : 3rar.{y} n —-3r.{y}. For the con-
verse, ifZ is a model of£(KC) in which in which for
somev, w, z, {(v, w), (w, z)} € r* but (v, z) & rZ,
thenZ can be extended 8 such thatZ = v and
v =z,50xF € @ary)F, 1L e (-3r{y)¥ and
XL e @iy} n=3ry))Y. T therefore satisfies
x:3rdr{y}n—3r{y}, and it is still a model of
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&(K) because: is not mentioned i€(K), soZ is a
model of E(K) U {x : Irar.{y} N —3r.{y}}.

e EK)=rCsiff EK)U{x:Ir{y}n—3s.{y}} is
not satisfiable. IfE(K) =r C s, then in every
model Z of £(K), (x%, y1) e T implies (L, y) e
st, so Z cannot satisfyx : 3r.{y} n—3s.{y}. For
the converse, ifZ is a model of£(KC) in which
for some v, w, (v, w) € % but (v, w) & 5%, then
7 can be extended t@ such thatx? = v and
yf =w, soxf e (Elr.{y})f, KL e (—-Es.{y})f and
1L e Er{y} —Els.{y})f. 7 therefore satisfies :
Ar.{y} m—3s.{y}, and it is still a model oE(K) be-
cause neither nor y is mentioned ir€(K), soZ is
a model ofE(KC) U {x : Ir.{y} N —3s.{y}}.

o EK)E fC giff &K)U{x:3f{d}}n—Ig.{d}is
not satisfiable, where d is a fresh data value of

I. Horrocks, P. Patel-Schneider / Web Semantics: Science,
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size of the initial OWL DL entailment. Therefore we
have shown that OWL DL entailment is in the same
complexity class as knowledge base satisfiability in
SHOIND).

Unfortunately, SHOTZN(D) is a difficult descrip-
tion logic. Most problems ilSHOZN(D) , including
knowledge base satisfiability, are NexpTimE [17].
Further, there are as yet no known optimized inference
algorithms or implemented systems 8 OZN(D) .

The situation is not, however, completely bleak.
There is an inexact translation fro8HOZN(D) to
SHIMND) that turns nominals into atomic concept
names. l.e., for each nomina) occurrences ob are
replaced by a new concept, and an axiony : P, is
addedtothe knowledge base; and for each axigap,
the axiomP, C — P, is added to the knowledge base.

the extra datatype (i.e., a data value not mentioned This translation could be used to produce a partial, but

in &K)). If &K) & f C g, then in every model
T of &(K), (x%, d%) € fT implies (L, d%) € g%, so
(3f{d} n —3g.{d})* = ¢ for any valued, andZ can-
not satisfyx : 3f{d} m—3g.{d}. For the converse,
if Z is a model of&(K) in which for someuv, i,
(v, i) € ffbut @, i) € g%, thenZ can be extended to
7 such that? = vandd? =i, sox? e (Af{d})%,
xT e (-3g{d)F and 1% e @f{d}n—-3g.{d})*.
7 therefore satisfies : 3 £{d} N —3g.{d}, and it is
still a model of &(K) because neithet nor d is
mentioned inf(K), soZ is a model ofE(K) U {x :
Af{d} n—-3g.{d}}.

o &(K) =a=biff £K)U {a # b} is not satisfiable.
If &(K) = a = b, then in every model of £(K),
a® = b’, soZ cannot satisfy # b. For the converse,
if £(K) U {a # b} is not satisfiable, then in every
modelZ of £(K), a* = b%, S0E(K) k= a = b.

o &(K) = a # biff £(K)U {a = b} is not satisfiable.
This is a trivial variant of the previous case.

Theorems 1 and 2nply:

Corollary 1. OWL DL entailment can be transformed
into knowledge base unsatisfiability 8HOZN(D) .

4.3. Consequences

The overall translation from OWL DL entailment to
SHOIN(D) can be performed in polynomial time and
results in a polynomial number of knowledge base sat-
isfiability problems each of which is polynomial in the

still very capable, reasoner for OWL DL. Moreover, as
is shown in the next section, the situation for OWL Lite
is significantly different.

5. Transforming OWL Lite
OWL Lite is the subset of OWL DL that

. eliminates theintersectionOf , unionOf
complementOf , andoneOf constructors;

. removes thgalue construct from theestric-
tion constructors;

. limits cardinalities to 0 and 1,

. eliminates thenumeratedClass  axiom; and

. requires that description-forming constructors not
occur in other description-forming constructors.

The reason for defining the OWL Lite subset of
OWL DL was to have an easier target for implementa-
tion. This was thought to be mostly easier parsing and
other syntactic manipulations.

As OWL Lite does not have the analogue of nomi-
nals it is possible that inference is easier in OWL Lite
than in OWL DL. However, the transformation above
from OWL DL entailment intaSHOZN(D) unsatisfi-
ability uses nominals even for OWL Lite constructs. It
is thus worthwhile to devise an alternative translation
that avoids nominals.

There are three places that nominals show up in our
transformation:
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OWL fragment ' |Translation 7' (F)
Individual(z1...z,)|F (a : x1),...,F (a: zn)
for a a fresh individual name
a : type(C) a:V(C)
a : value(R ) (a,b) : R, F'(b: x)
for b a fresh individual name
a : value(U v) (a,v) : U
a:o a=o

Fig. 8. Translation from OWL Lite facts t§HZF" (D).

. translations intaSHOZN' (D) of OWL DL con-
structs that are not in OWL Lite, in particular the
oneOf constructor;

. translations int&HOZN™* (D) axioms of OWL DL
Individual facts; and

. the transformation t8H OZN(D) unsatisfiability of
SHOINT (D) entailments whose consequents are
role inclusion axioms or role transitivity axioms.

The first of these, of course, is not a concern when
considering OWL Lite.

The second place where nominals show up is
in the translation of OWLIndividual facts into
SHOZINMD) axioms Fig. 6). In order to avoid intro-
ducing nominals, we can use the alternative translation
F from OWL Lite facts taSHZF (D) given inFig. 8.
Note that, in this case, the translatiofC) does not in-
troduce any nominals as we are translating OWL Lite
classes.

The new transformation does, however, introduce
axioms of the formu : C, {a, b) : Rand{(a, v) : U that
we will need to deal with when transforming from en-
tailment to satisfiability. We can do this by extending
the transformatiog given inFig. 7as shown irFig. 9.

The extension deals with axioms of the fofmv) : U
using a datatype derived from the negation of a data
value (writteriv), and with axioms of the forrtu, b) : R
using a simple transformation, described in more detalil
by Horrocks et al[12]. This transformation exploits the

Services and Agents on the World Wide Web 1 (2004) 345-3%&/

be used to simulate a nominal in some cases. In partic-
ular, if B is a fresh concept name, and we assertahat
is an instance oB, then any modef of a knowledge
baseK can be extended to a modEl of K in which
BT = (a7}, i.e., a model in whictB = {a}. When us-
ing thistechnique, concepts suchBare callegpseudo
nominals

The third and final place where nominals show up
is in the transformation of entailments whose conse-
guents are object role inclusion axioms or role transi-
tivity axioms. Both these cases can also be dealt with
using pseudo nominals. Object role inclusion axioms
can be dealt with using a pseudo nominal transforma-
tion similar to those given ifrig. 9. In this transforma-
tion, an axiom of the form C s is transformed into the
axiomx : Bn3r(vs——B), whereB is is a fresh con-
cept name. Similarly, transitivity axioms can be dealt
with by transforming an axiorfirans(r) into an axiom
x : B 3r(Ar(¥Vr——B)).

We will use ¢’ to denote the transformation de-
scribed in Figs. 7 and 9 with role inclusion and transi-
tivity transformations modified as described above.

Theorem 3. The translation from OWL Lite to
SHIF'(D) preserves satisfiability. That is, an OWL
Lite axiom or fact is satisfied by an interpretati@nf
and only if the translation is satisfied t?

Proof. A simple recursive argument based on the se-
mantics of OWL Lite andSHZF" (D) shows that the
extension of OWL Lite classes, data ranges, and pieces
of Individual facts is maintained in the translation. Sim-
ilarly, a simple semantics based argument shows that
the translation of OWL Lite axioms and facts preserves
satisfaction. O

Theorem 4. LetK andK’ be SHZF" (D) knowledge
bases derived from OWL Lite ontologi@henC =
K’ iff the SHZF(D) knowledge bas&(K) U {G'(A)} is
unsatisfiable for every axiom A if'.

factthat a fresh concept name (i.e., a concept name thatproof. As aSHZF(D) knowledge base is obviously

is not already mentioned in the knowledge base) can

Axiom A
a:C
(a,b) : R

Transformation G(A)
a:-C

b:B,a:VYR.-B

for B a fresh concept name
a:YUD

(a,v) : U

Fig. 9. Extended transformation from entailment to unsatisfiability.

aSHOINT (D) knowledge base, we only need to con-
sider the new transformations introducedjin

e &K) Ea: Ciff &K)U {a: —C}is not satisfiable.
If £(K) |= a : C thenin every modef of £(K), at €

6 This again ignores the minor differences between OWL Lite in-
terpretations andHZF+ (D) interpretations.
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c? andZ cannot satisfy: : —=C. For the converse, if
Tis a model of£(K) in whicha? ¢ CZ, thenZ also
satisfiess : =C and&(K) U {a : —~C} is satisfiable.
EK) ={a,b):Riff EX)U{b: B, a:VR—B}is
not satisfiable, wherd is a concept name not men-
tioned in&(K). If E(K) = (a, b) : R, then in every
modelZ of £(K), (a, b%) € RZ, and ifb : Bis sat-
isfied thena : VR—B is not satisfied. For the con-
verse, ifZis amodel oE(K) in which (@Z, %) & RZ,
thenZ can be extended t& such thatB? = {»7},
so for any ¢£,w) e RY, w e (—=B)Y, and thus
aF € (VR—B)F . T therefore satisfies both: Band
a:VR—-B, and it is still a model of(K) because
B is not mentioned inf(K), soZ' is a model of
EK)YU(b: B, a:VR—B).

EK) E (a,v) : Uiff £K)U {a: YU} is not satis-
fiable, wherev is a datatype such thai)P = AZ \
{vP}. If E&K) = (a, v) : U, then in every model
of £(K), (a*, vP) € U% anda : YU is not satisfied.
For the converse, if is a model of£(K) in which
(a®, vP) ¢ UZ, then for any ¢Z, i) € U%, i € (v)P
anda® e (VUD)L. T therefore satisfies : YU, and
soitis a model oE(K) U {a : VU7D}.

EK)ErCs iff EK)U{x:BNIr(Vs——B)} is
not satisfiable, whereB is a concept name not
mentioned inE(K). If £(K) = r C s, then @, w) €
L implies @, w) € sZ and W, v) € (s7)%, sox? €
(@r(vs——B)). implies xX € (=B)? and x: Bn
Ir(Vs~—B) is not satisfied. For the converse, if
Z is a model of &(K) in which for somev, w,
(v, w) € rF but (v, w) ¢ s~ (and so @, v) & (s7)%),
then Z can be extended t@ such thatx? = v
and BZ = {v}, sox% € BY, we (Vs =B)Y and
xL e @r(vs——B))Y. T therefore satisfies : BN
Ir(Vs~—B), and it is still a model o&(K) because
neitherx nor Bis mentioned ir€(K), soZ is a model
of &) U {x : BmAr(Vs——B)}.

E(K) &= Trans(r) iff EKYU{x: BnIr(@r
(Vr~—B))} is not satisfiable, wher® is a concept
name not mentioned i&(K). If £(K) &= Trans(r),
thenin every modéf of (), {(xL, w), (w, 2)} € 1L
implies (%,z)erl and ¢, x%) e (r)%, so
xL e @r@r(vr—=B)))? implies x* € (=B)! and
x: Bn3r(3r(¥r~—B)) is not satisfied. For the
converse, ifZ is a model of£(K) in which for
somev, w, z, {(v, w), (w, z)} € L but ©,z) & X
(and so £, v) & (r7)%), thenZ can be extended to
7 such thateZ = v and B = {v}, soxZ e BY,
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ze (vr~=B)T and 1T € @r@r(vr —B))Y. T
therefore satisfiex : B 3r(3r(vr——B)), and it
is still a model of &(K) because neithex nor
B is mentioned in&(K), so 7' is a model of
EK)U {x: BN 3r(Ar(Vr——B))}.

O

Theorems 3 and #nply:

Corollary 2. OWL Lite entailment can be transformed
into knowledge base unsatisfiability 8 ZF(D) .

A simple examination shows that the transformations
can be computed in polynomial time and result in only
a linear increase in size.

As knowledge base satisfiability 8HZF(D) is in
ExpTIME [17], this means that entailment in OWL Lite
can be computed in exponential time. Further, OWL
Lite entailment can be computed by the RACER de-
scription logic systeri8], a heavily-optimised descrip-
tionlogic reasoner, resulting in an effective reasoner for
OWL Lite entailment.

6. Conclusion

Reasoning with ontology languages will be impor-
tant in the Semantic Web if applications are to exploit
the semantics of ontology based metadata annotations.

We have shown that ontology entailmentin the OWL
DL and OWL Lite ontology languages can be reduced
to knowledge base satisfiability in, respectively, the
SHOIN(D) andSHZF(D) description logics. This is
so even though some constructs in these languages go
beyond the standard description logic constructs.

From these mappings, we have determined that
the complexity of ontology entailment in OWL DL
and OWL Lite is inNExpTIME and EXPTIME respec-
tively (the same as for knowledge base satisfiability
in SHOZN(D) andSHZF(D) respectively). The map-
ping of OWL Lite toSHZF(D) also means that already-
known practical reasoning algorithms f6#H{ZF(D)
can be used to determine ontology entailment in OWL
Lite; in particular, the highly optimised RACER system
[8], which can determine knowledge base satisfaction
in SHZF(D), can be used to provide efficientreasoning
services for OWL Lite.

The mapping from OWL DL taSHOZN(D) can
also be used to provide complete reasoning services
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for a large part of OWL DL, or partial reasoning ser-
vices for all of OWL DL. Studies directed towards the

development of complete, practical algorithms and sys-

tems for all of OWL DL are obviously a high priority

within the description logic and Semantic Web research

communities. If such algorithms cannot be found, it
may be worthwhile to consider revising the specifica-
tion of OWL DL to eliminate (or at least weaken) one of

the constructors whose interaction causes the difficulty, (1]

i.e.,inverse properties, cardinality constraints or oneOf.
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